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LOI CAM ON

Luan vin dugc hoan thanh dudi sy huéng dan khoa hoc ctia PGS.TS. BUI TUONG
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trong qua trinh thyc hién luan van.

T6i xin chin thanh cam on quy Thay C6 trong t6 Pai sb cta hai truong Dai hoc Su
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bi cho t6i nhiéu kién thtrc bd ich trong sudt qua trinh hoc tap.

T6i xin chin thanh cam on quy Thay C6 can bd cua phong Khoa hoc Cong nghé va
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Thay C6 trong t6 Toan va cac ban dong nghiép ctia truong THPH Ham Thuan Bic — Binh
Thuén d3 tao diéu kién thuan loi va tin tinh gitp do toi trong subt qua trinh hoc tap cling nhu

thuc hién luan van.
Tp. H6 Chi Minh, thang 06 nim 2010

Nguoi thuc hién

Tran Thanh Liém



MO DAU

Céc kién thuc vé Nhom, Vanh, Truong 13 mot trong nhitng kién thirc co ban cua Dai
s6 triru tuong dugc rat nhiéu cac nha Toan hoc quan tadm, nghién ctru. Trong do, cac kién
thirc vé Vanh dong mot vai tro kha quan trong, di c6 rat nhiéu dé tai va cong trinh nghién
ctru vé mang kién thtrc nay.

Trén tinh than d6, luan vin ciing tap trung tim hiéu sau sac hon vé céc tinh chat ctia
cac phan tir trong nhitng vanh cu thé ma dic biét 1a Tinh liiy linh ciia cic giao hoan tir
trong vanh nguyén t6. P ciing 1 myc dich chinh cua luan van.

Céu tric luan van duoc chia ra lam hai chuong:
Chuwong 1. Cac kién thtrc co ban cua 1y thuyét vanh khong giao hoan.

Trong chuong nay luan vin chil yéu néu 1én cac dinh nghia, cac dinh 1y, hé qua, cac
ménh dé va cac két qua vé vanh khong giao hoan ciing nhu cic két qua vé cac vanh dic biét
khac: vanh ntra don, vanh Artin, vanh don, vanh nguyén thuy va vanh nguyén t6. Ngoai ra
con néu 1én mdi quan hé giira cac vanh dic biét nay.

Chuwong 2. Tinh lily linh cta cac giao hodn tir trong vanh nguyén t6.

Trong chuong nay ludn vin tap trung giai quyét hai vin dé co ban sau.

Van @é 1. Cho R 1a mot vanh nguyén t6, phan tir a€ R.

V6imoi xeR, néu | a,x |=ax - xa liy linh thi phai ching lic d6 a € Z, véi Z la tim cta

vanh R.
Moét van dé téng quat hon dugc dat ra nira 1a :
Vin @é 2. Cho R 1a mot vanh nguyén t6, phan tir a€ R.
Gia sir ton tai mot ideal U cua R (U #(0)) sao cho voimoi xeU , ta co [a,x} =ax—xa liy
linh thi phai chang luc do ta cling dugc ae Z.

Trong qué trinh giai quyét nhitng vin dé néu trén, chiing t6i di ¢ ging giai quyét cac
van dé nay v6i R 1a vanh chia dugce, R 1a vanh nguyén thuy va R 1a mot vanh nira don (ntra

nguyén thiy). Tir d6 ching t6i dd xét thém, v6i gia thiét R 14 vanh nguyén thiy va R c¢6 don
V1. Léiy aeR, agZ sao cho (ax — xa)n € Z,Vx € R. Khi do, ta dugc Z #(0) 1a mot truong

va R 13 hitu han chiéu trén tim Z .



CHUONG 1.
CAC KIEN THUC CO BAN CUA LY THUYET VANH KHONG
GIAO HOAN

Trong chuong nay chu yéu trinh bay mét so kién thirc co ban vé vanh khong giao hoan
nhu : Modules, Cu tric Radical Jacobson ciia mot vanh, cac khai niém vé cac vanh nira don,
vanh Artin, vanh don, vanh nguyén thay va vanh nguyén té ma dic biét 1a mbi quan hé gitra
cac vanh nay.

1.1 Modules
Pinh nghia. Cho R 1a mdt vanh tuy y va M 1a mdt nhém cOng aben. M dugc goi la mot R
- module néu cé mot anh xa f:M xR — M
(m,r)—> f(m,r)=mr
Sao cho Vm,m,;,m, e M va Va,beR thi:

1) m(a +b)=ma+ mb

11) (m, + m,)a =ma+ m,a

111) (ma)b =m(ab).

Néu R c6 chira phﬁn todonvil va ml=m,Vme M thitagoi M la R- module
Unitary.

Pinh nghia. M duoc goi 1 R- module trung thanh néu Mr =0 kéo theo » =0. Diéu nay c6
nghia 1a néu » =0 thi Mr#0.

Néu M 1a mot R- module thi ta dit A(M)={xe R|Mx=(0)} va goi la tp céc linh
héa tir cia R- module M .

B6 dé 1.1.1 A(M) 1a mét ideal hai phia cia R. Hon nita, M 1a mdt R/ A(M)- module trung
thanh.

Chirng minh

o A(M) la mdt ideal hai phia cua R.

Vx,ye AM) M(x—y)=Mx—-My=0=x—-ye AM)
Vxe AM),VreR,taco:

M(xr)=Mx)r=0)r=(0)=xre AM)
M(x)=(Mr)xcMx=0)=>M(x)=(0)=>rme AM).



e M lamt R/ A(M)- module trung thanh.

V&i phép nhan ngoai M x R/A(M) — M dugc xac dinh nhu sau :
Vme M ,Nr+ AM)e R/ AM):(m,r + AM)) > m(r + A(M)) =mr.
Pay 1a mot dinh nghia t6t vi néu r+ A(M) =+ + A(M) thi r—r' € A(M)
Suy ra m(r —r')=0,Ym e M = mr =mr' = m(r + AM)) =m(r' + A(M)). Hon nita, néu
M(r+AM))=0)thi Mr=0)=re AM)=r+AM)=0

Do d6 M 1a mot R/ A(M)- module trung thanh.m

Cho M 1a mot R/ A(M)- module. Va € R ta dinh nghia anh xa 7, : M — M cho bai
cong thuc mT, =ma,Yme M . Vi M 1a mét R/ A(M)- module va
(m, +m,)T, =mT, +m,T,,Nm,m, e M nén T, 1a mot tw dong ciu nhom cong ctia M .

bat E(M) latap tat ca cac tu déng ciu nhom cong cua M . Khi do, ta dinh nghia
phép cong va nhan nhu sau:
VmeM NO,Y e E(M):m(®+Y¥Y)=mD+m¥ va m(®Y)=(md)¥Y. Vay E(M) lap thanh
mot vanh v&i phép cong va phép nhan dnh xa thong thuong.

Ta dinh nghia &nh xa ®: R — E(M) sao cho ®(a)=T,,VaeR, ta thiy rang
®(a +b) = D(a)+ D(b) va D(ab)=D(a).D(b) nén ® 13 mot dong ciu vanh. Hon nita,
ker® = A(M). That vay,
Vac AM)eo Ma=0) o MT, =(0) = D(a)=T,=0=acker® < AM)=ker®d.

Do d6 anh dong ciu cua R trong E(M) dang cau véi R/A(M).

Tir d6 ta c6 bod dé sau.
B6 dé 1.1.2 R/ A(M) dang cau véi vanh con cia E(M).

Néu M 1a mot R - module trung thanh thi A(M)=(0) hay ker® = (0). Khido @ 1a
mdt don cdu va ta ¢ thé nhung vanh R vao E(M).
Dinh nghia. Vanh céc giao hoan tr ctia R trén M la

C(M)={y e E(M)

T,y =yT, VaeR]
Tat nhién C(M) 1a vanh con ctiia E(M) . Hon nita, néu y € C(M) thi
Vme M,VaeR taco:

(my)a = (my)T, =m(yT,)=m(Ty)=(ml,)y = (ma)y



Tir d6 ta n6i y khong nhing 1a mot tw déng cau ciia M nhu 1d mot nhdm cong giao
hoan ma con 1a mot tw ddng cau cia M nhu 13 mot R - module. Chung ta xem C(M) nhu la
vanh cta tit ca cac tu déng cau module cua M
Pinh nghia. M duogc goi 1a mot R - module bat kha quy néu MR = (0) va M khong cd
module con thuc sy nao. Tac M chi c6 hai module con tim thudng 1 (0) va M .

Pinh Iy 1.1.1 Néu M 13 mot R - module bat kha quy thi C(M) 1a mot thé (hay vanh chia
duoc).

Chirng minh

Hién nhién, C(M) 1a vanh con ctia vanh E(M) nén C(M) 1a mot vanh. Ta can
ching minh : V@ e C(M),6 # 0 déu ton tai phan tr kha nghich trong C(M) . Trudc hét ta
ching minh V0 e C(M),0 # 0 ton tai phan tir kha nghich trong E(M). That vy, Vr R ta
cO: MOYr=MOT =M@OT)=M(T0)=(MT.)0=(Mr)f c MO nén MO la module con
ciia M laido @#0 suyra M@= (0) va M 1a mot R- module bat kha quy. Do d6 MO=M
suy ra 6 13 mot toan cau.

Mit khac, ker€ ciing 1a mot module con cua module bat kha quy M nén néu
ker@ # (0) thi ker@ =M do @6 =0 (mau thuin). Ttr d6 ta c6 kerd=0 hay & 1a mot don
cdu. Vay 6 1a mot dang cu suy ra ludn ton tai ding cdu nguge @' € E(M). Khi d6 vi
OcCM)nén T,0=0T, ,NacR=60"'T,=T0 "' NacR=6"'cC(M).m
Pinh nghia. Ideal phii p cta R duoc goi la chinh quy néu ton tai phan tr 7 € R sao cho
x—-rxep,VxeR.

Néu vanh R c6 don vi (hay chi can c6 don vi trai) thi moi ideal p cua R déu la ideal
chinh quy. That vay, khi d6 ta ldy » =1€ R thi
x—lx=x-x=0ep,VxeR.

B6 dé 1.1.3 Néu M 1a mdt R- module bat kha quy thi M dang cau (nhu 1a mot module) voi
R - module thuong R/ p trong d6, p 1a mot ideal phai, toi dai va chinh quy nao d6 ciia R.
Nguoc lai, néu £ la mot ideal phai, tbi dai va chinh quy cia R thi R/p 13 mot R- module
bat kha quy.

Chirng minh



Do M 1a mot R- module bat kha quy nén MR #(0). Ta dat S ={u € M|uR =(0)} thi
dé dang kiém tra duoc S 1a mot module con ctia module bat kha quy M nén néu S # (0) thi
S =M = MR = (0)(mau thuin) do d6 S = (0) diéu nay ciing c6 nghia 1a Vme M néu m #0

thi mR #(0). Mat khac, mR lai 1a mot module con ctia module bat kha quy M nén mR =M

Bay gio ta dinh nghia 4nh xa v : R > M xac dinh bo1 w(r) =mr,Vre R
D& dang kiém tra dugc y 1a mot dong cdu va do mR =M nén y 1a mot toan cau. Theo dinh
Iy Noether ta c6 dang cau R/kery =M .
bat p=kery = {x € R‘mx = 0} . Ta di chirng minh p 1a mot ideal phai, tdi dai va
chinh quy cua R.
e Hién nhién, p 1a mot ideal phai ctia R.
e p 1a mot ideal phai, t6i dai
Gia stt 6 p' 1a mdt ideal phai ctia R sao cho p' chita p thuc sy. Khi do, p'/p #(0)
va p'/p la mdt module con cia R/ p.
Mit khac R/p=M nén R/p ciing 1a R- module bat kha quy do d6 p'/p=R/p= p'=R.
Vay p 1a mot ideal phai, toi dai ctia R.
e Tinh chinh quy cua p
Do mR =M suyratontai » € R sao cho mr=m.
Khi do m(x —rx)=mx—mrx=mx—-mx=0=> x—-rxekery = p,VxeR.
Nguoc lai, gia stt p 13 mot ideal phai, toi dai va chinh quy cua R. Ta s& ching minh R/p 1a
mdt R - module bat kha quy.
o DZ thdy R/p la mt R- module v6i phép nhan ngoai ciing la phép
nhan trong vanh R
¢« (R/p)R#(0)
Do p 12 mét ideal phai chinh quy ctia R nén ton tai » € R sao cho x—rxe p,VxeR.
Khi d6 3x € R sao cho rx & p=> (R/p)R #(0).Vinéu Vxe R ma rx e p thido
x—rxe p,VxeR=xep=>p=R (miu thuin)

e Do p laideal phai toi dai nén R/ p khong c6 module con thuc sy nao.



Vay R/p 1a mot R- module bt kha quy. m
1.2 Can Jacobson ciia m§t vanh
Pinh nghia. Cin Jacobson ctia vanh R ki hiéu 13 J(R) hoic Rad(R) 1a tap hop tit ca cac
phan tir cia R linh hoa dugce tit ca cac R - module bat kha quy.

Néu R khong c6 module bat kha quy, ta quy uéc J(R) =R . Khi d6, vanh R duoc goi
la vanh Radical. Nhu vay theo dinh nghia ta co:
J(R) ={r € R|Mr = (0) v6i moi R — module bt khd quy M|

Theo b6 dé 1.1.3 thi vanh R 1a vanh Radical néu trén R khong c6 ideal phai, toi dai
va chinh quy.
Nhén xét. Néu R c6 don vi 1 thi R khong la vanh Radical.
Taco : A(M)={reR|Mr=(0)}.

Khid6 : J(R) = QA(M ), voi M chay qua khip tit ca cac R - module bat kha quy. Do

A(M) 1a mdt ideal hai phia cua R nén J(R) cling la mot ideal hai phia cua R.

Mat khac, vi chi xét M nhu 1a mt R - module phai nén J(R) con dugce goi la can
Jacobson phai cua vanh R . Tuong tu, chung ta c¢6 thé dinh nghia cin Jacobson trai ctia vanh
R. That may man 1a can Jacobson phai va cin Jacobson trai ciia vanh R lai tring nhau nén
khong can phan biét trai hay phai d6i voi cac can Jacobson nay.

Pé hiéu rd hon vé cdu tric cin Jacobson ctia mot vanh, chung ta s& ¢ gang mo ta chi
tiét cau triic cia né. Ban chit ctia cin Jacobson chinh 14 giao ctia mot 10p céac ideal dic biét.
Dinh nghia. V61 p 1a mot ideal phai cua R thi (p:R) = {x € R‘Rx - p}

o Xét truong hop p 1a ideal phai, t6i dai, chinh quy ctia R va dat
M =R/ p thitheo bd d& 1.1.3 ta cd M 1a mot R - module bat kha quy va hon nita:
AM) = {r € R‘Mr = (O)} = {r € R‘(R/p)r = (O)} = {r € R‘Rr c p} =(p:R)Do d6 ta ciing co
(o:R) la mot ideal hai phia cua R.
e Mitkhic p chinh quy nén tén tai a € R sao cho x—axe p,VxeR.
Do d6néu xe(p:R) thi axe Ry p suyra xe p. Viy ta duoc (p:R)c p.
e Giasucod p' 1a mot ideal hai phia cia R sao cho p'c p.
Khido Vxe p' thi Rec p’'c p=>xe(p:R) suyra p'c(p:R)

Vay (po:R) la mot ideal hai phia 16n nhit cia R ndm trong p.m



Tir nhitng két qua trén ta di dén dinh 1y sau.

Pinh Iy 1.2.1 J(R)=N(p:R). Trong 6 p chay qua tit ca cac ideal phai, ti dai, chinh quy
P

ciia R va (p:R) 1a mot ideal hai phia 16n nhit ciia R nam
trong p.
Bo dé 1.2.1 Néu £ la mot ideal phai, chinh quy, thuc sy cia R thi p co thé nhing vao mot
ideal phai, ti dai, chinh quy ctia R.

Chirng minh

Vi p la moét ideal phai, chinh quy, thuc sy cia R nén p#R va tdn tai @ € R sao cho
x—axe p,VxeR.
Suyra a¢ p,vinéu ac p thi axe p=> xe p,Vxe R = p=R (miu thuin).
Goi 91 la tap tat ca cac ideal phai thuc su cia R c6 chua p. Néu peMthiagp,vi néu
acp thiaxep vax—axepc p,VxeR=>xep' ,VxeR
= p' = R(mAu thuan).

Ap dung bo dé Zorn cho tap 9 1a tap tat ca cac ideal phai, thuc sy cia R c6 chua p
ta dugc p, 1a mot phﬁn tir t6i dai trong 1.
Khi d6: p < p,, p, chinh quy vi x—axe p < p,, VxR va p, 1a mot ideal phai ti dai ciia
R vinéu p, 1a mot ideal phaicua R c6 chira p, ma p, # R thi p, € 9, do tinh t61 dai ctia
P, suyra p, chua p, hay p, = p,.m
Pinh ly 1.2.2 J(R) = (; p . Trong d6 p chay qua tit ca cac ideal phai, toi dai va chinh quy

cua R.

Chirng minh
e Theodinhly1.2.1taco J(R)=n(p:R) vi (p:R)C p nén
P

J(R)c np Trong d6 p chay qua tat ca cac ideal phai, tdi dai va chinh quy ciia R.
P
e Chung minh bao ham ngugc lai Np < J(R):
P
Tadit 7= p, trong 36 p chay qua tit ca cac ideal phai, toi dai va chinh quy cua R.
P

Véimdi x e, xét tap p'={xy+y‘yeR} ta chung minh p'=R. Gia st p'# R, khido p’



la mét ideal phai, chinh quy, thuc suw cua R. p' chinh quy la do ta chon a =—x, suy ra
y—ay=y+xyep,VyeR.Theobd dé 1.2.1 tacd p' dugc nhiing vao mét ideal phai, toi
dai, chinh quy p, nao d6 cua R.Khido, Vye R do xerc py=>xe p,= xy € p, va
y+xyep, nén ye p,,suyra Rc p, (miu thuin véi tinh téi dai cua p,).

Vay p'=R.Do d6 v6i mdi xer tontai we R sao cho —x = w+ xw hay
x+w+xw=0 (*).

Ta chimg minh 7 — J(R) bang phan ching. Gia st 7 & J(R), khi d6 ton tai mot
module bat kha quy M khong bi 7 linh héa nghia 1a M7 = (0), suy ra ton tai m € M sao cho
mt # (0). Ta d& dang kiém tra mz 1a mot module con ctia M , lai do M 13 module bat kha
quy nén mz =M . Do @6 ton tai ¢ € 7 sao cho mt =—m, lai do ¢ e 7 theo (*) thi ton tai s € R
sao cho t+s+1ts=0. Khi d6 0=m(t + s +ts) = mt + ms + mts = —m + ms —ms =—m . Suy ra

m =0 (mau thuan véi mr # (0)). Vay 7 < J(R) hay npc J(R) .=
P

Nhu vdy, ching ta dd khao sat cdu tric ctia cin Jacobson trén co so M 1a mot R -
module phai. Trong truong hop M 13 mdt R - module tréi ta ciling c6 két qua hoan toan
tuong tu cho cdn Jacobson trai.

Pinh nghia. Phan tir a € R duoc goi 14 twa chinh quy phai néu ton tai @’ € R sao cho
a+a +aa' =0.Phan ttr ¢ dugc goi 1a tya nghich dao phai cua a.

Tuong tu, ta cling c6 dinh nghia phan tir twa chinh quy trai va phan tir twa nghich dao
trai.

Chii y. Néu R c6 phan tir don vi 1 thi phan tir @ € R 14 twa chinh quy phai khi va chi khi
I+ a c6 nghich ddo phai trong R.

Chirng minh

Gia str phan tr @ € R 1a tua chinh quy phai, khi d6 t6n tai ¢’ € R sao cho
a+a +aad'=0=1+a+a" +aa'=1= (1+a)(1+a’)=1.Do dd 1+a cbdnghich dao phai la
1+ad'.

Nguoc lai, gia st 1+ a c6 nghich dao phai trong R, khi d6 ton tai » € R sao cho
(+ay=1=r—-1+ar=0.Pit a'=r—1, ta c6 ding thirc a +d’ +aa’ =0. Do d6 phan tir g
la tya chinh quy phai. =
Pinh nghia. Mot ideal phai cia R duogc goi 13 tua chinh quy phai néu mdi phn tir ciia no 1a

tua chinh quy phai.



Tur ching minh ctia dinh 1y 1.2.2 ta di dén hai két qua sau:
1. J(R) la tua chinh quy phai
2. Néu p 1a mot ideal phai tya chinh quy phai cia R thi p < J(R)

Do d6 chung ta cling ¢6 dinh 1y sau
Pinh Iy 1.2.3 J(R) 1a mot ideal phai twa chinh quy phai ciia R va né chira tit ca cac ideal
phai, tya chinh quy phai cia R. Vithé, J(R) 1a mot ideal phai, tua chinh quy phai, toi dai
duy nhat cua R.

Trong khi xay dung can Jacobson, ta chi xét M nhu la R - module phai nén J(R) con
dugc goi 1a can Jacobson phai cua R, ki hi¢u la Jphdl.(R). Tuong tu, néu ta xét M nhu 1a R-
module trai thi J(R) dugc goi la can Jacobson trai cua R, kihi¢ula J, . (R).

Bay gio ta s€ di ching minh Jphdl. (R)=J .(R).

That vay, gia st a vira 1a phan tir tura chinh quy phai vira 1a phan tir tya chinh quy trai
cia R.Khid6 ton tai b,c€ R saocho a+b+ba=0 va a+c+ac=0 suyra
ac+bc+bac=0 va ba+bc+bac=0,dodd ba=ac ma a+b+ba=a+c+ac=0=b=c
. Nghia 13, twa nghich dao trai va tya nghich dao phai ctia mot phan tir 13 tring nhau.

Giasr ae J i (R) khi d6 ton tai @' € R sao cho a+da'+aad' =0 suyra a'=—a—ad’
va ae Jph&l.(R) nén a' e Jph&l.(R) , tuong tu vi d' € Jphdi(R) , khi d6 lai ton tai a" € J i (R

sao cho a'+a"+d'a"=0.Do d6 a' co twa nghich dao trai la a va tua nghich dao phai la a"

nén a=a". Dan dén a'+a+a'a=0 hay a 1a phan tir tya chinh quy trai. Vay J i (R) ctng
la mot ideal tya chinh quy trai cia R nén Jphdl.(R) cJ, .(R), tuong ty, ta cling chirng minh
dugc J, ..(R) la mét ideal tya chinh quy phainén J, . (R)c Jphdl. (R)

Vay Jphdl.(R) =J (R).m

Dinh nghia

a) Phin tir a € R duoc goi 14 lity linh néu ton tai s nguyén duong m sao
cho a" =0

b) Mot ideal phai (trai, hai phia) cia R dugc goi 13 nil-ideal néu moi phan
tir cia né déu Iy linh.

¢) Mot ideal phai (trai, hai phia) p ctia R duoc goi 1a liiy linh néu ton tai



mot sO nguyén duong m sao cho a,a,...a, =0,Va,,a,,...a, € p.Diéu ndy co6 nghia la

p"=(0).
Nhan xét.
e MGoGt ideal phai (trai, hai phia) liiy linh 1a mot nil-ideal, nhung diéu nguoc lai thi khong
ding
e Moi phan tir lily linh déu twa chinh quy trai (phai)
That vay, gia st @ € R 1a mot phan tir 1ty linh, khi d6 ton tai s6 nguyén duong m sao
cho a" =0 vatadit b=—a+a’ —a +..+(=1)""'a™"

Tacd: ab=ba=—a’+a’ —a* +..+(-1)"*a""

Suyra b+ab=b+ba=-a=>a+b+ab=a+b+ba=0

Do d6 ma moi nil-ideal cling 1a ideal tya chinh quy trai va cling 1a ideal tya chinh quy
phai.

T d6 dan dén bo dé sau
Bo dé 1.2.2 Moi nil-ideal phai (trai) cia R déu chita trong J(R).
Pinh nghia. 4 duoc goi la dai s6 trén truong F néu A4 théa min cac diéu kién sau:

a) 4 1a mot vanh

b) A la khong gian vecto trén truong F

c) Va,be A,VaeF :a(ab)=(aa)b=a(ab)

Néu 4 c¢6 don vilalthi F1 nam trong tim cua A. That vy, Va e F tacod
(al)a=a(la)=a(al)=a(al),Vae A.
Luwu y. Khai niém ideal cia mot dai sb nghia l1a n6 vura c6 cAu tric ideal cia mot vanh, vira
¢6 ciu triic mot khong gian vecto con.
Bo dé 1.2.3 Néu 4 1a mot dai sd trén truong F' thi can Jacobson cua dai sb A trung véi can
Jacobson cua vanh 4.

Chirng minh

Gia sir p 1a ideal phai ti dai chinh quy ctia A4 thi p 13 vanh con clia 4 nén p 1a mot
vanh. Hon nira, p 1a khong gian concua 4 trén F, tic Fp < p. That vay, giasat Fpz p
thi Fp+p=A (do p laideal phai toi dai ciia 4 va Fp 1a mot ideal phai ctia 4). Do do,
A*=(Fp+p)Ac FpA+ pAc p(FA)+ pAc p.Laido p la chinh quy nén ton tai a € 4

sao cho x —ax e p,Vx e A nhung axe A>  p suyra x€ p,Vxe A= p= A (mau thuin).



Tacod p 1a khong gian con ctia A4 trén F . Tir 46, moi ideal phai ti dai chinh quy cua A4
xem nhu mot vanh ciing chinh 1a mét ideal phai tdi dai chinh quy cia 4 xem nhu mdt dai $0.

Vay theo dinh Iy 1.2.2 thi J . (A)=J, . (A).m

1.3 Mt s6 vanh dic biét
1.3.1 Vanh nira don
Pinh nghia. Vanh R duogc goi 1a vanh nira don (hay nira nguyén thity) néu J(R) = (0).

M6t van dé duge dit ra 1a néu ta thuong hoa vanh R béi can Jacobson cua no6 thi vanh
thwong nhan dugc s& c¢6 cin Jacobson nhu thé nao, cau tra 101 duge khang dinh trong dinh 1y
sau.

Pinh ly 1.3.1.1 Gia stt R 1a m6t vanh thi R/J(R) 1a mt vanh nira don.

Chirng minh

Ta can chimg minh J(R/J(R)) = (0).

Dit R = R/J(R) va p 1a mot ideal phai, t61 dai, chinh quy ctua R. Khi doé J(R)c p. Do d6
theo dinh 1y ddng ciu, p = p/J(R) 1a mdt ideal phai, t6i dai cua R.

Thét viy, do J(R)c p< R néntacéd: R/p=(R/J(R))/(p/J(R))

T tinh t6i dai ctia p trong vanh R ta suy ra tinh ti dai ctia p/J(R) trong vanh thuong
R/J(R).

Ta s€ chirng minh ; cling chinh quy trong vanh R.

Do p chinh quy nén ton tai a € R sao cho x —ax € p,Vx € R. Suy ra ton tai aeR sao
cho }—ZEeE,v}eE.

Do J(R)=np, véi pchay qua khip cac ideal phai, toi dai, chinh quy ctia R nén ta co
Ap =(0). Theo dinh Iy 1.2.2 J(R) chinh la giao cua tit c4 c4c ideal phai, tdi dai, chinh quy
cia R nén J(E) c m; =(0).

Vay J(R)=(0).m

Tinh chat ciia cin Jacobson trong dinh 1y 1.3.1.1 1a mdt trong nhiing tinh chat “radical-
like” — “gidng nhu can”. Nhitng nghién ciru vé cic tinh chét ciia cin Jacobson tong quat da
duoc Amitssur va Kurosh tién hanh.

Tir nay dé tranh ning né vé mat thuat ngir, ta sé goi mot ideal hai phia cia vanh R 1a

mot 1deal.



Pinh 1y 1.3.1.2 Néu 4 13 mét ideal cua vanh R thi J(4)=ANJ(R).
Chirng minh

e NéuaeANnJ(R) thi aeJ(R),suyra a 13 phan tir tya chinh quy phai
ciia R néntontai @' € R sao cho a+a'+aa' =0, do d6 a'=—a—ad € A, vy a ciing 14
phan tr tya chinh quy phai cia 4. Suyra, AN J(R) 14 ideal tua chinh quy phai cia 4.
Theo dinh 1y 1.2.3tacd AN J(R)c J(A).

e Nguoc lai, ta lay p 14 ideal phai, toi dai, chinh quy ctia R va dat
p=ANnp. Néu A4 ¢ p thi do tinh téi dai cua p tacd A+ p=R. Do d6 theo dinh Iy dong
cautacod: R/p=(A+p)/p=A/(Anp)=A4/p,
Do p tdi dai trong R nén R/p bat kha quy va do do A/ p, cing bat kha quy.

Suy ra p, la ideal phai t61 dai cia A.

Ta s€ chirng minh p, chinh quy trong 4. That vdy, do p chinh quy trong R nén ton
tai be R saocho x—bxe p,VxeR.Tacdé: be R=A+p=b=a+r voi ac A,r € p. Khi
d6o x—bx=x—ax—rxep,dorxe p nén x—axep.

Tom lai, ton tai a € 4 sao cho: x—axe pN A= p,,Vxe A, hay p, chinh quy trong
A.Vaytaco J(4)c p, vo1mo1 p laideal phai, t61 dai, chinh quy cia R ma A« p.

Néu 4 c p thi p,=ANnp=A4dodo J(4)c p,. Vb1 p chay qua khép cac ideal
phai, t1 dai, chinh quycua Rtacd J(A)cnp,=n(Anp)=(np)nA=J(R)NA.

Vay J(A)=ANnJ(R).m
Hé qua. Néu R 13 vanh ntra don thi moi ideal ctia R ciing 14 vanh nira don.

Chiiy. Két qua cia dinh 1y 1.3.1.2 s& khong con diing néu 4 14 ideal mot phia cua R.
Vi du. Cho R 1a vanh cdc ma tran vudng cap 2 trén trudng F , trudc tién ta ching to R
khong co céac ideal hai phia khong tam thudng.

That vay, gid st A 1a mot ideal hai phia cia R va A4 #(0).

1 0
Vi E:{O J la don vi cia vanh R.
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Gia st a;; #0, do 4 1a mot ideal hai phia cua R nén

a, O a, O l/all 0 . ,
E\ak,, = o 0 ed= o oll o o =E,edAva E,E\E,=F,cA4,dodo

E=E ,+E,cA.Suyra A=R
Vay R khong c6 cac ideal hai phia khong tim thudng.
Vico donvinén J(R)# R va J(R) 1a mot ideal hai phia cia R nén J(R)=(0). Vay

R 1a vanh ntra don.
pes [ B
ay gid ta xét p =

yg P 0 0

Oﬁ\ﬁFl‘ ot ideal phai ct ‘Oﬁzoodd' 14 mot nil
= S a mot 1dca al cua va = 0O do a mot nil-
P 0 0 G p P 0 0 0 0 P C

a,feF } , d& thiy p 13 mot ideal phai cua R. Ta lai co

ideal phai khac (0) cua p suyra p, < J(p) va J(p) = (0)
Ma pnJ(R)=(0) (do J(R)=(0)). Vay J(p)=pNJ(R).m

Mot tinh chat “radical-like” co ban khac nita la két qua nhan duogc cua radical khi ta
thay d6i tir mot vanh R sang vanh cic ma trin vudng cip m ldy hé tir trén vanh R. Néu R
la mot vanh, ki hi€u R 1a vanh cac ma trdn vudng cép m trén R va J(R), 1a vanh cac ma
tran vudng cap m trén J(R) thi ta c6 dinh Iy sau.

Pinh 1y 1.3.1.3 J(R )=J(R),,

Chirng minh

Lay M 1a mot R- module bat kha quy.

Pat M"™ = {(ml,mz,...,mm)‘mi c M} . D& dang kiém tra dugc M 1a mot R -
module v6i phép cong 1a phép cong theo tirng thanh phan, phép nhin ngoai chang qua 1a
phép nhan vao bén phai ciia mot bo trong M ™ véi mot ma tran trong R, . Hon nita, M ™
con 1a mot R - module bat kha quy.

That vay:



e Chung minh MR+ (0)

Do M 1a mot R - module bat kha quy nén MR #(0), do do tdntai me M,r eR sao
cho mr #0. khi do

(r 0 ... O]
roo...
(m,m,...,m) C =(mr,mr,...,mr)#(0,0,...,0).
00 ... r]

Vay MR #(0).
e Chang minh M khong c6 module con khong tdm thudng
Lay N #(0) 1a module con ctia M . Ta ching minh N = M hay chi can chimng
minh M < N . That vay, do N #(0) nén ton tai (m,,m,,...,m )e N va
(my,m,,...,m,) #(0,0,...,0), do d6 ton tai m, # 0 véi ie{1,2,...m}. Do m,R 1a mdt module
con ctia module bat kha quy M ma m.R #(0) nén m R =M . Khi 6, vé1 mo1

(m) A A . r:ooe _ .
(X}, Xy,...,x,) €M™ ludn ton tai r; € R, v6i j={1,2,....m} sao cho mr, =x,. Do do:

(0 0 .. O]
(my,...om,,...m )1 r, .. r,|=(mnmr,..,mr,)=(X,X,,..,X,)
0 0 ... 0]

Suy ra (x,,X,,...,x,,)) € N hay M"™ c N .
Vay M 1a mot R, - module bt kha quy.
e Chung minh J(R,) = J(R),,

Néu (@) € J(R,) thi M (,)=(0,0....,0),Vi, j =L,m.

Khi d6 vo1 moi m; eM,(ml,mz,...,mm)(al.j) =(0,0,...,0),Vi,j=1,m. Suyra

Ma, =(0),Yi,j=1m vidods a, € J(R),Vi,j=1m.
Tirdé ta c6 () € J(R),,. Vay J(R,) S J(R),.
e Chung minh J(R),, cJ(R)).

That vy, xét



_all ap,

0 0

Pr= . .
0 0

a

0

\al e J(R)

Dé dang kiém tra dugc p, 1a mot ideal phai ciia R, .

Ta tiép tuc chirng minh p, la ideal tya chinh quy phai cua R .

Voimol X € p, X =

a, O,

0 O
0 O

alm
0 CoA
. | nén ¢, € J(R)= ¢, la phan tu

0

tua chinh quy phai cia R do d6 ton tai ¢, € R sao cho: ¢, + o/, +o,,/, =0

o), 0
) 0 0
Lay Y=| . .
0 0
0 a, .. «
0O 0 .. O
W= . :
0 0 .. 0

0
0

|.bat W=X+Y + XY thita co:

do @6 W? =0 nén W la phan tir liy linh va nd ciing 14 phan tir tua

chinh quy phéi cua R, khi do tontai Z € R saocho: W+Z+WZ =0, thay

W=X+Y+XY thitasuyra X+(Y+Z+Y2)+ X(Y+Z+YZ)=0, tcc X 1a phan tir tua

chinh quy phéaicua R . Vay p, la mdt ideal phai tya chinh quy phai cua R va theo dinh ly

1.2.3thi p,cJ(R,).

Hoan toan tuong tu, ta cling chirng minh dugc

0 0
Pi= %
0 0

0

o, € J(R)

p,cJ(R),Vie {1,2,...,m} .

N

la ideal phai tya chinh quy phai cua R va do do




Vi J(R,) la mot ideal cia R nén J(R ) dong d6i voi phép cong do d6 ta co
pt+p,+..+p, cJ(R ) hay J(R), cJ(R,).m
1.3.2 Vanh Artin
Pinh nghia. Vanh R dugc goi 1a vanh Artin phai néu moi tap khac rdng céc ideal phai ctia
n6 déu c6 phan tir toi tiéu.
Pé ngan gon ta thuong goi vanh Artin phai 1 vanh Artin.
D@ thay rang mot vanh 1a vanh Artin khi va chi khi moi ddy giam céc ideal phai ctia nd
PO P, D..Dp,...déudingtic Ine N saocho p, =p, . =..
Mot vai vi du ctia vanh Artin
1. Mot trudng, thé (vanh chia duoc) 1a vanh Artin.
2. Vanh cac ma trin vudng cap n trén mot truong hay thé 1a vanh Artin.
3. Tong truc tiép hitu han cta cac vanh Artin 12 vanh Artin.
4. Anh ddng cau cta vanh Artin 13 vanh Artin, vanh thuong ctia vanh Artin 1 vanh
Artin.
Pbi voi cac vanh Artin thi cidn Jacobson ctia n6 kha dic biét, ta s& thdy diéu ndy trong
dinh ly sau.
Pinh Iy 1.3.2.1 Néu R 1 vanh Artin thi J(R) 1a mot ideal liiy linh.
Chirng minh
Pit J = J(R). Xét diy giam cac ideal phdictia R: JoJ*>..oJ">.... ViR Ia
vanh Artin nén ton tai mot s nguyén n sao cho J" =J"™' =...=J* =.... Do 0, néu

xJ*" =(0) thi xJ" =(0) (vi J*"=J")
Ta s& chimg minh J" = (0). That vy, dit W = {x e Jx" = (0)} thi W 1a mot ideal ciia R.
Néu J" W thi J"J" =(0),dod6 J" =...=J* =(0).
Néu J" ¢ W thi ta xét vanh thuong R = R/W vitaco J" =J" /W = (0)
Néu xJ" = (0) thi xJ" c W do d6 (0)=xJ"J" =xJ* = xJ" suyra xe W dindén x=0.
Khi d6, x.J" = (0) thi ta suy ra x=0. (¥)
Vi R 1a vanh Artin nén R =R/W ciing 1a vanh Artin va néu J" % (0) ta suy ra J"

chita mot ideal phai tdi tiéu p #(0), do tinh i tiéu nén ideal phai p ciing 1a mot R -



module bit kha quy. Mit khac, J" < J(R) nén pJ" = (0) theo (¥) suy ra p =(0) (mau thulin

p#(0)).

Vay J" =(0) va dinh ly dugc chirng minh.m
Hé¢ qua. Trong mot vanh Artin, moi nil-ideal déu 13 ideal Ity linh.
Nhan xét. Néu vanh R c6 ideal phai lity linh khac (0) thi né s& c6 ideal hai phia liy linh
khac (0). That vay, cho R 1a mot vanh bat ki va gia st rang p # (0) 1a mot ideal phai liy
linh cua R.

e Néu Rp =(0) thi hién nhién Rp < p, khi 6 p 14 ideal hai phia cia R
Vay p laideal hai phia Ifiy linh khac (0) cua R
e Néu Rp#(0) thi RRoc Rp va RpRc Rp (p laideal phai ciia R)

nén Rp 1a ideal hai phia ctia R. Vi p 1a mot ideal phai lily linh cia R nén ton tai m e N
sao cho p"” =(0), khi d6:
(Rp)" =RpRp..Rp=R(pR)(pR)..(pR)p < p" =(0)= (Rp)" =(0)

Vay Rp la ideal hai phia Ity linh khéac (0) cua R.m
Pinh nghia. Phan tir e =0 trong vanh R dugc goi 1a phan tir liy ding néu * =e.
B6 dé 1.3.2.1 Cho R 1a vanh khong c6 ideal liiy linh khac (0). Gia st p # (0) 1a mot ideal
phai, tdi tiéu ctia R . Khi @0, ton tai mot phan tir lily dang e < R sao cho p=eR.

Chirng minh

Vi R khong c¢6 ideal lliy linh khac (0) nén theo nhan xét & trén thi R ciing khong co
ideal phai lity linh khac khong va do d6 p? # (0). Khi @6, ton tai x € p sao cho xp = (0) va
xpC p Vi p laideal phaictua R nén xp ciing la ideal phai ctia R, do tinh tdi tiéu ctia p ta
suy ra xp = p, do d6 tdn tai e € p sao cho xe=x= xe’ = xe = x(e’ —€)=0. Pat
Po = {a = p‘xa = O}, dé thay P, la mot ideal phdicia R va p,c p va p, #p vi xp #(0).
Do tinh t4i tiéu cta p ta suy ra p, =(0). Tacod x(e’ —e)=0= ¢’ —eE p, = e’ —e=0 hay
e’=e.Vixe=x#0nén e=0.

Laido ee p va p laideal phaicta R nén eRc p va eR ciing la mot ideal phai cua

R ma eR # (0)(do eR > e =e#0) do tinh ti tiéu cia p nén p=eR .m



Chung ta thay rang trong mot vanh Artin mot ideal phai chira nhitng phan tir lity linh
thi ty ban than no ciing 1 mot ideal liiy linh. Piéu gi xay ra khi ma mot ideal phai chira
nhiing phan tir khong liiy linh? Muc dich ciia chung ta 1a ching t6 rang khi d6 né phai chta
mdt phan tir lity dang khac 0.

Pé x4c nhan diéu nay ching ta can co b dé sau.

B6 dé 1.3.2.2 Cho R 1a mot vanh va gia st ton tai phan tr @ € R sao cho a” —a 1a phan ti
lity linh. Khi d0, hodc a 1a phan tir liy linh hodc ton tai da thirc ¢(x) v&i hé s6 nguyén sao
cho e=aqg(x) 1a phan tt litly dang khac 0.

Chirng minh

Gia st ton tai k € N sao cho :

(@*-a)=0= iC,’{ (@) (-)'d' = iC,iazk_i(—l)i =0 suyra a* =a""' p(a) trong 46, p(x)
i=0

i=0

k+1

14 mot da thie hé s6 nguyén. Ta co a* =a*' p(a) = a.a* p(a) = a(a*" p(a)) p(a) = a"** p(a)
tiép tuc nhu vay ta s€ dugc ak = aZkP(a)k . Ta suy ra a® =0 hoidc a* #0. Néu a" =0 thi dat
e=d"p(a)* #0 va &* =a** P(a)** =a" p(a)* =e. Vay e 1a phan tir lily dang va ton tai
g(x)=x""p(x)" voihé s6 nguyén d&é e=aq(a).m

Bay gio, chiing ta di chirng minh dinh 1y ma ta dé cip ¢ phan trén.
Pinh Iy 1.3.2.2 Néu R 1a vanh Artin va p # (0) 12 mét ideal phai khong lity linh ctia R thi
p ¢6 chira phan tir lity dang khac 0.

Chirng minh

Do p 1a mdt ideal phai khong Ity linh ciia R, theo dinh 1y 1.3.2.1 thi p & J(R). Dat

R=R/J(R), do R 14 vanh Artin nén R ciing 12 vanh Artin va theo dinh 1y 1.3.1.1 thi R
cling 1a vanh ntra don nén vanh R khong c¢6 ideal 1iiy linh khac (0). ; =p/J(R) vi
p J(R) nén p#(0) suy ra no chira mot ideal phai tbi tiéu p, ciia R. Theo chirng minh
bd dé 1.3.2.1 p, chira mot phan tir liiy ding e+ 0.

Xét anh xa @: R — R = R/J(R) 1a ddng cAu chiéu sao cho v&i a € p, p(a)=a=e, do

46 p(a* —a)=¢ —e=0=a*—aeJ(R)= a* —a liy linh.



Dod =e =e#0,VkeN nén a khong liiy linh, theo bd d& 1.3.2.2 tn tai mot da

thirc ¢(x) hé sb nguyén sao cho e =ag(a) 1a mot phan tir iy dang khac 0. Vi a € p nén
eep.m
Pinh Iy 1.3.2.3 Cho R 1a mdt vanh tlly ¥ va e< R 1a mdt phan tir lily dang. khi d6 ta co
J(eRe)=eJ(R)e.

Chirng minh

e Chung minh J(eRe) ceJ(R)e

Cho M 1a mot R - module bat kha quy. Ta s& ching minh hodc Me = (0) hodc Me la
mdt eRe- module bat kha quy.
That vay, gid st Me #(0) = IJme M :me+#0. Ta cd (me)(eRe) = meRe .

D& thay meR 1a module con cta R - module bat kha quy M va meR # (0) suy ra meR =M
do d6 meRe = Me. Ta co6 MeeRe = MeRe # (0) va goi N #(0) 1a module con cua eRe-
module Me. Vi meRe = Me suy ra N =myeRe #(0) vo1 my € M nén ta cling c6 myeR la
module con ctia R- module bat kha quy M va myeR # (0) suy ra
myeR =M = N = mjeRe = Me.

Tir d6, ta c6 Me 13 mot eRe- module bat kha quy, do d6 MeJ (eRe) =(0) vi e 1a phan
tir don vi ctia eRe nén MeJ (eRe) = MJ(eRe) = (0). Con néu Me = (0) thi
MeJ(eRe) = MJ(eRe) = (0). Trong moi trudng hop ta déu co MJ(eRe) =(0) voi M 1a R-
module bat kha quy tuy ¥.

Vay J(eRe) c J(R) suyra J(eRe)=eJ(eRe)e ceJ(R)e.

e Chung minh eJ(R)e c J(eRe)

Nguoc lai, néu a € eJ(R)e thi eae € e*J(R)e* =eJ(R)e = a e J(R) do d6 a co twa
nghich dao trai va phai trong R. Khi d6 Ja’ € R sao cho a+a'+aa’'=0 suyra
eae+ea'e+eaa’'e=0 vi aceJ(R)e nén eae=a do do
eae +ed'e+ ead'e = a + ea'e + aea'e = 0. Vi tya nghich dao phai cua a 13 duy nhat nén
a'=ed'eceRe.

Vay moi phan tir trong eJ(R)e déu tua chinh quy trong eRe va eJ(R)e 1a mot ideal

cua eRe, tuc ta co eJ(R)e la mot ideal tya chinh quy cua eRe do d6 eJ(R)e — J(eRe).m



Dinh ly 1.3.2.4 Cho R 1a mdt vanh khong c6 ideal liiy linh khac (0) va gia sit e # 0 1a mot
phan tir [ily dang trong R . Khi d6, eR 1a mot ideal phai téi tiéu cia R khi va chi khi eRe 13
mot thé.

Chirng minh

e Chiéu thuan

Gia sit p =eR 1a mot ideal phai tdi tiéu ciia R. Vi R 1a mot vanh nén eRe ciing la
mot vanh. Néu eae € eRe va eae =0 thi eaeR # (0) (vi eaeR = (0) = eaee = eae =0 miu
thudn) va eaeR 1a mot ideal cia R ma eaeR — eR suy ra eaeR =eR (do eR 1a mot ideal
phai toi tiéu cia R) do d6 tdn tai y € R sao cho eaey = e = eaeye = ¢* = e khi d6 ta c6
(eae)(eye)=e.

Do d6 eRe 1a mot thé voi phan tir don vi 1 e

e Chiéu dao

Gia sir eRe 1a mot thé ta chimg minh p =eR la mot ideal phai tdi tiéu cia R. Goi
P, #(0) 1a mot ideal phai cua R sao cho p, < p ta chimg minh p, = p.

That vay, ta co p,e = (0) vi néu pee=(0)= p; < p,p = p,eR = (0) (miu thudn véi R
14 mot vanh khéng c6 ideal liy linh khac (0)). Khi d6 ton tai x € P, sao cho xe # 0 mat khac
tacd xe p,c p=eR nén lai ton tai u € R sao cho x=eu.Dit a =eueceRe= a=xe #0
va ae p, (Vi xe p, va p, la mot ideal phai cua R), do eRe la mot thé nén ton tai
eu'e € eRe sao cho a(eu'e)=e suyra ec p, (do a € p, va p, 1a mot ideal phai cua R). Do
do eRc p, hay pcp,= p,=p.

Vay p=eR la mot ideal phai toi tiéu ctia R.m

Churng minh tuong ty nhu trén ta cling c6 : Cho R 1a mot vanh khong c¢6 ideal liiy linh
khac (0) va gia sit e =0 13 mot phan tir liy dang trong R . Khi d6, Re 1a mot ideal trai toi
ti€u ctia R khi va chi khi eRe 1a mot thé.

Tir d6 ta dan dén hé qua sau.
H¢ qui. Cho R 14 vanh khong c6 ideal lity linh khéc (0) va e 1a mot phan tir lily dang trong
R. Khi d6, eR 1a mot ideal phai tdi tiéu ciia R khi va chi khi Re 1a mot ideal trai tdi tiéu cta
R.
Pinh ly 1.3.2.5 Cho R la mot vanh Artin, nta don va p #(0) la mot ideal phai cia R. Khi

d6 ton tai phan tir lily ding e R sao cho p=eR.



Chirng minh

Vi R la vanh ntra don va p #(0) 1a mdt ideal phai cia R nén p khdong phai la ideal
lity linh (néu p 1a ideal phai liiy linh thi p < J(R) =(0)= p=(0)). Vi R 1a vanh Artin nén
theo dinh 1y 1.3.2.2 thi p c6 chtra phan tir lily dang khac 0. Gia st e 13 phan tir lily dang
trong p, ddt A(e)={xe plex=0}, d& thiy A(e) la mot ideal phai ciia R. Tap céc ideal phai
{A(e)‘O e =ec p} ctia R 1a tap khong rong va R 1a vanh Artin nén ton tai phan tir ti tiéu
Aey).

Néu A(ey)=(0) thi Vxe p taco e)(x—eyx)=0=x—-e,x € A(e,) =(0) suyra
x—ex=0=>x=¢x,Vxe p dodd p=¢pceR mae,epnéneRcp.Viy p=¢,R vO1
e, 1a mot phan tir lily dang trong R.

Tiép theo ta s€ chung minh khong xdy ra truong hop A(e,) # (0). That vay, gia su
A(ey) #(0) vataco A(e,) la mot ideal phai cuia vanh nira don R nén A(e,) la mot ideal phai
khong liiy linh ctia R . Theo dinh 1y 1.3.2.2 thi A(e,) c6 chira phan tir iy dang e,. Vi
A(eo)z{xep‘eox=0} nén e €p va e =0.Dit e =e,+e —ee, €p (Vie,ep,e€p)
do e,e, =0 nénta co
(€)' =(e,+e —ee,)e, +e—ee,)=e,+ee,+e —ee,—ee,=¢e,+e—ee,=e Vi
ee=(e,+e—eee=e#0=e #0.Viy e € p laphan tir lily dang.

Khi d6 Vxe p néu e'x=0 thi (¢, +e, —ee,)x=0 = e,(e, +e, —ee,)x=0 suy ra
e,x=0,do dotaco A(e)c A(e,) talaico e € A(e,) va e & A(e") (vi e*e1 #0) nén
A(e") # A(e,). Tic A(e”) chira trong A(e,) thuc sy (mau thudn véi tinh tdi tiéu clia A(e,)).

Vay khong xay ra truong hop A(e,) # (0), dinh ly duge chung minh.m
Hé quéa 1 Néu R 1a mot vanh Artin, nira don va A4 = (0) 1a mot ideal ctia R thi 4 =eR = Re,

trong d6 e 13 phan tir lily dang nim trong tim cua R.

Chirng minh

Vi 4 #(0) 1a mot ideal ciia R, theo phan chirng minh dinh 1y ton tai phan tir lily dang
ec€ A saocho A=eR.Goi B= {x — xe‘x = A} , theo chirng minh dinh 1y ta cling c6

ex=x,VYxe A=>eAd=A va Be=(0) nén BA = BeAd=(0).



Mat khac, 4 1a mot ideal trdi cua R nén B ciing la mot ideal trai cua R va
Bc A= B> < BA=(0). Vi R 1a vanh nira don nén trong R khong co
ideal trai lfiy linh khac (0), do d6 B =(0). Suyra
x—xe=0,Vxe A= x=xe,Vxe A= A= Ae. Vay eA= Ae= A

Ta chung minh 4=eR.

Taco ee 4, ma A la mét ideal phdi cia R nén eR — A, mat khac
AcR=> A=eAceR.Dodo A=eR

Ta chimg minh e niam trong tim ctia R hay e € C(R)

Liy yeR=yec A (do ec A)suyra ye=e(ye) vi e 1a don vi trai cia 4, tuong tu ta c6
eyeA (doeeAd) = ey=(ey)e vi e la don viphdicia 4. Do do

ye =eye=ey,Vy € R= Re=eR vi e nam trong tim ctia R .m

Hé qua 2 Mot vanh Artin, nira don ludn c¢6 phan tir don vi

Chirng minh

Vi vanh R ciling 1a m0t ideal cua chinh n6 nén theo chirng minh h¢ qua 1 ta chi viéc
thay ideal 4 bang ideal R ta c6 diéu phai chirng minh.m
Bo dé 1.3.2.3 Mot ideal cia mot vanh Artin, nira don ciing 1a mot vanh Artin, nira don.

Chirng minh

Gia st R 1a mgt vanh Artin, nira don va A4 # (0) 1a mot ideal cia R. Theo hé qua 1
cua dinh 1y 1.3.2.5ta c6 4=eR = Re, trong d6 e€ Z va theo h¢ qua 2 ctuia dinh 1y nay thi R
c6 phan tir don vi.

Liy xeR taco x=xe+x(l—e) dodd R=Re+R(1—e).Vil—eeZ nén R(1-¢) 1a
mot ideal ciia R . Hon nita, Re N\ R(1—e) =(0), vinéu xe Re N R(1—¢) thi x =xe va
x=x(1-e)=>xe=0.Dod6 R=A®R(1—¢) suyra A=R/R(1-¢) (dang ciu vanh) hay A4
la anh déng cAu cia mot vanh Artin nén A cling 1a mot vanh Artin. Mt khac theo hé qua
cua dinh 1y 1.3.1.2 thi 4 #(0) 1a mot ideal cua mot vanh ntra don R nén A4 cling la mot
vanh ntra don.m
1.3.3 Vanh don
Pinh nghia. Mgt vanh R dugc goi 1a vanh don néu R? # (0) va R khong c6 ideal thuc su

nao.



Pinh ly 1.3.3.1 M4t vanh Artin, nira don 1a téng truc tiép ctia mdt sd hitu han cac vanh
Artin, don.

Chirng minh

Gia st R 1a mdt vanh Artin, nira don va 4 = (0) 12 mot ideal t6i tiéu ctia R. Ta s&
ching minh A4 1a don. That vay, 4% #(0) vinéu 4> =(0) thi A ldy linh nén
Ac J(R)=(0)= 4=(0) (mau thuan).

Néu B #(0) 1a mot ideal ctia 4 thi ABA 1a mot ideal cia R va ABA < B. Theo bd dé
1.3.2.3 tacd A4 cling la vanh Artin, nira don nén theo hé¢ qua 2 dinh 1y 1.3.2.5 thi 4 c6 don
vido d6 4B #(0) va AB cling 1a mot ideal trai khong liiy linh cua R, tir do suy ra
ABA # (0). Do tinh téi tiéu cia 4 néntacdé A= ABAc B.Dod6 B=A.Viy A 1a mot
vanh Artin, don.

Theo ching minh bd d& 1.3.2.3ta c6 R=AD T, trong d6 T, 1a mot ideal ctia R, vi thé
T, ciing 1a mot vanh Artin, nira don. Ta tiép tuc iy mot ideal t6i tiéu 4, cia R nim trong
T, lam tuong tu trén ta cling c6 4, 1a Artin, don va T, = 4, @ T, cir tiép tuc lam nhur trén ta
cocacideal 4=4,,4,...,4,,... cua R déu 1a cac vanh Artin, don va A+ A4 +...+4 1a téng
tryc tiép.

Ta s& ching minh t6n tai s6 k saocho R=4,® 4, D..® 4, .

That vay, néu khongta dat Ry =4, .. @4, ®...,R=4D.. A4, D...,...,
R =4 @..® 4, @.. thi diy 1a mot chudi giam céc ideal cia R nén phai dimg (do R 1a
vanh Artin).

Khidd R=4,® 4, ®...® A4,, dinh ly dugc chung minh.m
B6 dé 1.3.3.1 Néu R 1a mot vanh Artin, ntra don va R=4, @ ...® 4, trong d6 v6i i =1,....k,
A 1a donthi 4, vét hét tit ca cac ideal t6i tiéu cua R.

Chirng minh

Gia str B # (0) 1a mot ideal téi tiéu ciia R. Vi R 13 mot vanh Artin, nira don nén theo
h¢ qua 2 dinh 1y 1.3.2.5 thi R ludon cd don vido @6 RB#(0). Do R=4,®...® 4, suyra
RB=AB®..® AB do d6 ton tai i sao cho 4B #(0). Dé thdy 4B 1a mot ideal ctia 4. va
ABc A laido A 1a donnén 4B = 4. Mitkhac, B #(0) la mot ideal t6i tiéu cia R va
ABc B néntacingco 4AB=B.Tudosuyra B=A4,B=A4,.



Vay bo dé duoc chirng minh =
1.3.4 Vanh nguyén thuy
Pinh nghia. Vanh R duogc goi 1a vanh nguyén thity néu nd c¢6 module bat kha quy va trung
thanh.
Nhan xét
1. Néu R 1a vanh nguyén thay thi ton tai M 13 mot R - module bat kha
quy v trung thanh. Suy ra A(M)={r e R|Mr=(0)} =(0). Xét anh xa ¢: R — E(M) dinh
bdi Vre R,¢p(r)=T. v61 T.: M — M sao cho T.(m)=mr,YmeM . Tacod: M trung thanh
khi va chi khi A(M)=ker¢=(0), tirc ¢ 13 mdt don ciu, khi d6 R nhing ddng cu vao trong
EM).
2. Néu R l1a vanh nguyén thay thi R c6 module bat kha quy va trung
thanh M. Khido A(M,)=(0) va J(R)=NAM)c A(M,)=(0)
= J(R)=(0) hay R la vanh ntra don.
Vay moi vanh nguyén thay déu 1a vanh ntra don.
3. Cho R lavanhtiy y va M 13 R- module bat kha quy. Khi d6 A(M) 1a
ideal hai phia cia R va M 1a R/ A(M)- module bat kha quy va trung thanh.
That vay ¢ bd dé 1.1.1 ta da chimg minh A(M) 1a ideal hai phia ctia R va M 1a R/A(M)-
module trung thanh. Véi M 14 R - module bat kha quy ta c6 M (R/A(M)) = MR #(0). Lay
N #(0) 1a mot R/ A(M)- module con cia M tacé N(R/A(M))=NRc N suyra N ciing
1a R - module con ctia module bat kha quy M nén N =M . Vay M 1a ciing R/A(M)-
module bat kha quy.
Do d6 R/ A(M) ciing la vanh nguyén thuy.
4. Cho R 1a vanhtuy y va p la ideal phai, ti dai, chinh quy ctia R. Khi
d6 M =R/p 1a R- module bat kha quy va A(M)=(p:R) la ideal hai phia 16n nhit ctia R
nam trong p.
Theo trén ta cling suy ra R/(p:R) 1a vanh nguyén thuy.
Pinh nghia. Mot ideal U ctua R duogc goi 1a nguyén thily tréi (phai) néu vanh thuong R/U
la nguyén thuy trai (phai).



Bo dé 1.3.4.1 Mot ideal U ciia vanh R 1a nguyén thily trai khi va chi khi U 1a mét linh hoa
tir ctia R - module trai bt kha quy nao do.

Chirng minh.

Gia st U = A(M) 1a mot linh héa tir ctia R - module trai bat kha quy M nao do. Khi
d6 dé thay M ciing 1a mot R/U - module trai bt kha quy va trung thanh, do d6 vanh R/U
la nguyén thuy trai nén U la mdt ideal nguyén thuy trai cua R.

Nguoc lai, gia sat U 1a mdt ideal nguyén thuy trai suy ra R/U la vanh nguyén thuy
trai, do 6 n6 c6 R/U - module trai bat kha quy va trung thanh M nao d6. Khi d6, M ciing
14 mot R - module trai bat kha quy va do M 1a R/U - module trai trung thanh linh nén hoa tir

cua M trong R chinhla U.m

Nhan xét
Tur bo dé trén va dinh nghia ciia can Jacobson ciia vanh R ta c6 thé dinh nghia cin
Jacobson ctia vanh R ciing 13 giao cia tat ca cac ideal nguyén thily trai (phai) ciia R:
J(R)= (;P trong @6 P chay qua khép cac ideal nguyén thay mot phia cia R.
Pinh ly 1.3.4.1 Vanh R 1a vanh nguyén thay khi va chi khi ton tai p 1a ideal phai, t6i dai,
chinh quy trong R sao cho (p: R)=(0). Trong truong hop d6 R 1a vanh ntra don. Hon nira,
néu vanh nguyén thily R giao hoan thi R 1a mot truong.
Chirng minh
e Chiéu thuan
Néu R 1a vanh nguyén thuy thi ton tai mot R - module bat kha quy va trung thanh M ,
theo bo dé 1.1.3 ta co M dang cdu v6i R- module thuong R/ p trong d6 p 1a ideal phai, t6i
dai, chinh quy nao d6 trong R.
Vi M 1a R- module trung thanh nén R/ p ciing la R - module trung thanh. Do d6
VreR néu (R/p)r=(0) tic la Rr< p thi r=0,trdé tacod (p:R)={xeR|Rxc p}=(0).
e Chiéu dao
Gia str, ton tai mot p 1a ideal phai, toi dai, chinh quy trong R sao cho (p:R)=(0).
Thi theo bd dé 1.1.3 ta ciing c6 M = R/p 1a mot R- module bat kha quy. Ta chirng minh
M =R/p la mdt R- module trung thanh.



Néu Mr=(R/p)r=(0) thi Rrc p=>re(p:R)=(0)=r=0nén M =R/p la mot R-
module trung thanh.

Vay R la vanh nguyén thuy.

e Ta chiing minh néu vanh nguyén thily R giao hoan thi R 1a mot
truong. That vy, vi R 1a vanh nguyén thity nén ton tai p 1a ideal phai, t6i dai, chinh quy
trong R sao cho (p:R)=(0). Theo bai tip vé dai sd dai cuong ta co R/p 1a mdt trudng ta
s& chimg minh R dang cu véi R/ p
Xét toan cau chinh tic p: R — R/ p x4c dinh boi Vre R, p(r) =r ta ching minh p
cling don céu, that vay:
kerp:{reR‘l_f:O}:{reR‘rep}c{reR‘chp}:(p:R):(O)
Vay p la mot dang ciu hay R=R/p nén R 1a mot trudng.m
Pinh nghia. Cho {4,} 1a mét ho céc dai sb va HAa 1 tich tryuc tiép ctia ho cac dai sb
{Aa } Mot dai s6 con A cua HAa dugc goi la tich truc tiép con cua ho {Aa} néu v6i mdi
a 4nh xa chinh tic thu hep 7, ‘ 4 12 mdt toan ciu, trong do z, la déng cau chiéu tur HAa
len 4, bién {a,} thanh a,.Khido, cho B, =kerr,|, thi 4/B, =4, va "B, =(0). Ngugc
lai, gid st A 1la mot dai s6 bat ki va B, 1a mot tap cac ideal cua 4 sao cho NB, =(0). Khi
d6, A dang ciu v&i tich truc tiép con clia ho cac dai s6 {4,} trongdo 4, =A/B,.
B0 dé 1.3.4.2 Mot dai sé 1a nira don ( hay ntra nguyén thity) khi va chi khi n6 1a tich truc tiép
con ctia cac dai s6 nguyén thuy.
Chirng minh
e Chiéu thuan.
Gia str 4 1a mot dai s6 ntra don ( hay nira nguyén thuy) ta cd

J(A)= N P=(0) (P chay khip cac ideal nguyén thuy ctia 4). Khi d6, 4 1a tich truc

P nguyén thiy
tiép con ctia mot ho cac dai sb {A/ P} trong 46 P chay khép cac ideal nguyén thuy cta A.
Vi P 1a mot ideal nguyén thiy cua 4 nén 4/P 1a mot dai s6 nguyén thily.
e Chiéu déo.

Gia str A 1a tich truc tiép con cia mot ho cac dai s6 nguyén thuy {Aa }



Khi d6 vo1 B, =kerrx, ‘ 4 thi 4/B, =4, va B, =(0). Vi 4, ladai s0 nguyén thity nén
A/ B, cling la mét dai s0 nguyén thily. Do do, B, 1a mot ideal nguyén thuy. Tu do ta co

J(A)= N PcnB, =(0).

P nguyén thiy
Vay A 1a mot dai s6 nira nguyén thuy (hay nira don).m
Gia str R 1a mot vanh nguyén thity va M 1a mot R - module bat kha quy va trung
thanh. Néu A=C(M)={pe E(M): 9T, =T.¢,Vr € R} la vanh céc giao hoén tir cia R trén
M véireR,T.:M — M sao cho mT. = mr thi theo bd d& Schur (dinh 1y 1.1.1) A 1a vanh

chia duoc.

Ta c6 thé xem M nhu 1a khong gian vecto phai trén A, trong d6 véi me M, € A thi
ma dugc xem nhu 13 tac dong cua mot phan tir o trong E(M) 1én m.
Pinh nghia. Vanh R duogc goi 13 tac dong day dic trong M (hay R day dic trong M ) néu
véi mdi hé n vecto: Vi, Vy..., v, € M doc lap tuyén tinh trén A va hé n vecto bat ki:
W, W,,...,w, €M thi tdn tai mot phﬁn tr re€ R saocho w, =vr,Vi=1,2,...,n.
Nhan xét
1. O day khai niém day dic duoc hiéu theo nghia: Liy tuy y hé hiru han cac vecto ctia M
doc lap tuyén tinh trén A va mot hé hitu han vecto bat ki cuia M véi cung $6 lugng, bao gio
ciing ton tai phép bién ddi tuyén tinh bién hé doc 1ap nay thanh h¢ kia.
2. Néu dim, M = n 13 hitu han thi Hom,(M,M)= R . That vay:
e Vre R phép nhan bén phai vr 1a phép bién d6i tuyén tinh ctia khéng
gian vecto M trénthé A: r =T e Hom,(M,M),YreR.
Do @6 R < Hom,(M,M).
o VfeHom,(M,M),giasu e,e,,....e, 1a mdt cosdcua M . Déng cAu
£ hoan toan duoc xac dinh néu biét cic anh ¢, f,e, f,...,e, f . Theo tinh diy dic ton tai » € R
sao cho v61 moi w;,w,,..,.w e M taco er=w,i=12,..,n.
Do d6 r = f suyra Hom,(M,M)cCR.
Pinh ly 1.3.4.2 (dinh 1y day dac)
Cho R 1a vanh nguyén thuy va M 1a R - module bat kha quy, trung thanh. Néu
A=C(M) thi R 13 vanh day dic cac phép bién doi tuyén tinh trong M trén A.

Chirng minh



e Pé ching minh dinh 1y day dic ta chi can chimg minh diéu sau:
Néu 7 1a mot khong gian con hitu han chiéu ctia M trén A va me M ,m¢V thi ton tai
re R v61 Vr =(0) nhung mr #0.

Tir két qua ndy ta suy ra dinh 1y day ddc. That vy, gia sir ta dd chimg minh duoc diéu
trén ttrc 13 ton tai » € R v6i Vr = (0) nhung mr # 0. Khi d6 mrR # (0) 13 R - module con cua
M, do M 1a R- module bat kha quy nén mrR =M . Do d6, ton tai s € R véi mrs 1a tiy ¥ va
Vrs =(0).

Cho n vecto v,,v,,...,v, € M 1a doc lap tuyén tinh trén A va n vecto tiy y
Wi, Wy, W, € M . Gol V; (vO1 i=1,2,...,n) la cac khong gian con cua M sinh boi cac v; voi
j#i.Viv,eM,v. ¢V, theo trén thi ton tai £, € R v6i v, =w, va Vi, = (0). Néu dit

t=t+t,+...+t thitaco vi=w, vé6imoi i=12,...,n do do R day dac trong M .

e Ta sé& chimg minh néu ¥ 1a mot khong gian con hiru han chiéu ciia M
trén A va meM,meV thitdntai r € R v6i Vr =(0) nhung mr # 0 bang quy nap theo s6
chidu ctia V trén A .

Goi V' =V, +wA trong d6 dimV, =dim(V') -1 va weV,. Theo gia thiét
quy nap, néu dat AW,) = {x = R‘Vox = (0)} thi voi y ¢V ton tai 7 € R ma Vox=(0) va
yr#0 nodi tom lai néu y ¢ V, thi ton tai r € A(V,) sao choyr #0. Diéu nay ciing c6 nghia la
néu mA(V,) = (0) thi meV,. (*)

D@ thay A(V,) la mot ideal phai cua R va wA(V,) 1a R - module con cua module bat
kha quy M . Vi wegV, nén ton tai r € A(V,) sao chowr # 0 suy ra wA(V,) #(0). Do d6
wAV,)) =M .

Gia st rang néu me M ,m eV ma Vr =(0) thi mr =0. Ta ching minh diéu nay la
khong thé xay ra. Ttc 1a tir didu nay s& dan dén mau thuin.

Ta dinh nghia, 7: M — M nhu sau v61 xe M do M =wA(V,) nén x =wa vo1
ac A(V,), khi d6 xr =ma.

Ta chirng minh 7 1a anh xa, gid st x =wa =wa’' voi a,a’ € A(V,) tacd wa—a')=0
va a—a' € A(V,) nén a—a' linhhdéaca w va V, dod6 a—a' linhhéa V hay V(a—a')=0

theo diéu gia sir trén thi m(a —a’)=0 suy ra ma =ma’ hay war = wa't. Vy 7 13 anh xa



R& rang 7€ E(M), hon nita néu x=wa v6i a e A(V,) thi Vr e R suyra ar € A(V,).
Khi @6 xr =(wa)r =w(ar)= (xr)r =m(ar)=(ma)r =(xt)r. Tuddtaco r€A. Do do voi
ae AV,) tacd ma=(wa)r=(wr)a suyra (m—wr)a=0,Vae A(V,). Theo (*) thi
m—wr eV, dodd meV,+wrcV,+wA=V (miu thuin).

Vay dinh ly dugc chiing minh.m

1.3.5 Vanh nguyén t6
Pinh nghia. Vanh R duoc goi I vanh nguyén té néu véi moi a,b € R thi tir dang thic
aRb=(0) suyra a=0 hay b=0.

Nhén xét. Vanh R 13 vanh nguyén t6 khi va chi khi no théa man mot trong cac diéu kién

sau:
a) Linh hoa tir bén phai ctia mot ideal phai khac (0) ciia R phai bang 0
b) Linh hoa tir bén trai ciia mot ideal trai khac (0) cia R phai bang 0.
¢) Néu A4, B 1a hai ideal cia R va AB=(0) thisuyra 4=(0) hoic
B=(0).

B6 dé 1.3.5.1 Moi vanh nguyén thay déu 1a vanh nguyén té

Chirng minh

Cho R la mdt vanh nguyén thuy. Ta s€ chirng minh linh hoéa tir phai cia mdt ideal
phai khac (0) ctia R 13 bang 0. That vy, cho p #(0) 1a mot ideal phai cua R va gia sir
pa=(0). Vi R 1a vanh nguyén thity nén ton tai M 13 R - module bat kha quy va trung
thanh. Do M trung thanh va p # (0) nén suy ra M p # (0), dé thdy M p 1a module con ciia
module bat kha quy M do d6 Mp=M . Tt d6 ta cd6 Ma =M pa =M (0)=(0), laido M 1a
module trung thanh nén ta suy ra a =0.

Vay bo dé duoc chirng minh.m
Dinh nghia

Mot ideal P cua dai sé A 1a nguyén té néu voi moi ideal B,C cua 4 ma BC c P thi
Bc P hoac CcP.

Paisé 4 dugc goi la dai ) nguyén t6 néu (0) 1a mot ideal nguyén td trong 4.

Mot dai s6 duoc goi la nira nguyén t6 néu nd khong c¢6 ideal Iiiy linh khac (0).



Mot ideal B cua dai s A duoc goi 1a nira nguyén té néu A/B la dai s6 nira nguyén
to.

B6 dé 1.3.5.2 Néu 4 1a dai s6 nguyén td thi A 1a dai s6 nira nguyén t6.

Chirng minh

Goi I 1a mot ideal liiy linh ctia dai s6 nguyén t6 A sao cho n 1a mot sé nguyén duong
nho nhat d@é 1" = (0)= I""'.J =(0) suy ra / 1a linh hoa phai cua ideal phai 1" # (0) cua 4
nén I =(0). Vay dai s6 4 khong chira ideal liiy linh khac (0) nén 4 1a mot dai sé nira
nguyén to.m
Pinh Iy 1.3.5.1 4 1a dai s6 nira nguyén t6 khi va chi khi 4 1a tich tryc tiép con cta cac dai
sd nguyén t6.

Chirng minh

e Chiéu dao.

Gia str A 1a tich truc tiép con cua cac dai sé nguyén td A, va N la mot ideal liy linh
cua A.Khido, voi moi o thi N, =x,(N) cung la cac ideal Ity linh cua 4,. Do 4, la dai
sd nguyén t6 theo bd dé 1.3.5.2 thi A4, 1a dai s6 nira nguyén t6 tir 46 suy ra N, =(0) vé1 mo1
a nén N =(0).

e Chiéu thuan.

Gia str A 1a dai s6 nira nguyén t6 va cho B # (0) 1a mot ideal ctia 4. Chon b #0
trong B, kh1do 4b,4 la mot ideal khac (0) cua 4 chira trong B. Do do
(AbA)* = Ab AbA# (0) (do A la dai s6 nira nguyén t0) suy ra b,Ab, # (0). Tir d6 ton tai
a, € A sao cho b, =bhah, #0 va b, € B. Tiép tuc tién trinh ndy chung ta s& thu dugc mot day
cac phan tir khac 0 sau:

b.,b, =bab,b; =b,a,b,,....b; =b_,a;, \b,_,,... chira trong B vavoi k>1i,j thi b, =ba;b,

trong d6 a, € 4. Vi (0)N {bl.} =@ nén theo bd dé Zorn t6n tai mot ideal P cta A sao cho

P 1a ideal t6i dai trong tap hop céac ideal ctia 4 co giao véi {bl.} bang & do d6 P {bl.} =0

Ta chimg minh P 1a mot ideal nguyén t6 cia A. Cho C va D 1a hai ideal cia A sao

cho C¢ P,D¢ P.Khidé, dit C,=C+P,D,=D+P thi Pc C,,P#C, va Pc D,,P# D,
do d6 ton tai b, € C, va b, € D;. Néu k > i, j thi b, =ba,b, e C,D; do d6 C,D, & P. Lai do

Ly



C,\D,cCD+P nénsuyra CD P. Viy P la mft ideal nguyén to cia 4. Vi Pn{b} =0
va {bl.} c B nén Bz P. Tom lai ta da chirng minh duogc réng néu B la mot ideal khéac (0)
bat ki ctia 4 thi ludn ton tai mot ideal nguyén t6 P khong chira B. Tir d6 dan dén

N P=(0). Thatvay gidse N P = (0) thi ton tai mot ideal nguyén tb P khong

P nguyén td P nguyén to

chta N P (mauthudn)vadodd ~ P =(0).

P nguyén 8 P nguyén 8

Vay A4 la tich truc tiép con cua céc dai sb nguyén td A/P .=
1.4 Méi quan h¢ giira cic vanh

1.4.1 Néu R la vanh don va R c¢6 don vi thi R 13 vanh nira don.

That vay, vi R 1a vanh don va J(R) 1a mdt ideal cuia vanh R nén xdy ra hai truong
hop : J(R)=(0) hoac J(R)=R.Mavanh R c6 don vi nén khong xay ra truong hop
J(R)=R.

Vay J(R)=(0) hay R la vanh ntra don.

1.4.2 Néu R vira la vanh don, vira 1a vanh Artin thi R 1a vanh nira don.

That vy, vi R 1a vanh don nén R* # (0) va R* 13 mot ideal ctia vanh R, do d6
R*> =R. Hon nita, J(R) cling 13 mot ideal cta vanh R va gia st J(R) # (0) suy ra
J(R)=R=R*=[J(R)] =R"=R*#(0),Vne N (*). Mitkhéc, R la vanh Artin nén J(R)
1a mot ideal lily linh do d6 Ime N sao cho [J(R)]" =(0) (mau thuln v&i (*)).

Vay J(R)=(0) hay R la vanh ntra don.

1.4.3 Néu R 1a vanh nguyén thiy thi R 1a vanh ntra don.

That vy, Néu R 1a vanh nguyén thily thi ton tai ideal phai, tdi dai, chinh quy p sao
cho (p:R)=(0), ma J(R)=nN(p:R) véi p chay qua khip cac ideal phai, toi dai, chinh quy
cua R nén J(R)=(0).

Vay R la vanh ntra don.

1.4.4 Néu R vira 1a vanh don, vira 1 vanh nira don thi R 13 vanh nguyén
thuy.

That vay, vo1 p 1a mot ideal phai, t61 dai, chinh quy cua R thi (p:R) cling 1a mdt
ideal cia R, do R 1a vanh don nén (p:R)=(0) hodc (p:R)=R, cho p chay qua khip cac
ideal phai, t6i dai, chinh quy cia R ma (p:R)=R thi J(R)=(p:R)=R (miu thuin véi



R 1a vanh ntra don), do d6 phai ton tai mot ideal phai, toi dai, chinh quy P, cua R sao cho
(P :R)=(0).
Vay R la vanh nguyén thuy.

1.4.5 Néu R vira 1a vanh don, vira 13 vanh Artin thi R 14 vanh nguyén
thuy. That vay, vi R vura 1a vanh don, vira 1a vanh Artin nén theo 1.4.2 thi R la vanh ntra
don. Ta c6 R vura la vanh don, vira 1a vanh ntra don nén theo 1.4.4 thi R la vanh nguyén
thuy.
1.5 Mot s6 kién thirc vé PI — Dai s6
Dinh nghia.
- f dugc goi 1a mdt déng nhét thirc cia A néu f(a,a,,....a,)=0,Va, € A
- Pa thiic f duogc goi la déng nhét thire thue sy néu f 1a mot déng nhéat thire
clia A va ton tai mot hé sb ctia f khong linh hoa A.
- Mot dai s6 A trén vanh giao hoan c6 don vi K duogc goi la PI — Dai sb hay DPai s6 voi déng
nhét thirc da thirc néu ton tai mot da thire
f(a,a,,....,a,)e K[x} la déng nhét thirc thuc sy cia A.

Pinh Iy 1.5 (Kaplansky — Amitsur) Cho R 13 mt dai s6 nguyén thiy c6 mot ddng nhat thic

2
thuc bac d. Khi do, tam Z cua R 1a mdt truong, R 1a don va [R Z } < {%} .



CHUONG 2.
TINH LUY LINH CUA CAC GIAO HOAN TU TRONG VANH
NGUYEN TO

2.1 Cac giao hoan tir cia mt vanh
Pinh nghia. Cho R 1a m6t vanh khong giao hodn ta goi cac giao hoan tir ciia vanh R 1a cac
phﬁn tir cia R c6 dang xy — yx trong do Vx,y € R. Khi do ta ki hi¢u [x,y] =Xy —)x.
Néu R 1a vanh giao hoan thi tit ca cac giao hoan tir cia R déu bang 0.
Trong chuong nay ching ta tap trung giai quyét hai vin dé co ban sau.
Vin @é 1. Cho R 1a mot vanh nguyén t6, phan tir a€ R.

V6imoi xeR, néu | a,x |=ax - xa liy linh thi phai ching lic d6 a € Z, véi Z 1a tim cta

vanh R.
Mot van dé téng quat hon dugc dat ra nira 1a :
Vin dé 2. Cho R 1a mot vanh nguyén t6, phan tir a€ R.

Gia sir ton tai mot ideal U cua R (U #(0)) sao cho voimoi xeU , ta co [a,x} =ax—xa lly

linh thi phai chang lac d6 ta cling dugc ae Z.

Trong qué trinh giai quyét nhitng vin dé cu thé néu trén, chung t6i da cb gang giai
quyét cac vin dé nay voi R 1 vanh chia duoc, R 13 vanh nguyén thity va R 13 mot vanh nira
don (ntra nguyén thuy).

V61 nhitng vanh cu thé dac bi€t da no1 ¢ trén thi chung ta c6 thé dua ra du doan vé tinh
chat ctia phan tir @ cho hai vin dé duoc néura d trénla a € Z v6i Z 1a tAm cta vanh R,
diéu du doan nay s& dugc khing dinh trong nhitng dinh 1y va ménh d¢é sau.

2.2 Tinh liiy linh ciia cic giao hoan tir trong vanh nguyén té
Trong phan nay ta thdng nhat vé ki hiéu va ghi nhan mot s6 két qua sau:
2.2.1 Z latamcua vanh R, con Z(T) la tam cua mot vanh con 7' cia R

2.2.2 J=J(R) lakihi¢u cho can Jacobson cua vanh R.
2.2.3 Ideal ludn la ideal hai phia.

2.2.4 Néu x la tua chinh quy thi tua nghich dao cta x ki hiéula x’, do do6 ta co

x+x +xx'=0.



2.2.5 Néuvanh R khong c6 don vj thi ta van s& dung ki (1+ x)a(a+x)™" thay cho
1+ x)a(a+x")=a+ xa + ax' + xax'.
2.2.6 Mot mién 1a mot vanh (co6 thé khong giao hoan) khong c6 wdc cia 0.
2.2.7 Cho R 1a mdt vanh nguyén t6 va R khong phai 1a mot mién. Néu U = (0) 1a mot
ideal cia R thi U ciing 1 vanh nguyén t6 va U ciing khong phai 13 mién. Hon
nita, U c6 phan ttr lity linh khéc 0.
2.2.8 Néu x 1a tya chinh quy va ax=0 thi ax'=0.
229 NéuaeJ va xeR thi IteR:(ax) =at.
2.2.10 Cho R 13 vanh nguyén t va U # (0) 1a mot ideal cia R. Néu a € R,a # 0 1a mot
udc trai ctia 0 thi 6 mot phan tir x €U sao cho ax =0 nhung xa #0.
Pinh Iy 2.2 Cho R 1a mdt vanh nguyén td ma J = (0) va 4 1a mot vanh con ctia R sao cho
(1+x)A(1+x)" < 4,Vx e J . Gia st rang ton tai phan tir khac 0 ciia 4 1a wdc cta 0 trong R.
Néu 4 khong chira ideal khac 0 ctia R thi N 13 vanh con sinh bdi tit ca cac phan tir liy linh
cua J ciing khong chtra ideal khac O cia R.

Chirng minh

Trude tién, ta chimg minh A4 phai ton tai phan tir khdc 0 ma c6 binh phuong bang 0.
That vay, gia stt a 13 wdc ctia 0 trong R saocho 0#aec A vatdntai 0=xe R dé ax=0. Vi
J #(0) ciing 1a mot ideal cia R nén theo két qua 2.2.10 khi d6 ton tai y € J sao cho
ay=0,ya#0.Vi yeJ nén y la tya chinh quy va ay =0, theo 2.2.8 thi @y’ =0 suyra
ya=ya+ay +yay =+ y)a(l+y) "' —ae A. Do ay=0 nén (ya)’ = y(ay)a=0. Vay ton
tai 0# yae A va (ya)* =0.

Lay O#ae A:a*=0.Néu xeJ thi (1+ax)a(l+ax)"' € A. Do tdntai € R sao cho
(I1+ax)" =1+at nén (1+ax)a(l+ax)"' =(+ax)a=a+axac A = axac A, tt 6 suy ra
aJac A.

Néu be 4 thivéimoi xeJ tacd (b(ax)—(ax)b)(1+ax)™
=b—(1+ax)b(1+ax)"' € A. Nhan vao bén trai v6i a va ap dung a* =0 ta co
abax(1+ax)" € A,Vx e J,Vbe A. Tuy nhién, néu yedJ thi

y=x(1+ax)" = y(l+ax)=x=y=x—yax=y=(1-ya)x suyra x=(1-ya)'yeJ do



d6 abaJ c ANbe A.Néu teJ thi 1+t)abaJ(1+t)" c(1+1)A(1+1)" = A va din dén
tabaJ — A hay ta c6 JabaJ — A.

Mat khac JabaJ lai la mot ideal ctia R chira trong A, theo gia thiét thi JabaJ = 0),
do tinh nguyén td cia R nén suy ra aba=0. Tom lai, néu a € 4 va a> =0 thi ada=0.

Cho a,b e A sao cho a* =b* =0 theo trén ching ta di chirng minh duoc
bJb = A=> abJba c aAa=0=>ab=0 hoic ba=0 (do R la vanh nguyén t§). Néu x € J thi
b=(+x)a(l+x)" €4 vab*=0.Do ab=0 hoic ba=0 nén a(l+x)a(l+x)"' =0 hoic
(1+x)a(l+x)'a=0, tir 46 ta dugc axa =0 hoic ax'a=0.

Néu ueJ théa u® =0 thi ' =—u—uw'=—u—u(—u—uu')=—u, do ddtacod aua=0
hodc au'a =—aua =0 tom lai ta dugc aua =0.

Chung ta s& ching minh rang néu veJ 1a liy linh thi ava =0. Nhu ching minh trén,
do veJ néntacd ava=0 hoac avia=0. Vi
V=av-w=ov—v(—v-w)=..=—v+v* —v* + ... vado v lity linh nén vé6i i >1 1a sd

nguyén duong nhé nhat ma v' =0.

() I

Taco vV=—v+v =V +..+(-v)" =
v—1 -v—1

Do d6, néu avia=0 thi ava=0. Vay v61 moi veJ la lliy linh thi ava=0.

Tu d6 suy ra (av)’ =0.

Giastrang ueJ,u> =0 va re R thi wrueJ va (uru)* =0 nén theo chtng trén thi
aurua =0, lai do R 1a vanh nguyén t6 nén au =0 hodc ua=0. Néu au =0 thi hién nhién
au € A. Mit khac, néu au #0 thi ua=0, tuy nhién
a—(1+wa(l+u)" =(au-ua)1+u)"' € A= au(l+u) "' € 4 hay
au(l+u")=au+auu' = au+ au(—u —uu') = au € A. Do d6 véi moi u € J sao cho u*> =0 thi
au € A . Hon nira theo chirg minh trén ta ciing 6 aua =0 suy ra (au)’ =0. Vi thé, néu
veJ sao cho v’ =0 thi auv=(au)v e A. That viy, vi néu au =0 thi hién nhién (au)ve 4,
con néu au # 0 thido aue A va (au)® =0 nén theo ching minh trén ta ciing c6 (au)ve 4.

T d6 ta di dén két luan: Néu B 1a mét vanh con cua R sinh béi cac phﬁn tu trong J

¢6 binh phuong bang 0 thi aB < A4.



Néu B chua ideal V #(0) ctia R thi aV < A. Két hop véi 1+ x trong d6 x e J tacod
(1+x)aV(1+x)" c(1+x)A(1+x)" = 4 suyra xaV c 4 dan dén JaV c A, mau thuin véi
gia thiét 4 khong chura ideal khac 0 ctia R. Do d6 B khong chira ideal khac 0 ciia R.

Tuy nhi€én, B 1a mot vanh con cia R c6 udc cua 0, B bt bién d6i v6i moi tu déng
cducua R va B khong chira ideal khac 0 ctia R . Nhiing diéu 1y ludn trén A4 ap dung cho B
ta duoc, néu ue B, u> =0 va xeJ la iy linh thi uxu =0 va do d6 ux € B. Nhu trén, néu
N 1a mot vanh con ciia R sinh boi tt ca cac phan tir lity linh ctia J thi uN < B. Vi B
khong chira ideal khac 0 cua R nén N ciing khong chtra ideal khac 0 cua R .m

Pé giai quyét hai van dé da duoc néu ra ¢ trén day ta s& tim cach giai quyét bai toan
sau day :

Bai toan. Cho R 1a mot vanh nguyén t6, c6 don vi va U = (0) 1a mot ideal ctia R. Néu
a € R sao cho (au—ua)" =0,Yu eU thi phdichang ae Z.

Tuong duwong v&i didu ndy ching ta c6 thé phat biéu : Néu a ¢ Z thi chac chin s& ton
tai phan t u e U,u# 0 dé au—ua khong lity linh.

Pé giai quyét bai toan nay, trudc hét ching toi s& cb gang giai quyét bai toan nay
trong mot s6 truong hop dic biét cia vanh R nhu : R 13 vanh chia dugc, R 13 vanh nguyén
thiy va R 1a mdt vanh nira don (ntra nguyén thuy).

Ménh dé 2.2 Gia sir R 1a mot vanh nguyén t6, nira don va U # (0) 1a mot ideal ciia R . Néu
a € R sao cho (au—ua)"=0,YueU thiaeZ.

Chirng minh

Trude hét, néu R 13 vanh chia duogc thi bo dé hién nhién dung. That vy, bang phan
ching gia stir a ¢ Z tic ton tai x € R sao cho ax—xa#0 vi R 1a vanh chia dugc nén
ax — xa kha nghich.

Mit khac tir gia thiét cia ménh d& 2.2 ta chon U = R khi d6 (ax —xa)" =0 vi ax —xa
kha nghich nén (ax —xa)"™" =0 ct tiép tuc nhan hai vé cho phan tr nghich dao cta ax — xa
ta dugc ax—xa =0 (mAu thuin).

Vay bd dé dung véi R 1a vanh chia duoc.

Bay gi0, gia sit R 1a vanh nguyén thily va cho M 1a mét R - module bat kha quy va
trung thanh. Thi M ciing 13 mdt U - module bat kha quy va trung thanh. That vy, hién

nhién M 1a mot U - module trung thanh.



Ta chimg minh M 1a mot U - module bét kha quy.

Néu MU = (0) thido M trung thanh nén U = (0) (mau thuin) do d6 ta phai co MU = (0).
Gia st N #(0) 1a mot U - module concua M tac6 NUcC Nc M = NURc MRc M nén
NU 1a R- module concua M ma

M 13 mot R - module bat kha quy va NU #(0) nén NU=M =M cN=>N=M .

Vay M ciing 1a mot U - module bat kha quy.

Tir d6 ta thiy U ciing 1a mot vanh nguyén thay voi M 1a mot U - module bat kha quy
va trung thanh do do theo dinh 1y day dac U tac dong day dic trong M nhu mdt khong gian
vecto trén vanh chia duoc
A=C(M)={peEM):¢T,=T,p,VueU}.

Gia sir ton tai ve M sao cho v va va doc 1ap tuyén tinh trén A boi tdc dong day dac
cua U trong M néncd ueU saocho vu=0 va (va)u=v. Tu do ta co v(au —ua)=v suy
ra v(au —ua)" =v. Ma (au—ua)" =0 nén v=0 (mau thuan). Do d6 véi moi ve M thi v va
va phai phu thudc tuyén tinh trén A hay va = A(v)v trong 36 A(v) € A. Vithé, néu x € R thi
(vx)a=A(v)vx va
(va)x =(A(v)v)x = A(v)vx suy ra (vx)a =(va)x = v(xa—ax)=0,Yve M hay
M (xa—ax)=(0). Laido M 1la R- module trung thanh nén ta c6 xa—ax=0,Vxe R. Vay
ae’/.

Tiép theo, ta gia st R 13 vanh nguyén t6 va nira don.

Goi 0= {P‘U « P, P la ideal nguyén thiy cta R} va
W= {P‘U C P,P la ideal nguyén thiy cta R} :

Dt [, =P va I, =Ny, P.Vimdi PeW déucéchaa U nén [, 2U = 1, #(0)
. Tuy nhién I, N1, =Np_y y P=J =(0) (vi R la vanh ntra don). Do [/, = I, "1, =(0) va
1, #(0) néntacd 1, =(0) (vi R la vanh nguyén t6). Ta c6 I, =N, P =0 vithé R 1a tich
tryc tiép con ciia ho {R/ P} trong d6 P Q. Vi P laideal nguyén thuy cta vanh R nén
R/P ciing 1a vanh nguyén thiy. Theo trén thi trong mdi R/P anh clia a nam trong tim cua
R/P.Ticla ax—xa=0,VxeR/P.Do d6 ax—xae P,Yxe R, tir d6

ax—xa€Np,P=1=(0). Viy acZ =



Néu chung ta xét tap hop tit ca cac phan tir a € R sao cho : (au—ua)" =0 voi ueU
thi tap hop nay 1a bat bién d6i vai tat ca cac tw dang cAu ciia R ma bién U thanh U . Pic
biét, tap hop ndy con bat bién d6i voi cac tu dang ciu trong xac dinh bai 1+ x trong do
xeld.

Hé¢ qua. Gia st R 1a mdt vanh nguyén thuy va R c6 don vi, v61 a € R,a ¢ Z sao cho
(ax - xa)n € Z,VxeR.Khido, Z #(0) la mot truong, R 1a vanh don va R 1a hitu han chiéu
trén tam Z .

Chirng minh
Néu Z =(0) ta co (ax - xa)n eZ=> (ax — xa)n =(0,Vx e R va R 1a vanh nguyén thuy, c6
don vi nén R 1a vanh nguyén t6 (bd dé 1.3.5.1) va ntra don (1.4.3) theo ménh dé 2.2 suy ra
a € Z (mau thuin gia thiét a ¢ Z).

Vay Z #(0).

Vi Z #(0) nén ton tai (ax — xa)n # 0,(ax — xa)n e Z . Khi d6, R théa man déng nhét thire

thuc sy khong tim thuong (ax — xa)n y— y(ax - xa)n =0 nén R 1a mot PI — Pai sd. Do d6

theo dinh 1i 1.5 (Kaplansky — Amitsur) thi tdim Z #(0) cua R 1a mt truong, R 1a mot vanh

don va R 14 hitu han chiéu trén tim Z .m



KET LUAN

Qua vi€c tim hi€u vé cdn Jacobson cua mdt vanh, moi quan h¢ gitra cic vanh ddc biét

va cac giao hoan tir trong vanh nguyén to chiung to1 rat ra dugc mot so két qua nhu sau:

Tyt RY= 1, (R) V& T (A) =y 5(A).

Néu R 14 vanh don va R ¢6 don vi thi R 1a vanh nira don.

Néu R vira la vanh don, vira 1a vanh Artin thi R 13 vanh nira don.

Néu R 1a vanh nguyén thay thi R 1a vanh ntra don.

Néu R 1a vanh nguyén thay thi R 13 nguyén to.

Néu R vira 1 vanh don, vira 13 vanh ntra don thi R 14 vanh nguyén thuy.

Néu R vira 1a vanh don, vira 1a vanh Artin thi R 1 vanh nguyén thay.

Cho R 1a vanh nguyén t6 c6 don vi voi Z 1a tAm ctia R. Néu R 1a mot vanh chia
dugc hay mot vanh nguyén thity hay mgt vanh nira don (ntra nguyén thuy) va gia su
tdn tai mot ideal U ctia R (U #(0)) sao cho vdimoi xe U , ma [a,x} =ax—xa 0y
linh thitacd ae Z.

Nhu vay bai toan da dugc giai quyét cho m@t vai truong hop dac bi€t cua vanh R, do

14 R 1a mdt vanh nguyén té c¢6 don vi va R 1a vanh chia duoc hay mot vanh nguyén thay

hay mot vanh nira don (ntra nguyén thiy). Truong hop tong quat néu R 13 mot vanh nguyén

t6 tiiy ¥ thi phai ching ta van c6 duoc két qua a € Z . Va d6 cling chinh 13 mot cau hoi duge

dit ra va ciing 1a mot hudng can thiét dé luan van phat trién thém

Ngoai ra néu ta thay [ a,x |=ax—xa lily linh bang [a,x|=ax—xaeZ thi tinh chat

dugc rit ra cho phan tor a s¢€ 1a gi?

Vi ki€n thirc con han ché va thoi gian ¢6 han nén luan van khong tranh khoi nhitng

thiéu s6t. Rat mong nhan duoc sy gop v, chi bao chan thanh cua quy Thay, C6 va cac ban.
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