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DANH MUC Ki HIEU

N=1{0,1,2,3,...}
N* = {1,2,3,..}
7 = {0,£1,42,..}
Q: truong céac so hitu ti.
Q,: truong céic s6 p—adic.
Zy =A{x € Q,: |z|, < 1}: vanh cdc s6 nguyén p—adic.
Ty =2y \pZLy =A{x € Zy : ||, = 1}
By, By, ..., B,,: cac s6 Bernoulli.
By(z), B1(x), ..., By(x): da thic Bernoulli.
expt =€, véi e = ILm (1+ %)n
exp, t: ham mi p—gdiog.
log,, : ham logarit p—adic.
) x(r — 1)7E'x —n+ 1)7 néu n % 0
1, néun=>0
véin € N,x € K, trong d6 K 1a trudong gia tri phi Archimede day du chaa
Q, nhu truong con.
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MG DAU

Cac s06 p—adic dugc Kurt Hensel mo ta dau tién nam 1897, hon mot
tram nam qua ching dan tham nhép vao cac linh vuc khac nhau cua toan
hoc nhu 1y thuyét so, hinh hoc dai so, topo dai so, giai tich va ca vat ly,
dac biét 1a vat 1y luong tir. Vao nhitng nam 40 cua th€ ki XX, giai tich
p—adic phat trién manh mé& thanh mot chuyén nganh doc lap nho viéc phat
hién nhitng mai lién hé sau sic cua giai tich p—adic v6i nhitng van dé 16n
cua sO hoc va hinh hoc dai so.

Trong giai tich p—adic ¢6 nhi€u tuong tu p—adic khdc nhau cta khai

nhiém tich phan, ching han nhu khéi niém tuong tu p—adic clia tich phan
Riemann, tich phan Stieltjes, tich phan Shnirelman (tuong tu p—adic cta
tich phan duong)...
Bén canh d6, tich phan Volkenborn 1a mot tich phan kha dac biét, chi ¢6
trong giai tich p—adic va khong Ia tuong tu p—adic cua bat ki tich phan nao
da biét. Hon thé nita, tich phan Volkenborn ¢6 kha nhiéu ting dung trong
nghién ctu 1y thuyét s6. Bbi 1y do d6, ching toi chon dé tai nghién ctu
"Tich phan Volkenborn".

Trong luan van nay, ching toi s€ gidi thiéu mot cach day da va chi tiét
cach xay dung, cac tinh chat co ban cua tich phan Volkenborn, dong thoi
gi6i thiéu mot s6 ap dung 1y thd cua nd, qua d6 s€ lam ro y nghia va vai
trod cua tich phan Volkenborn trong giai tich p—adic va 1y thuyét s6. Cu thé
nhu sau

Chuong 1 Kién thiic co ban: trinh bay mot s6 kién thic co ban vé s6
p—adic, giai tich p—adic, khai trién Mahler ciia cdc ham lién tuc cin dung
cho cic chuong sau.

Chuong 2 Xay dung tich phan Volkenborn: gidi thiéu vé khai niém
tong bat dinh clia ham s¢ lién tuc, tinh téng bat dinh clia mot s6 ham lién
tuc trén Z, thuodng gap sau d6 xay dung tich phan Volkenborn cua ham so
lién tuc trén Z, nhu 1a dao ham tai 0 clia tong bat dinh ham s6. Chuong nay
cling nghién cttu moét s6 tinh chat co ban cua tich phan Volkenborn, chu
yéu la ciia cac ham s6 kha vi lién tuc trén Z,, dong thoi tinh todn tich phan
Volkenborn cho mét s6 16p ham co ban quan trong trong giai tich p—adic.
Cu6i chuong la gi6i thiéu vé khdi niém tich phan trén cdc tap con cua Z,.

Chuong 3 Xay dung mot s6 ung dung cua tich phan Volkenborn:
chuong nay s& ung dung tich phan Volkenborn dé xay dung va nghién ctu
mot sO tinh chit quan trong cua cac s6 Bernoulli - cac sO cé vai tro quan



trong trong 1y thuyét s6 - dic biét 1a dong du thic ndi ti€ng clia von Staudt
va Clausen. Song song véi viéc chiing minh bang k§ thuat p—adic, chiing
toi cling gidi thiéu cach ching minh dong du thiic nay bang cdch st dung
cac k¥ thuat cta 1y thuyét s6 d€ tién doi chi€u. Cudi chuong, ching toi giGi
thiéu cach xay dung da thidc Bernoulli bang tich phan Volkenborn.

Mic di ban than tidc gia da rat ¢6 gang nhung do trinh do va thoi gian
han ché€ nén luan vin c6 thé van con nhitng thi€u sét. Kinh mong quy thay,
co va quy doc gia gop y dé luan van dugc hoan thién hon.



CHUONG 1

KIEN THUC CO BAN

1.1 CAC KHAI NIEM CO BAN

DINH NGHIA 1.1.1. Ham gid tri (valuation)

Cho K 1a mot truong. Mot ham gid tri trén K (con goi 12 chudn trén
truong K) 1a mot anh xa || : K — R thoa man

(i) Vz € K, |x| > 0,|z| = 0 néu va chi néu x = 0

(i) [z +y| < |z|+|y[,Vo,y € K

(i) |zy| = [z|[y]

Cap (K, ||) goi la truong gia tri.

Vi DU 1.1.2.
1. Ham lay gid tri tuyét doi trén truong so thuc R 1a mot ham gia tri
2. Ham 1y modun trén truong s6 phic C ciing 1a mot ham gié tri

3. Trén mot truong K bat ki, ham || duge dinh nghia

iz 0 néux=0,
x| =
1, néu x # 0.

la mot ham gid tri, goi 1a ham gia tri tam thuong.



MENH BE 1.1.3. Ki hiéu 1 la phdn tir don vi ciia truong gia tri (K, ||).
Ta co

I. |1g| =1

2. |—z|=|z|,x e K

3.7 =z e e Ko #0

4 e =yl = |lz] = lylzy € K

Gia su (K, ||) 1a mot truong gid tri. anh xa d : K x K — R cho bdi
d(x,y) = |r —y| la mot metric, goi 1a metric cam sinh bdi || trén K, metric
nay ciing cam sinh mot topo trén K, goi 1a topd cam sinh boi ||. K cling
v6i topd cam sinh nay tr&d thanh mot truong topo, nghia 1a phép cong va
phép nhan hai phan tlr trén K 1a cic anh xa lién tuc.

Hai ham gia tri trén K goi la hai ham gida tri tuong duong néu ching
cam sinh cing mot topo trén K.

Trong dinh nghia ham gia tri (1.1.1) & trén, néu thay dic¢u kién (ii) bdi
dicu kién (ii'): |z + y| < max{|z|, |y|} thi (K,||) goi la truong gid tri phi
Archimede, (ii') goi 12 bdt dang thitc tam gidc manh. Khi dé métric cam
sinh boi ham gid tri phi Archimede thi goi la siéu métric. Moi truong K
cung véi ham gia tri tam thuong 1a truong gid tri phi Archimede. Trong
luan van nay chi nghién ctiu cac truong gia tri K 1a phi Archimede.

Vi DU 1.1.4.

Lay p > 1, v6i moi [ € R[X], dat

] = 0, néuf =0
M, néu f#£0
trong d6 d(f) 1a bac cta f.
Véi s € R(X), dat
[s|:=fllg]™" (s = fg~"s f,g € RIX], g #0)
Thi (R(X),||) 1a trudng gia tri phi Archimede.
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Vi DU 1.1.5.

Lay p la mot s6 nguyén t6, véi moi n € Z ta dinh nghia ord,n laséi € N
sao cho p’ chia hét n va p'*! khong chia hét n. Véi z € Q,z = %, a,b € Z
ta dinh nghia ord,z=ord,a-ord,b.

Khi d6 ||, dugc dinh nghia

p~oHT  néux #£0
|z, = o
0, néu z =0
la mot ham gia tri phi Archimede trén Q
MENH DE 1.1.6 (Nguyén 1y tam gidc can).
Cho || la mot ham gid tri phi Archimede trén truong K. Vi moi x,y €
K, néu |z| # |y| thi |z + y| = max{|z], [y[}.
MENH DE 1.1.7 (Moi ham gia tri trén Q).
Moi ham gid tri khong tam thuong trén Q déu tuong duong vdi hodc ||,
Vvoi p la mot s6 nguyén to nao dé hodc la ham gid tri tuyét doi.
DINH NGHIA 1.1.8. Truong thdng du
Gia st (K, ||) 1a truong gia tri phi Archimede.
Ki hiéu
B(0;1) = {zx € K||z| < 1}
B7(0;1) = {zx € K||z| < 1}
Khi d6 k = B(0;1)/B~(0; 1) 1a mot trudng, goi la truong thdng du ciia K.
DINH NGHIA 1.1.9. S6 p—nguyén

Cho s6 nguyén t6 p. Mot s6 b € Q dugc goi la p—nguyén néu b =
2o (mk)=1vaptk

DINH NGHIA 1.1.10. Pong du modulo n

Cho n € N*;m,k € Q. m goi la dong du véi k theo modudlo n néu

n | (m — k), ki hiéu m = k(mod n)



1.2 TRUGNG CAC SO p-ADIC

Bao du (completion) cia QQ theo ham gia tri tuyét doi 1a truong so thuc
R. Bao du cua Q theo ||, 1a truong Q,, goi 1a truong cdc so p-adic. Ta

cling ki hiéu ||, 12 m& rong cia ||, trén Q,. Cu thé hon nhu sau
Ki hiéu S la tap tat ca cac day so hitu ti Cauchy theo ||,. Trén S xac dinh

quan hé tuong duong ~:
{zn} ~{yt & nh_{go(fn —Yn) =0

Phan tu ctia Q, chinh 1a cdc 16p tuong duong theo quan hé ~ véi phép cong
va nhén trén Q, dugc dinh nghia boi:

{zn} +{un} = {zn +yn}

Q dugc xem la truong con clia Q, nho dnh xa nhing méi a € Q thanh {a}.

Véi a € Q, = a ={a,}, gid tri cha o dugc xdc dinh
|alp = lim |ap|,
n—oo

Nhu s€ thady & ménh dé (1.3.6), néu o # 0 thi c6 N € N sao cho véin > N
thi

alp = lanlp . -
Bao déng dai s6 Q, cua @, khong day du. Bao du cua QQ, diy du va

déng dai so, ki hiéu 1a C,.
DINH NGHIA 1.2.1. S6 nguyén p—adic

Mot s6 © € Q, goi la s6 nguyén p-adic néu |z|, < 1. Ta ki hiéu
Ly =A{z € Qp, |z], < 1}.

MENH PE 1.2.2. i) Ly, la vanh con cua Q, ma chita Z thyc su.
ii) Q, la truong cdc thuong cua Z,,.

iii) N rat mat trong 7.,



DINH NGHIA 1.2.3. Khai trién p-adic

V6i mbi z € Q,, x ¢6 thé khai trién thanh chudi

oo

a::Zajpj,mEZ,Ogaj <p

J=m

va goi 12 khai trién p-adic ciia x
Trong khai trién nay, néu 7 12 s6 nguyén nho nhit sao cho a; # 0 thi

Ea =p

NHAN XET 1.2.4.
1. Mot phan t x € Z, ¢ nghich ddo trong Z, néu va chi néu |z|, = 1.
2. Néu z 1a phan tit khac 0 cta Z, thi x = po»@y véi y € Z,, |yl, = 1.
3. Néu x € Q, thi ton tai m € Z, « € Z, sao cho z = p"'«

4. Trong Q,, ta ¢6 B~(0;1) = pZ,, t d6 truong thang du cua Q, la
L[ PLip.

MENH DE 1.2.5.

Tdp tdt cd cdc gid tri cua ||, la {0} U {p" : n € Z}. Ddy la mot nhom,

goi la nhom gid tri cua Q,

1.3  MOT SO KHAI NIEM, KET QUA VE GIAI TICH SIEU METRIC
T muc nay dén cudi luan van, chi xét cac truong gia tri phi Archimede

K day du chita Q, nhu truong con.

DINH NGHIA 1.3.1. Chudn trén khong gian vecto

Cho FE 1a mot khong gian vecto trén K. Mot anh xa ||| : £ — R goi 1a

mot chudn néu
(i) ||z|| > 0,Vx € E,||x|| = 0 néu va chi néu x = 0.
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(i) [[Az]| = [A[]]=

,Voiz e B\ € K.

(iii) |z + y[| < max{||z|, [ly/}-

(E, |l goi 1a khong gian dinh chuén trén K. Ta c6 thé chi viét E thay cho
(&)

Vi DU 1.3.2.

Cho X 1a mot tap, mot ham f : X — K goi la bi chan néu

[flloo == sup{[f(z)] : 2 € X} < o0

bat B(X — K) latap tat ca cdc ham bi chan tir X vao K thi (B(X — K), ||||)

1a mot khong gian dinh chuén trén K.

DPINH NGHIA 1.3.3. dnh xa lién tuc trén khong gian dinh chudn
Cho E, F 1a cac khong gian dinh chudn trén K. 4nh xa K-tuyén tinh
A: E — F goilalién tuc néu v6i moi day xy,z9, ... € Ema lim ||z,| g =
0 thi lim |[Az.||r = 0. T
n—o0

MENH DE 1.3.4.

Cho E.F la cdc khong gian dinh chudn trén K. dnh xa K-tuyén tinh
A E — F la lién tuc néu va chi néu c6 M > 0 sao cho ||Az|p <
M||z||g, Vo € E

DPINH NGHIA 1.3.5. Gidi han p—adic

Mot day aq, ao, ... trong K goi l1a hdi tu dén a € K néu lim |a, —a| =0,

n—oo

ta ki hiéu lim a, = a.
n—oo

MENH DE 1.3.6. Ldy ay,as,... la mot day trong K voi ham gid tri phi
Archimede ||. Néu lim a, = a,a # 0 thi |a,| = |a| voi n du lon.

n—oo

DINH NGHIA 1.3.7. Ham lién tuc
Cho X C K. Ham f: X — K goi la lién tuc tai a« € X néu mot trong
cac diéu kién tuong duong sau day duoc théa

9



(i) V6i moi € > 0 cho trudc, c6 s6 § > 0 sao cho |z —a| < 4,z € X kéo

theo | f(z) — f(a)| < e.

(ii) Néu aq,aq,... € X, lim a, = a thi lim f(a,) = f(a).

n—oo n—oo

Ham f goi la lién tuc néu no6 lién tuc tai moi z € X.
DINH NGHIA 1.3.8. Ham khd vi

Liy X C K,a € X 1a mot diém tu cia X. Haim f : X — K goi 1a khd

vi tai a néu dao ham f’(a) clia f tai a ton tai, v6i

e ot 10 = (@)

r—a r—a

f goi 1a khd vi trén Xnéu f'(a) ton tai véi méi a € X. Ham f’ goi 1a dao

ham cua f, f goi la nguyén ham cua f .
MENH DE 1.3.9.

Cdc quy tdc da biét vé tinh kha vi ciia tong, tich, thuong, hop thanh

cua cdc ham bién thuc van diing trong truong hop nay. Do dé, dao ham
n ) n .
ctia ham da thitc f(x) = > a;x? trén K la f'(x) = > jaja?~'. Cdc ham
J=0 j=1

hitu t la kha vi. Mot ham kha vi la lién tuc.
DINH NGHIA 1.3.10. Tdp 1oi

Cho z,y,z € K. Ki hiéu hinh cau nho nhit chita ca = va y 1a [z,y]. 2
goi 1a d giita x va y néu z € [z, y|, ngugc lai ta néi x,y cung phia vdi z.

Mot tap con X cua K goi la [oi néu z,y € X kéo theo [x,y] C X
MENH DE 1.3.11.

Tdt cd cdc tdp 161 trong K la cdc hinh cdau, 0, K va cdc tdp gom mot

phan tir {a},a € K
DINH NGHIA 1.3.12. Phdn tit duong trong K

Mot phan tir x € K goi 1a duong néu |1 — x| < 1. Tap tat ca cac phan
tr duong ctia K 1a mot nhom, ki hiéu 1a K

10



DINH NGHIA 1.3.13. Ham gidi tich

Xét tap con D cta K la tap 16i. Mot ham f : D — K goi la gidi tich
trén D néu ¢6 cac phan th u € D va ag,aq,... € K sao cho

ianx—u (x € D)

n=0
MENH DE 1.3.14.
Mot ham gidi tich la khd vi vé han lan.
DINH LY 1.3.15.
Cho D C K la tdp con 16i, mo va f gidi tich trén D. Khi dé vdi méi v €
D, ton tai cdc phdn tit by, by, ... € K sao cho f(x) = i by(x—v)" YV € D.

HE QUA 1.3.16.
Néu D chita O thi ham [ gidi tich trén D c6 thé biéu dién dang f(x) =
> apa™.
n=0
DINH NGHIA 1.3.17. Ham mii p-adic

Ham mii p-adic dugc cho boi cong thic

0 n

T
exp, T = ZF,(QZ €k

n=0
Trong d6 £ = {z € K : |z| < plflp} l1a mién hdi tu cla chudi liy thira
S
DINH NGHIA 1.3.18. Ham logarit p—adic

Ham logarit p-adic duoc dinh nghia la

oo

log, () = S (—1yr 1 1L

n=1

11



DINH NGHIA 1.3.19. Ham khd vi lién tuc
Cho X 1a tap con khéc rong cta K khong chita diém co lap, f: X — K.
Sai phdn ¢1 f ctha f 1a ham hai bi€n cho boi ¢1f : X X X \ A — K, A :=
{(z,2) 1z € X}
f(@) — f(y)

¢1f(xay): T —y ,(x,yEX,x%y)

f dugc goi 1a khd vi lién tuc tai a € X, (f 12 C! tai a) néu ( 1)11”? )cblf(a:, Y)
z,y)—(a,a
ton tai.

f goi 1a khd vi lién tuc (f 1a ham C') néu f 1a C! tai moi a € X. Tap
tat ca cdc ham f : X — K kha vi lién tuc duoc ki hiéu 1a C! (Z, — K), 1a
K - khong gian vecto dong doi véi phép nhan anh xa.

Pat || flli = [[fllec V 1|, thi BCHX — K) = {f € C'(Z, — K):
| f]l1 < oo} 1a khong gian dinh chuén véi chuan |||;.
MENH BE 1.3.20. Moi ham gidi tich la C*.
DINH NGHIA 1.3.21. Ham khd vi lién tuc cdp n Xét X Ia tap con khic
réng cua K khong chia diém co lap. Véi n € N*, dat

V"X = {(z1,29,....,2,) € X" : nui#jthix; #x;}
Sai phdan bac n ¢, f : V"' X — K cha ham f : X — K dugc dinh nghia
quy nap boi:
(@) ¢of =1
(i) VGi n € N*, (21, 29, o, Tns1) € VITLX

 On1f(x1, 13,0, Tpg1) — Gno1 f (@2, T3, 0, Tpgr)

¢nf($1, Ty ouny xn—i—l) =
1 — X9

f 1a mot ham C™ hay f 1a C" néu ¢, f c6 thé md rong thanh mot ham lién
tuc ¢, f : X" — K.

Tap tit ca cac ham C" f: X — K dugc ki hiéu 1a C"(X — K)

Ham f goi la C" tai @ € X néu ton tai giGi han

lim ¢, f(v), (a:=(a,a,..,a) € X" ve V"HX)
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MENH PE 1.3.22. Mot ham f: X — K la C™ néu va chi néu f la C™ tai
moi a € X.
MENH DE 1.3.23 (Biéu dién Teichmuller). Phuong trinh 1P = x ¢6 diing p
nghiém trong Q,. Tdp nghiém la {0,0,6%,...0""1} véi 0 la mot can nguyén
thity bac p — 1 cua I trong Q,, nghia la n = p — 1 la s6 duong nho nhdt
aeo" =1.
o0

Khi dé, moi phdn tit v € Q,, ¢6 thé duge biéu diéndang x = Y b,p", b, €

n=—00
{0,0,0% ...0""1} b_,, = 0 khi n du l6én va nguoc lai, méi chudi nhu thé’la
biéu dién cho mét sé p-adic.
DINH NGHIA 1.3.24. Ddy noi suy duoc Cho A C Z, A tri mat trong Z theo
nghia p-adic. n — a, la mot day trong K.
Day nay goi la ngi suy dugc néu ton tai ham lién tuc f : Z, — K sao cho
fn)=a,,vne A

DINH LY 1.3.25.

Cho f € C(Z, — K). Khi dé c6 duy nhdt mt ham F € C(Z, — K)
sao cho
Fz+1) = F(x) = f(z), (z € Zy),
F(0)=0
HE QUA 1.3.26.

Néu mot day w,, trong K noi suy dugc thi day tong riéng ciia u, cing
noi suy duoc.
DINH LY 1.3.27.

Véi a € K thi day 1,a,a?... ndi suy dugc néu va chi néu a € K. Dt

o’ :=lima",x € Zy,a € K
n—x

Khi do, Vz,y € Zy,a € K ta c¢6

e 0" e K
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PINHLY 1.3.28. Dit E = {z € K : |z| < p77 }.

Cdc ham mii p-adic, ham logarit p-adic va ham a* cé cdc tinh chdt sau
1. exp,, la khd vi trén E va eXp; = exp.
2. log, la khd vi rén K* va (log,x) =1 2 € K*
3. exp,(z +y) = (exp,z)(exp, y), (z,y € E)
4. log,(vy) = log, x +log,y, (z,y € KT)
5. log,(exp, ) = z,exp,(log,y) =y, (z € £,y € 1 + E)
6. lim @ -1

z—0 €T

DINH NGHIA 1.3.29. (%)
Chone Nz e K

= log, a

(x) _ x(x—l)...TE'x—n—i—l)7 néu 1+ 0

1, néun=>0

MENH BE 1.3.30. Ki hi¢u (%) la ham x — (*). Ta c6

(i) () la ham da thitc bdc n. Néu j € N,j <n thi (1) =0, (") =1

n
n

(ii) Vi moi 2,y € K.n € N ta c6 (") = 3 () 2)
j=0

(i) Vdimoi v € KneNtacs (") = (") + (%))
i) (%), <1,z €2,
DINH LY 1.3.31.

Cdc ham (%E), (316), (326), ... ldp thanh mot co so truc giao (goi la co so

Mabhler) cua C(Z, — K), nghia la:
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(i) Vi moi f € C(Z, — K) thi c6 duy nhdt cdc sé ay,ay, ... € K sao cho

f(z) :ianC)x A

n=0
Chudi nay hoi tu déu, ta goi day la khai trién Mahler cia f. Cdc sé

ag, ai, ... goi la cdc hé s6 Mahler cua f

o0
(i) Néu ag,ay... la day dan vé 0 trong K thi x — Zo an, (fl) xdc dinh mot
n—=
ham lién tuc trén Z,,.

BO BE 1.3.32. Dat |K*| = {|z|,z € K,z # O}

Cho r € |K*| va ham f(z) = Y a;ja’ véi x € By(r). Khi dé, vdi mdi
J=0

m .
n € N, day cdc tong riéng m — Y a;z? hoi tu dén f trong C"(Z, — K).
7=0

DINH NGHIA 1.3.33. v,
Vé6i méi n € N ta dinh nghia ~, 1a cdac s6 nguyén sao cho
e V6in=0,v:=1
e V6i n > 0, n c6 khai trién p—adic 1 n = ag + a;p + ... + asp® thi
Yn 1= agp’®
BO PE 1.3.34. Cdc 56 Yn €O cdc tinh chdt sau

@) L <l < Zn >0

(ii) %‘”Yn‘p < nttlp < [ alp,n €N

DINH LY 1.3.35 (Pac trung cua cac ham C' béi hé s6 Mahler).

Cho f € C(Z, — K) c6 khai trién Mahler la f = " a,(}). Khi
n=0

as f € CYZ, — K) néu va chi néu lim |a,|n = 0. Hon nita néu

n—:~o0

feClZy, — K) thi || f|l, = max{|a,||ym]," : n € N} vai

LAl == 1 f oo V i1 Nl
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CHUONG 2

XAY DUNG TICH PHAN VOLKENBORN

2.1 TONG BAT DINH

DINH NGHIA 2.1.1. Téng bdt dinh

n—1

Cho f € C(Z, — K), khi d6 theo hé qua (1.3.26), day n — . f(j),n €
=0

n—1

N la noi suy dugc. Ham s6 lién tuc noi suy day n — »_ f(j),n € N goi
j=0

1 tong bat dinh cua f, ki hiéu 1a Sf.

NHAN XET 2.1.2. Tir dinh 1y (1.3.25), ta ¢ :
Sfx+1) = Sf(x) = f(2), (@ € Z,),
Sf(0)=0
Vi DU 2.1.3. Téng bdt dinh ciia mét vai ham so trén 7,

1. Ham s6 f(z) =1
Vé6i n € N*, ta co



Suy ra

n—1
Sf(x)=1lim»  f(j) ==
j=0

2. Him s6 f(z) = z,z € Z,
Véin e N,n >0, taco

—_

n—

(n=1n

f@)=0+1+. . +(n—1)="—

.
I
o

Suy ra
n—1 (x B 1)x
Sflw)=1lim» | f(j) =5
§=0
3. Hﬁm S6 f(a}') = xQ’x c Zp
Véine N,n>1,taco

—_

Y fGH=0"+1+... +(n—-1>%= (n —Dn(2n —1)

' 6
7=0
Suy ra
n—1
: : r—1)z(2z —1 1 1
=0

4. Ham s6 f(z) =23,z € Z,
V6ineN,n>1,tacod

—_

3 f(j)=03+13+...+(n_1)3:M

j 4
J=0
Suy ra
n—1
Y L (= 1)%2?
Sf(x) = lim ;:O:f(y) =
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5. Ham s6 f(v) = a”, v € Zy,a € C,a # 1
Xétn € N,n > 1, ta thay

—_

n—

"1
f(j):a0+a1—|—...—|—a"_1:a
pars a—1
Suy ra
n—1 a® — 1
S = 1i ) =
f(z) nlgg;:()f(J) po—

Ta da biét v6i mot ham s6 f € C(Z, — K) cho trudc, cac h¢ s6 Mahler
trong khai trién Mahler hoan toan duoc xdc dinh. Dinh 1y sau day dua ra

mot cong thic bi€u dién cac hé s6 Mahler qua céc gid tri cua f.

DINH LY 2.14.

Cho f € C(Z, — K) ¢6 khai trién Mahler la " a, (%) thi cdc h¢ s¢
n=0
a, s€ duoc xdc dinh la

- i(l)”f’ (M) st en

Chitng minh. Goi [ la toan tir dong nhat. Pat
(Lif)(x) == fz + 1), (x € Zy)
Af=Lif—f
thi
L,:C(Z,— K)— C(Z,— K),A:C(Z, — K) — C(Z, — K)

Taco (Af)(z) = flx+1)— f(z),z € Z),.
Gia st f € C(Z, — K) ¢6 khai trién Mahler Ia f = " a,, () thi

n=0



Mat khac,

Do do

Voi ke N

- X
Akf = nz:% An+k (n>

Vi <O> =1va (O) = 0,n > 0 nén
0 n

(A*£)(0) = a (2.1)

Mat khdc, A = Ly — I nén dat L; f(x) := f(x + j),z € Z, ta c6:

(AFF)(0) = S (1) (’?)ﬂj) 22)
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Tir (2.1) va (2.2) ta ¢6

=3 (1) s e

MENH DE 2.1.5 (Hé s6 Mahler clia tdng bt dinh).

Ldiy f = a, (f) € C(Z, — K) thi tong bdt dinh cia f c6 khai trién
n=0
Mabhler la
Sf= i a *
- £ n—1 n

Pac biet, s(%> :< x )
: i n n+1

Chitng minh. Do S f lién tuc nén theo dinh 1y (1.3.31), c6 cac hé s6 Mahler

by, b1, ... € K sao cho
—~ (X

Tu Sf(0) =0 ta cé by = 0. Mat khiac, Sf(x+ 1) — Sf(x) = f(x) nén

o0

3(n) -2 () -2 ()

n=0
1
): (x>+( ‘ ),tadu’qc
n n—1

B ()50, 5) 5 )

S +

ap dung <$

Vay b, = a,_1,n € N;n > 0.

Véin =0, () =1, (I) =z, theo vi du (2.1.3) ta c6 S(}) = ;7))

Véi n > 0, xét ham f = (f) = i an(f) VOl ag = ... = Qp_1 = Qpy1 =

n=0

=00, =106 Sf = an (%) = (5
n=1

(X [ x
ws()-(2) :
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DINH LY 2.1.6.
Cho f € CYZ, — K). Khi dé tong bdt dinh ciia f la Sf ciing thugc
CYZ, — K) va
11l < [1Sfll < pllflh

Chitng minh: Vi f € C'(Z, — K) nén ¢6 cic ap,ai,... € K sao cho
=3 a,(}) va theo dinh Iy (1.3.35),
n=0

— -1
11l = maxan|[val,

lim |a,|n =0
n—oo

Khi d6 theo ménh dé (2.1.5), Sf = Z a,-1(%). DE thiy lim |a,|n =0

n—oo

néu va chi néu hm |an—1n = 0. Theo dmh 1y (1.3.35)
Sf € Cl(Zy — K), Sl = max|an| vl

Theo b dé (1.3.34), ta c6

< |ISflli < pllfl- O

2.2 DINH NGHIA VA MOT SO KET QUA VE TICH PHAN VOLKEN-
BORN

DINH NGHIA 2.2.1. Tich phdn Volkenborn
Choham f € C(Z, — K). f dugc goi la khd tich (khd tich Volkenborn)

néu ton tai hitu han gidi han

pr—1
lim p~" 3 f()
j=0

Khi d6, giéi han nay goi 1a tich phdn Volkenborn cua f va ki hiéu:
p"—1
/f(ﬂf)dx =lim p™" Y f(j)
Z, J=0
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NHAN XET 2.2.2. 1. Dop™ Z F() = =50 pep
/f )z = (S£)(0)

2. Theo dinh ly (2.1.6), néu f € CY(Z, — K) thi Sf € CY(Z, — K)

nén S f/(0) luon ton tai, vi vay moi ham C! déu kha tich.

3. V6i o, f € K; f, g kha tich, ta co:

[af@ +ssa)ds =a [ sz + 5 [ oyt

Z

P

4. Khac véi ham bién thuc, ton tai nhitng ham lién tuc trén Z, ma khong
kha tich.

Vi DU 2.2.3. X¢t ham f(z) := |z|,.

(i) f lién tuc trén Z, vi

o Tai x =0, véi moi day {x,} C Z,, lim x, = 0 thi theo dinh
n—oo
nghia gioi han p—adic,

f(0)=0= hm |z, — 0], = hm |z, = hm f(zn)

Suy ra f lién tuc tai x = 0.
o Tai x # 0, voi moi day {x,} C Zp, 1im x, = x thi theo ménh
dé (1.3.6), voi n du lon, |z,|, = \x]p hay hm f(z,) = f(z),

nghia la f lién tuc tai x.

(ii) Xer gioi han
", —10

n—00 pn n—00

suy ra f khong kha vi tai 0.
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(iii) Dat g := Af, nghia la g(x) = |z + 1|, — |x|p, © € Z,.
Ta thdy g € C(Z, — K) va voi m € N* ta c¢o

Sg(m) = g(0)+g(1)+..+g(m—1)
= (f(1) = fO) +(f(2) = f(1)) + ...+ (f(m) = f(m — 1))
= f(m)— f(0) = |m|,

Do Sg lién tuc va N tri mdt trong Z, nén Sq(s) = |s|,, s € Z,
Ta chitng minh g khong khd tich.

Thdt vdy
1 n_ 1 n
i 9O 9@+ A g(" =1 P
n—oo pr n—oo P

Mot céch tuong tu do6i v6i bat ki ham f € C(Z, — K) ma khong kha
vi tai 0, nghia 1a khong ton tai gi6i han

N ARIC)

n—oo pn
Xét g := Af,nghiala g(x) = f(x +1) — f(z),z € Z, thi g lién tuc
trén Z, va g khong kha tich. Véi m € N* ta ¢6

Sg(m) = g(0)+g(1)+ ...+ g(m—1)
= () =)+ (f2) = f1) + ... + (f(m) = f(m = 1))
= f(m) = f(0)

Do Sg lién tuc va N trt mat trong Z, nén Sg(s) = f(s)— f(0),s € Z,

Ta co

0 1 -1 ") — f(0
i 9O +9@M) + o +g(" —1) . f") — f(0)
n—00 pr n—00 pr
") — f(0
Theo cach chon ctia f thi gigi han lim f@") = 10) khong ton tai
n—00 pr

nén g khong kha tich.

. Nhu da thdy & nhan xét (2), tinh kha vi lién tuc 12 diéu kién di dé mot
ham kha tich, tuy nhién d6 khong phai 1a diéu kién can. Thuc t€, ton
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tai nhitng ham khong kha vi lién tuc tai bt ki di€ém nao trén Z, nhung
van kha tich.
Vi DU 2.2.4. Ham s6

o0

fiZs— Zs, f Za;ﬁk Zaak

k=0
voi o = (2;4) la mot hodn vi cua {0, 1,2, 3,4} khong khd vi lién tuc
tai bdt ki diém nao trén 7, nhung van khd tich.

Chitng minh. (i) Xét x = Z ai5*, y = Z bio* € Zs tacod |x—y|s =
k=0 k=
5%, nghia 1a ¢ 12 s6 nho nhit ma a, 7é b;.

Khi d6, o(a;) = o(bg) v6i moi k < i, o(a;) # o(b;) nén |f(x) —
fly)ls =57
Nhu vay, v6i moi s6 duong ¢ cho trude, chon § = ¢ thi ham f
thoa diéu kién lién tuc trén Zs.
(ii) Ta chitng minh f khong C! tai bat ki diém a € Zs.
That vay, gid st a = ag + a1 + ... + ap_15" 1 + a,5" + ...
Xét cac day
Ty, =ayg+ ah+ ... +a, 5" ' +3.5"

Yp = Qg + @15 + ... + ap_15" L+ 5"
Tacé lim x, = lim y, = a,
n—oo

f(zn) — f(yn) :nigon, Tp — Yp = 2.5" nén

lim =1
n—eo Tn — Yn
Lai xét cac day
x! =ayg+ a5+ ... +a, 15" +2.5"
Y =ag+ab+ ...+ a, 15"}
Ta cé lim z/ = lim y, = a,
f(al) = F(yl) = 45" al, — g, = 2.5" nén
i 4 @) — fl(yn) i oy
n—00 T, — Yn n—oo 2.5



Vay f khong C! tai a

(iii) f kha tich.

Xeét M = {0,1,2,..p" ~ 1},
ze M,z = Zak5k

Vé6i moi ay, E I ={0,1,2,3,4}, ton tai b;, € I sao cho by, = o(ay)

nén f la toan anh, lai do M hitu han nén f la song anh.

Suy ra
fO+fD)+..+f(p"—1) :O+1+...+p”—1zw
Tir d6
O+ ) et S =) G =11
n—00 p" oo 2]9” 2
[]
MENH BE 2.2.5. Cho f khd tich, voi méi m € N* ta cé
/f Z/f(j—l—mx)dx
Jj= OZp
Chitng minh. Dat
m—1
o) = %Z £+ ma)
thig € C(Z, — K) va
o(0) = Z[F(0) + F(1) + .+ flm— 1) .3
g(1) = % Fm)+ fm+ D)+ + f@m—1)] (24
4(2) = %[f(Qm) b f@mA D et fBm—1)]  25)
(2.6)
90"~ 1) = - [Fmp" —m) o fmp 1) @
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T cdc phuong trinh (2.3), (2.4), (2.5),..., (2.7) ta c6

Sg(p") = %Sf(p”-m)

Do do

%Z/f(j+mx)dx = /g(fc)dfﬂ

0
J Ly Ly

_ iy 290") — S9(0)

n—00 p”

_ L Sf(mp") - S£(0)

m n—oo pn
L SHmp) ~ 57(0)
n—00 mpn

Sf(x) — 5f(0)
:r—>0

:/f

MENH DE 2.2.6. Vdi f € CY(Z, — K) ta c6

] sterie == fia

I) Zp

Chirng minh. Ta chiing minh

/Sf(a:)dx + /(x + 1) f(x)de = /Sf(:c) + (24 D f(2)dz = 0

Zy Zy Ly
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That vay, ta c6

Sf0) =0

Sr) = f(0)

Sf(2) = f(0)+ f(1)
SF3) = fO)+ 1)+ f(2)

Sfe"=1) = fO+ )+ Q) +...+f(p"-2)

Suy ra

SFO)+Sf()+..+5f(p"-1) = "= f(0)+(@"=2) f(1)+..+f(p"—2)
Tu do

Zf Sf(x)+ (z+1)f(x)dx

[SFO)+SF D)+ +5f ("= D]+[F(0)+2f (D +..4+p" f(p" —1)]

= lim

n—00 p"

e 0 DO D ()t =2 (012 ()= ("2 0" (1)
n—00 p"

— lim pnf(0)+f(1)+---+f(pn—1)
n—00 p"

=0. [ f(x)de =0
Zp

MENH DE 2.2.7.

[ la mot ham lién tuc K - tuyén tinh trén C*(Z, — K). Ddc biét, néu

ZP
I fi, fay ... € CYZy, — K) va lim f, = f theo chudn ||||; thi

n—oo

lim fn(x)dx:/f(x)dx

n—oo
ZP

Chitng minh: Theo dinh 1y (2.1.6) ta c6
I/f(ﬂf)dwl = (SHO) < ISfl < pllfl
ZP
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Suy ra [ lién tuc K - tuyén tinh tréen C*(Z, — K).
ZP
Néu lim f, = f thi v6i moi € > 0 cho trudc, ton tai s6 nguyén duong N
n—oo

sao cho
€
frn — fll < 5,Vn > N,n € N.

Do do, véin > N

|/fn(93)dﬂf —/ z)da| = \/fn 2)dz < pllfo— flh < &
Z, Z,

Vay
lim fn Jdx = / f(x

n—oo

[]
MENH DE 2.2.8.
Cho f € CXZ, — K), f ¢6 khai trién Mahler la f =Y a,(}).
n=0
Khi do
o,
/f(sc)da: = Zann+1
Z, n=0
Chitng minh: Theo ménh dé 2.1.5 ta c6 S(V) = ( .) v6i moi n do d6
/ v de = lim z ™ v = lim re—1)...(@=n)
n z—0 n+1 z—0 z(n+ 1)!
— im (x—=1)...(z—1—-n+1)
20 (n+ 1)n!
_ —1.(=2)...(—n) _ (—1)".n! _ (—=1)"
(n +1)n! (n+1n! n+1
Mat khdc 3 a, (%) hoi tu trong C'(Z, — K) nén theo ménh dé (2.2.7) ta
n=0

z

Cco

Z/ia@)dxf%az/ <i)dx§%an;+1)l
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MENH BE 2.2.9 (Tich phan Volkenborn ctia ham gii tich).

Cho [ :Z, — K la ham gidi tich, f(x) = ) a,a", (x € Zy,). Khi do

/f :ian/x”dx

Ly

Chirng minh: Xét day cac ham f, = Z a;z’ thi theo b6 dé (1.3.32), day

fn hoi tu vé f. Bay gio ap dung menh de (2.2.7), ta co

Z{f(x)da: = ;an/x"dx

Zp
O
MENH BE 2.2.10. Vi méi ham f € CY(Z, — K)
() (Sf)Y —Sf' = f f(z)dx hay (Sf) — Sf' la ham hang.
(ii) Voi s € Z,, thi
[faroi= 56 @)

/ Fo+ s)dw — / f@)de = (SP(s) 29)
/f(sc+s+1)d:v—/f(:v+s)dx: f'(s) (2.10)

Ly

/f(x+1)dx: fo(a:)derf’(O) (2.11)
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(iii) Ldy Pf la mgt nguyén ham bdt ki cua f. Véi s € Z, ta co

/Pf(ac—l—s)dx—/Pf(ac)dx: (Sf)s) (2.12)

Ly Ly

/Pf(a:—l—s—l—l)dx—/Pf(x—l—s)dx: f(s) (2.13)

Z Z

P P

Chitng minh. Goi D 1a todn t&t vi phan, D : CY(Z, — K) — C(Z, — K),
dat (L1 f)(x) == f(x + 1), v6i © € Z,,A : C(Z, — K) — C(Z, —
K),A(f) == Lif - I.

Khi d6 ta ¢c6 (Af)(z) = f(z+1) — f(x),f € C(Z, — K),xz € Z,.
Lay bat ki f € CY(Z, — K),AD(f)(z) = Df(z +1) — Df(x)(z €
Zp), DA(f)(x) = D (f(x +1) = f(z)) = Df(x +1) = Df(x)(x € Zy).
Nhu vay v6i moi © € Z,, AD(f)(z) = DA(f)(x) suy ra AD = DA trén
cYz, — K).

Mat khac AS la dong nhat vi vé6i f € C(Z, — K),

AS(f)(2) = Sf(a+1) - Sf(x) = f(x),Va € Z,

Ngoai ra ta co, v6i n € N*

V6i moi x € Zy, do N tri mat trong Z, nén ton tai day x;,xs,...z, € N

sao cho lim z, = x.
n—oo

Do SAf lién tuc nén

SAf(x) = lim SAf(w,) = lim (f(z,) = £(0))

Lai do f lién tuc trén Z, nén SAf(z) = f(z) — f(0)
AS 1a dong nhat nén ta c6 SD = SDAS = SADS (vi AD = DA).
Nhu vay, véi f € C(Z, — K),s € Z, ta co

SDf(s) = SA(DS[)(s) = DSf(s) = DSf(0)
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hay
Sf'(s) = (Sf)(s) = (Sf)(0) = (Sf)(s) = [ f(x)dz v6i moi s € Z,.

Z

P

Vay ta c6 (1).
bat Lyf(z) :== f(x +s) v6i f € CYZ, — K);z,s € Z,. Khi do6 ta c6

[t 9in = [ Ly

Z Zp
= DSL,f(0) = L;DSf(0) = DSf(0+5) = (Sf)'(s)
Vay ta c6 (2.8).

P

Tu (1) ta co

(S5)(5) = SF(s) = [ faldo = (51(9) = [ faldo = SF15)

Z Z,
Theo (2.8), [ f(z + s)dz = (Sf)'(s) ta c6 (2.9).
Zp

Dé chitng minh (2.10), ta thay
[ flx+s+1)de— [ f(x+s)dx
Z, Z,

(ffx—|—3+1dx—ff ) <ff(x—|—s)dx—ff(x)dx>

Z, Z,

Theo (2.9) ta c6

<ffx+s+1d$—ff ) (ff(a:+s)dx—ff(x)dx>

ZP Zl)
=Sf'(s+1) = Sf(s) = f(s)
Cho s =0, tir (2.10) ta c6 (2.11).
Tu (2.9) ta suy ra

[ Pt )iz = [ Pra)ds = (S(PY) (s) = S5
Z, Z,

Ta c6 (2.12)

Tu (2.10) ta duoc

/Pf(x-l—s+1)d:r:—/Pf(m—|—s)dx: (Pf)(s) = f(s)

Z, Z,
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Ta c6 (2.13) [

HE QUA 2.2.11. D¢t N'(Z, — K) :={f € CYZ, — K) : f' = 0} thi ta
co

/f(:C—I—S)dZU:/f(l‘)dx,fENl(Zp%K),SGZp
Z

Chitng minh: Do ' =0 nén Sf' = 0, ap dung cong thic (2.9) ta c6 ngay
két qua. ]

MENH DE 2.2.12.

Cho ham f € CY(Z, — K). Khi dé

/f dx—/fx+

Chitng minh. Ta co

pt—1

/f v)dr = lim p™" Zf
= lim p™" Z f(3)

J=1=p"

= lim p™*(Sf(1) = Sf(1 —p"))

iy (81 = 87— p))
n—00 1— (1 - pn)

= (1Y)
:/f 1)dz (theo (2.8))

HE QUA 2.2.13.

Néu f € CY(Z, — K), fla ham Ié thi [ f(z)dz = —1f'(0).
ZP
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Chitng minh. Néu f 1a ham 1é thi f(—z) = —f(x) v6i moi x nén ta c6

/f dx—/f dx—/fx—l—

:/f(x)dx+f(0) theo (2.11).

Do d6 ta c6 —2 [ f(z)dx = f'(0) hay [ f(z)dz = —3f(0). ]
Z Z

P

2.3 TiCH PHAN VOLKENBORN CUA MOT SO HAM DON GIAN

Vi DU 2.3.1.
Tinh
/axdx, (aeC,,a#1)
Zp
Giai
Pit f(x) = a* theo vi du (2.1.3) ta c6 Sf(z) = L=, S5f(0) = 0.
Suy ra
_ rT_1 1
/ oy = lim 2L = SIO) @ — %% (theo (1.3.28))
20 x r—0z(a—1) a—1
Zp
1
Vay [ a"dr = 5%’?
Zp
Vi DU 2.3.2.
Tinh
/expp(a:c)d:c, (o € E;a #0)
Zp
Giai

Ta c6 v6i a € E,n € N:exp,(an) = (exp, )"

33



Nén
exp,(awr) = lim exp,(an) = lim (exp, a)" = (exp, @)

n—r n—Ix
Do do

T

log, exp, a a

/expp(ax)d:z: = /(expp a)tdr =

exp, —1 N exp,a — 1
Zp ZP

Vi DU 2.3.3. (i) Theo hé¢ qua (2.2.13) ta c6:

1
de = ——
/w x 5

e 5, 1
(ll)fodx—B

That vay, vi v6i f(z) = 22, thi theo vi du (2.1.3) ta c6

1 1 1
Sf(x) = §x3 — §x2 + %
Suy rafoQd:z: = (Sf)(0) = %
(iii) f de =1 vi twvi du (2.1.3) ta da tinh duoc S1 = x va

Zy

/ dz = (2)(0) = 1

Z

P
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2.4 TICH PHAN TREN CAC TAP CON

DINH NGHIA 2.4.1. Tich phdn trén tip con
Lay U 1a tap con m& compact cua Z,.

1. Véi f € CY(Z, — K), ta dinh nghia

[t = [t
U Z,

v6i &y la ham dac trung cua U, dinh nghia boi

{O, néu x¢U,

1 nfu xeU.

§u(z) =

2. Véi f € CY(U — K), ta dinh nghia

/f(x)dx ::/g(x)dx
U

L

o(z) {g(x) néu z € U,

vO1
néu x € Z, \ U

MENH DE 2.4.2.

Véi f e CYZ,— K),neN,je€{0,1,....p" — 1} ta cé:

[ s@= | st+ade = [5G+

J+p"Zy Py 2
/ fayde = 7] (0f(@) = fpr)) da

trong do T, = Z, \ pZy,
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Chitng minh. Tacé [ f(x)= [ f(j+x)dx
J+p"ZLy
Vi

f(G+0)Ez2,(0) + oo+ f(G + ™ — 1)z, (p™ — 1)
=fi+0)1+fG+1)0+. . +fG+p" =10+ f(j+p").1
+ ot fG+P" =) I+ G+ =P+ )0+ + f(G+p" - 1).0
=f)+fG+p")+..+ fG+p" =)

nén
/ £+ 2)dy = / U + 1) (2)da
P Ly Zyp

= lim fO)+fG+p")+ ..+ G+ ="

M—00 pm

iy SO SG AP A FGH T - Dp")

m—o0 pm
Néu dat h(z) := f(j + p"x),z € Z, thi ta c6
[ fG+z)de = lim h(0) + h(1) + h(2) + .. + h(p™ " — 1)
Py

m—0o p
h(0) + h(1) + h(2) + .. + A(P" " — 1)

= 1
p" lim e

=p" [ h(z)dw

Ly

—p”gf0+px)

Vay ta c6 cong thic (2.15).
Véi cong thic (2.16), trude hét ta thay

[ s - / F ()6, (2)dz
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Van dung cong thic (2.15) véi j =0,n =1 ta céd

/f(l‘)dizp”/f(px)dﬁf

Tu do suy ra

[ t@do= [ saae -5t [ o0 =57 [ 00 - fpr) ds

ZP D
]
Vi DU 2.4.3.
1. Cho f € CH(T, — Q,) va f(—z) = —f(z),z € T,. Ta c6
/f(:z:)dx =0
TP
2. [z7lde = [a73de = [aPde=...=0
Tp Tp TP
Chitng minh. 1. Dat
f(x) néux e,
(o) = {7 . g (2.17)
0, néu x € pZy,.

Tacé g(—z) = —g(x),z € Zy va [ f(x)dx = [ g(x)dz
TP ZP
Theo h¢ qua (2.2.13) ta ¢6 [ g(z)dz = —34¢'(0) =0, do 0 € pZ,
ZP
Vay [ f(z)dz =0
TP

Lo +— 273, ... thda man gia thiét cla

/xldx:/xsdx:/x5dx: ...=0

Ty T, Ty

2. Vi 0 € pZ, nén cac ham z — z~

1) va ta cé
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CHUONG 3

MOT SO UNG DUNG CUA TICH PHAN
VOLKENBORN

Trong chuong nay sé trinh bay vai tng dung cua tich phan Volkenborn
vao nghién ctiu céc tinh chat ctia cic s6 Bernoulli, dac biét 1a dong du thic

néi tiéng clia von Staudt va Clausen.

3.1 GIOI THIEU VE SO BERNOULLI VA DA THUC BERNOULLI

Trong toan hoc, cic s6 Bernoulli 1a mot day cac s6 hitu ti ¢c6 mai lién
hé sau sac véi ly thuyét s6. C6 nhiéu cdch dinh nghia khac nhau d6i véi
cac sO nay. Sau day, xin gidi thiéu mdt cach dinh nghia thuong gap trong
1y thuyét so.

DINH NGHIA 3.1.1. S6 Bernoulli

Cac s6 Bernoulli B, 1a cac s6 théa man dong nhat thic
t SN
R B
expt — 1 nzo "n!

Céc da thic Bernoulli c6 thé xem 1a su tong quat hda ctia cac s6 Bernoulli,
dugc dinh nghia tuong tu cac s6 Bernoulli.

DINH NGHIA 3.1.2. Pa thirc Bernoulli

Céc da thitic Bernoulli B, () 1a cadc da thic thoa man:
t (xt)
eXp .TJ Z B
expt — 1
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Sau day la mot vai tinh chat s6 hoc cua cac s6 Bernoulli dd duoc chiing

minh trong 1y thuyét s6.

3.1.3. Vi tinh chdt s6 hoc cua cdc so6 Bernoulli

1. Cac so Bernoulli B,, v6i n le bi triét tiéu, trov B = —5

2. Dinh 1y Kummer 1
Néu p la s6 nguyén t6 1é¢ khong chia hét tir s6 cua bat ki s6 Bernoulli
Bs, By, ..., B)_3 thi phuong trinh 2 + y? + z¥ = 0 khong ¢6 nghiém
nguyén duong.

Cac s6 nguyén to p c6 tinh chat nay goi la cac s6 nguyén té chinh quy.

3. Pinh ly Kummer 2
Cho p la s6 nguyén t6 1¢é va b 1a s6 chan sao cho p — 1 khong chia hét
b. Khi d6 véi bat ki s6 nguyén khong am k ta c6
Brp-1)+b By

= — d p.
kp—1)+b b 0P

4. Cac dong du Ramanujan

m/6
m =0 mod 6 <m+3)Bm:m—+3—Z<m+3,>Bm—6j

m 3 — \m — 67
(m—2)/6
3 3 3
m =2 mod 6 (m+ )Bmzﬁ— Z <m+ .>Bm—6j
m 3 ‘= \m-— 67
(m—4)/6
3
m =4 mod 6 me B, = _m_+3_ m+3' B
m 6 m — 67

5. pB,, 1a p-nguyén véi moi s6 nguyén to p.
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6. Dinh 1y von Staudt - Claussen (sé trinh bay chi tiét & cac muc (3.4)
va (3.5)) Néu n chdn thi

BR+Z%eZ

p—1in

Sau day ta s€ xay dung va chitng minh mot so tinh chat ctia cic s6 Bernoulli

nho tich phan Volkenborn.

3.2 XAY DUNG CAC SO BERNOULLI BANG TiCH PHAN VOLKEN-
BORN

DINH NGHIA 3.2.1. S¢' Bernoulli

Cac so6 Bernoulli 1a cac s6 By, By, ... cho boi

B, = /x”dx, (n € N)

L

NHAN XET 3.2.2.

1. Tix cong thic [ f(x + 1)dx — [ f(z)dz = f'(0) ta c6
Zp Zp

1 cun =1
/(:U + 1)"dx — /a:ndx =<7 nefu " (3.1)
p p 0, néun#1

2. Béng céch khai trién nhi thiic ta c6

/(a: +1)dy = En: (?) /xjda:

Z, =0 Zy
Tu do
0 Néun =0
/(sc +1)"dx — /:U”da: = ”z—jl (?)Bj Néu 1 % 0 (3.2)
Z, Z, 0
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3. e Chon=1,tu(@3.1)taco

/(x—i—l)dx—/xdx:l

Z Z

P

Va theo (3.2) ta lai ¢6

/(erl)dx—/xda::Bo

Ly Ly

P

nén ta duoc By = 1 nhu da tinh & vi du (2.3.3)

-1

e Véin>2tr(31)va(32tacs 3. (1)B;=0
J

4. Tu nhan xét (3) ta thay duoc mai lién hé gitta cac B;,7 € N. Hon nita
B; 1a cac s6 hitu ti va ching khong phu thudc vao p. Nghia la, véi
p, ¢ 1a hai s6 nguyén t6 khdc nhau thi [ 2"dz = [ 2"dx
ZP Zq
Tiép theo day ta 4p dung cédc tinh chat cua tich phan Volkenborn dé thdy
duoc cac s6 Bernoulli trong dinh nghia (3.1.1).
Nhu da tinh & vi du (2.3.2), ta c6

a
/expp(om:)dx = exppﬁ’ (v € E,a #0).
Zp
Mt khéac, theo ménh dé (2.2.9) ta c6
= a"z" - "
/expp(oza:)dx = /Z o dr = ZB”W
Z, Z, n=0 0
Do do¢,
« a”
—N"B,Y (aeE,a#0
exp,a — 1 Z:: n! (a a7 0)

Cong thtc nay phu hop véi dinh nghia da gi6i thiéu ¢ dau chuong clia cac

sO Bernoulli.
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3.3 DUNG TICH PHAN VOLKENBORN DE CHUNG MINH MOT
SO TINH CHAT CUA CAC SO BERNOULLI

MENH DE 3.3.1.

By=—sva(=1)"B,=B,,n>2

1
2

Chitng minh. Tt ménh dé (2.2.13) ta c6 [(—x)"dx = [(z + 1)"dz
Z Z

Két hop v6i (3.1) & nhan xét 3.2.2), [ —adx = By +1va [(—z)"dx = B,
Zp Zp
néun € {0,2,3...}. Do d6 (—-1)"B, = [(—x)"dx = B,,n > 2
ZP

Mait khéc, theo ménh dé (2.2.13),
1 1
Cadr = —=.(—1) ==
/ xdx 5 (—1) 5

ZP
1 1
SuyraB1—|—1:§hayBlz—§ [
Tir cong thic (—1)"B,, = [(—xz)"dx = B,,n > 2 ta c6 ngay hé qua sau

Zp
HE QUA 3.3.2.

Bs=B;—..=0
DINH LY 3.3.3.

pB,, la p-nguyén vdi moi s6 nguyén to p.

Chitng minh: Dat f(x) := 2", ta thiy
[l = sup [z"], =1

xELy

Theo phan ching minh ménh dé (2.2.7) ta c6

| / F(@)dz 1,< pllflh, (F € C'(Z,y — Q)
ZP
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Do do
B, |,=| / wde [,< pllf 1 = p
ZP

Tir nhan xét (3.2.2), muc 4, ta biét B, 1a s6 hitu ti, gia sa B, = %, vGi
t,m € Z,(t,m)=1thido | B, [,< p nén ord,(m) = 0 hoac ord,(m) = 1.
That vay, néu | B,, |,< 1 thi p khong chia hét m nén ord,(m) = 0; ngugc
lai, gid stt m = pn thi | B, [,=] - [,=p | ; |,< p kéo theo | ;- [,< 1 suy
ra ord,(n) = 0 nén ord,(m) = 1. Theo nhan xét (3.2.2), muc 4, véi cic s
nguyén té ¢ # p ta ciing c¢6 ord,(m) = 0 hoac ord,(m) = 1 nén m la tich
ctia cac s6 nguyén t6 khac nhau.

Vay pB, la p-nguyén vGi moi p nguyén to. ]
DINH LY 3.3.4 ( Dinh Iy von Staudt - Clausen).

Néu n chdan thi

Ching minh dinh 1y von Staudt - Clausen s& dugc trinh bay hai cach dé so

sanh & hai muc sau.

3.4 CHUNG MINH DINH LY VON STAUDT - CLAUSEN THEO
LY THUYET SO

DINH LY 3.4.1.

Voim > 1, ta co

k=0

voi Spy(n) =1"+2" 4+ .4 (n—1)".
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Chirng minh. Tu phuong trinh

mtm
exp(kt) = Z k po—
m=0
chok=1,2,...n—1tacéd
expt = >
m=0
exp(2t) = > th_m!
m=0
exp((n—1)t) = Y (n—1)"L;
m=0

Cong v€ theo v€ cac phuong trinh (3.4), (3.5),..., (3.6) ta c6

oo

eXp (nt) — 1
expt + exp(2t) + ... + exp((n — 1)t) = po—— Z Sm(n
Mat khac,
exp(nt) —1  exp(nt) —1 t
expt —1 t expt — 1
va . . N .
exp(nt) — 1 Lt t t!
SO T2 - \N"p=~
/ ;n K expt — 1 ;O I3
nén
- " o= st
D Sm(n)— =) n TZBW
m=0 ' j=1 " k=0 '

Dong nhat hé s6 cta t™ & hai vé, ta duoc

m

1 nmfk%lBk
Sm(n)— = Z k!
k=0

m! I(m+1—k)!
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Trong (3.3), thay k£ bdi m — k ta c6

(4 DSl = 3 (m + 1) Bt

m —k
k=0
Vi
m+1Y\ (m+1)! _m+1  m! _m+1(m
m—k) (k+D)(m—Fk! E+1Km—-k! k+1\k
nén
m m nk—H
m(n) = Bk :
(1) ;(,{) T 3.7)
m n2 nm—i—l
= an+(1)Bm_1?+...+m+1 (3.8)
MENH DE 3.4.2.

Cho p la s6 nguyén té va sé nguyén m > 1.Khi dé pB,, la p-nguyén va

néu m > 2 chdn thi
pB, = Sp(p)(mod p) (3.9

Chitng minh. Ta da ching minh y tht nhit & dinh 1y (3.3.3) st dung tich
phan Volkenborn, & day trinh bay mot chitng minh khiac bang quy nap véi
cac s0 Bernoulli dugc dinh nghia trong 1y thuyét so.

Vé6i By = _71 ta c6 pBy = —7]? la p—nguyén vGi moi sO6 nguyén to p.
Giasatm>1,k=1,2,....,m—1tacé pB,,_; 1a p-nguyén.

Trong (3.8), thay n = p ta co

2 m—+1
m p p
Sm — Bm Bm_ - cee 3.10
(p) = » +<1> R (3.10)
m 2 m-+1

& pBm = Sm(p) — (1)Bm1%—...— :;H 3.11)

m m
<:>me = Sm(p) o (1)melg e _pBOmp+ 1 (3.12)

k E+1
sO nguyén to p va theo gia thi€t quy nap thi v6i k£ > 1, pB,,_; 1a p—nguyén

k
Ta thdy S,,(p) € Z, (m) €7, LN p—nguyén vi k + 1 < p¥ v6i moi
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nén tr (3.12) ta c6 pB,, 1a p—nguyén.
Dé chitng minh déng du thitc (3.9), ta ching minh mot diéu kién du 1a

.
(m)me_kp_ = 0( mod p),k > 1

k k+1
o
That vay, v6i k > 2, vi k + 1 < 2F < p* nén T = 0( mod p) suy ra
k
m p
B,,_ =0 d p).
<k>p L ( mod p)

V6i k = 1, do m chan nén

5 (pBuu1)p = 0( mod p)
Nhu vay, ¥k € N, (7)pB,,_,725 = 0( mod p) nén tir (3.12) tac6 (3.9).  [J
BO DE 3.4.3.

Cho p la s6 nguyén t6, ta co

0( mod p), néup—1{m
Sm(p) = .
—1(mod p), néup—1|m
Chitng minh. Lay ¢ la moOt can nguyén thuy (primitive root) modulo p,
nghia la ¢ l1a phan ti sinh cia nhém nhan xiclic cap p — 1 cac s6 nguyén
modulo p 1a (Z/pZ)*. Khi d6 {1,2,....p— 1} va {1,9,4¢% ...,g? %} déu 1a
cac tap dai dién day da cua (Z/pZ)* nén

Sm(p) =1"+2"+ .+ (p-—-1)"

(3.13)
=1" 4+ ¢" + ...+ ¢ 2™( mod p)
Néup—1|mthi 1" =g¢" = ... =¢gP 2" = 1(mod p) nén S,,(p) =
p—1=—1(mod p)
Néu p — 1t m thi g™ # 1(mod p). Tur (3.13) ta c6
(9" = D)Sm(p) = ¢"*"V = 1= 0(mod p)
Do d6 S,,(p) = 0(mod p) vi g" # 1(mod p). O
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Chitng minh dinh ly von Staudt - Clausen. Gia sit n chan, p la mot so
nguyén to thi theo ménh dé (3.4.2), pB,, 1a p—nguyén va pB,, = S,,(p)(mod p).
Khi d6 theo b6 dé (3.4.3), néu p— 1+ n thi B, 1a p-nguyén vanéup—1 | n
thi pB,, = —1(mod p).

1 y
bat A, = B,+ )_ —, ta s€ chiing minh A,, 1a p-nguyén véi moi s6 nguyén
p—1|n D
to p.
That vay, gia sir ¢ 1a mot s6 nguyén t6 va ¢ — 1 1 n thi B, 1a ¢-nguyén va
2 1 z ~ ya
tong > — khong ldy ¢ nén la ¢g-nguyén, do d6 A, g-nguyén.
p—1|n
Nguoc lai, néu s6 nguyén t6 ¢ ma ¢ — 1 | n thi ¢B, = —1(mod ¢) hay
qB, +1 c7

q
Do do

1 1
q p
p—1in,p#q

_ an+1+ Z 1

q
p—1|n,p#q

Z 1(mod Z)

p—1|n,p#q

. . 1
Hién nhién Z — la ¢-nguyén nén A, la g-nguyén.
p—1ln.p#q
Nhu vay, A, 1a p-nguyén véi moi s6 nguyén t6 p nén A, € Z hay B, +

1
Y. —€Z. O
p—1|np

3.5 CHUNG MINH DINH LY VON STAUDT - CLAUSEN BANG
GIAI TiCH p—ADIC

Ti€p theo ta s& chiing minh dinh 1y von Staudt - Clausen bang cach st

dung cic ki thuat cia giai tich p-adic. Tru6c hét ta ¢6 cdc bo dé sau

47



BO BE 3.5.1. Vdi k € N*,n € N, ddt Ry(k) = 1 vi moi k,

Ry(k):=—(0"+1"+ ...+ (" —1)"),n>0

1
ﬁ
thi ta ¢6 lim R, (k) = B,

k—o00

Ru(k+1) = Ry(k) =Y <n) Ry (k) Ry(1)pF
Chitng minh. Dat f(z) = 2", ta thay

lim R, (k) = (Sf)(0) = / vdz = B,

k—o0
Zl)
Ta cé
1 pk+1_1
5=0
Chia z cho p* duoc thuong j va s6 du i, ta viet z = i + jp~ va
pF—1p-1
Rp(k+1) = = Z Z(Z +3p")"
P =
1 pP-1p-1 n n
- o (1)t
1=0 j=0 s=0 5

I
s |l
o
VRS

®
Il
—_
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BO DE 3.5.2. Vi moi s6 nguyén t6' p # 2,n € N* ta ¢é

1
|Bn—]—?(0”+1”—|—...—|—(p—1)”) ,<1
Cong thitc trén ciing diing khi p = 2 véi n € N*, n chan.

Chitng minh. Ta can ching minh | B, — R,,(1) |,< 1 v6i R, (k) dugc xdc
dinh nhu trong b6 dé (3.5.1).
Trudc hét ta c6

Rl(l):%(O—i—l—FQ—i—...—i—(p—l)): (p;pl)p:p;1

e Véi s e {23,..} taco:

(n> Fns (W) Ba(1)p = <n)PkRn—s(/€)pRs(1)p’“’“ €7 (3.15)

s s
p—1
Vi v6i s > 1, phsF=l = pfe-U-l e Z o' Ri(t) = Y i/ € Z.
i=0

e V6is=1vaplé: F € Z,p*R, (k) € Z, ta duge

(Tf) R,_1(k)Ri(1)p" = nkan—l(k)p%l €Z (3.16)

e Vi s=1,p=2nchin: Ri(1)=13,2€Z R, 1(k)2" € Z ta c6

(T) Ry_1(k)R(1)2% = an_l(k)zk cZ (3.16")

Nhu vay, tit (3.15), (3.16) va ((3.16)') ta thay véi ca hai trudng hop p 18 va

p = 2,n chin ta déu c6

Ru(k + 1) — Ry(k) = Z (

s=1

n
S

)Rn_s(k)Rs(l)pks cZ
Tu doé suy ra

| Ru(k +1) = Ru(k) [,=| Y (Z) Ry o(k)Ry(1)p™ |,< 1, (k € NY)
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Ta cling co

| Ry(k+2)—R, (k) |,=| (Ro(k +2) — Ry(k+ 1))+ (Ru(k+ 1) — R, (K)) |,
< max{| Ry(k+2) — R,(k+1) || Ru(k+1)— Ry(k) [,} <1. Suy ra
v6i k> m, (k,m € N)

| Ru(k) — Ru(m) [,< 1

Cho k — oo va lay m = 1 ta dugc

’ Bn - Rn(l) |pS 1
Vay bo dé duoc chitng minh xong. O
Chitng minh dinh ly von Staudt - Clausen. Goi 0,6?%,...,0"~' 1a cdc can
bac p—1 cua don vi Q, (ménh dé 1.3.23). Khi d6 cd hai tap {0,1,...,p—1}
va {0,0,0% ...,0""1} déu 1a céc tap dai dién diy du cta Z,/pZ,. Do dé,
véin € N*:

0"+ 1"+ ..+ (p—1)"=0"+ 6"+ ..+ 0" V(mod pZ,)  (3.17)
Ta c6 6P = 0 nén

-1 = 6" —1

= (0" =1V 4 9"P72 4 4"+ 1)

Suy ra
" —1) (ZW - 1) = (6" —1) (ZW) =0

p—1

Do d6 néu n khong chia hét cho p — 1 thi 6" # 1 nén > 6™ =0
j=1

Néu n chia hét cho p — 1 thi 0" = 1,6?" = 1, ...,0P~Y" = 1 dan t6i

p—1

Z@nj:p—l

J=1
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Tir (3.17) ta c6

0" +1"4+ ...+ (p—1)") — <0" +07 4+ e(p‘l)”) — ap,x € 7,

Nhu vay
p—1
e Néu n khong chia hét cho p — 1 thi vi > 6™ = (0 nén
j=1
. (0" + 1"+ ...+ (p— 1)) — (0" 4 %" 4 ... 4 o= 1)n)
p
1
= 5(O”+1”+...+(p—1)”) € Zy
p—1
e Néu n chia hét cho p — 1 thi 6™ =p — 1 nén
j=1
. 0"+ 1"+ .+ (p—1D)") — (0" + 6> 4 ... + 6=
p
04 (p-1)" p1
p p
0"+ 1"+ ... -1 1
i T M Ul L SN
p p
+1"+...+p-01)" 1
= b=1) +-=y€Z,
p p

Theo b dé (3.5.2)

1
|Bn—]—?(0"—|—1”+...+(p—1)”) <1
Néu n chan, n khong chia hét cho p — 1 thi ta cé
| B, —z [,<1,(z€Z,)

suy ra | B, [,< 1
Néu n chan, n chia hét cho p — 1 thi

1
[But o=y hs1yeZy)
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suy ra | B, —I-p|p

Xét moi s6 nguyeén to ¢, ta co

e Néu n khong chia hét cho ¢ — 1 thi | B, [;< 1 va v6i moi s6 nguyén
t0 p ma p

]l? l;= 1 nén

1
| Bn + Z D o< max{| By ¢, 1} <1

p—1|n
e Néu n chia hét cho g % |;,< 1 suy ra véi moi s6 nguyén
to p, ta co
| B, +Z—yq_\B+ + Z <max{|B+ 1} <1
p— 1|n P 1\n,p7éq

T6ém lai, ta ¢6 v6i moi s6 nguyén to ¢

| B, + Z ,<1hay B, + > —EZ v6i moi ¢ nguyén to.
p1|n p1|n

Nhu vay, B, + E k: € (Z,NQ), (m, k) =1 v6i moi s6 nguyén t0 q.
p— 1|n

Nghia 13, v6i moi s6 nguyén t6 ¢ thi k déu khong chia hét cho ¢ (vi
|%|q < 1) nén k € {1,—1} hay

[]

Tiép theo, ta s& dung tich phan Volkenborn dé dinh nghia da thic
Bernoulli va chi ra dugc su tuong duong véi dinh nghia da biét.
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3.6 DINH NGHIA DA THUC BERNOULLI BANG TICH PHAN
VOLKENBORN

DINH NGHIA 3.6.1. Pa thitc Bernoulli
Da thitc Bernoulli B,,(x) dugc cho boi cong thic

B, (x) = /(:1: +t)"dt,(n e N,z € Z,)

Ta c6 dinh nghia quen thudc cua da thic Bernoulli trong 1y thuyét s6

nhu da gidi thiéu & ddu chuong qua ménh dé sau.
MENH DE 3.6.2.

Véix € Zy,a € E,a0 # 0, ta ¢

aexp,(ar) _ Z Bn(IIT)Q—

exp, o — 1

Chirng minh. Ta c6

/expp(cy(x +1t))dt = /expp(ax) exp,(at)dt = exp,(ax) /expp(at)dt

ZP Zp Zp
ap dung vi du (2.3.2)
aexp, (o)
Zy g
Mat khéc, exp,(a(z +1)) = Y WT?LLL) nén
n=0 ’
/expp(oz(x +)dt = % /(x IS Bn(x)% (3.19)
Z, n=0 Zy n=0 ’

Vay tir (3.18) va (3.19) ta c6

aexp,(az) & a
— ) _NT B (1) —
exp,a — 1 Z (%)



Ménh dé sau day chi ra m6i lién hé giita da thitc Bernoulli va cédc s6

Bernoulli.
MENH DE 3.6.3.
Voi x € Zy, ta co
(i) Ba(z) = JZO (12" B,
(i)

0, néu n =0,

Bu(x+1) — By(z) = {

na" !, néun e N*.

Chirng minh. Ta c6

3

Bu(z) = [(t+2)"dt = / ' (?)x”‘jtjdt

]:
p

- <n) P / #dt
0 ]

J
P

B <J)$ B

j:

3 “N\

o

Vay ta c6 (1)

Vi (ii) ta thay

Néun =0 thi By(x + 1) = By(z) =1 nén B,(z + 1) — B,(z) =0
Néu n > 0 thi dat f(t) = t", dp dung (2.10) ta c6

By(z+1) = By(z) = /f(t+a:+ 1)dt — /f(t+g;)dt = f'(z) = na"!

Z

p P

[]

Mot ham p—adic ¢6 lién quan dén da thic Bernoulli 1a téng bat dinh cia

"ham liy thua"
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MENH BE 3.6.4. Xét ham s6 f(z) = 2",z € Z,,

Tong bdt dinh ciia f la ham s¢
1

n+1

T —

(Bn+1 (ZU) - Bn+1 (0))

xn+1

Chitng minh. Mot nguyén ham cta f la Pf v6i Pf(x) = 1

Theo (2.12), ta c6

Sf(z) = /Pf(t—l—x)dt—/Pf(t)dt

ZP ZP
t n+1 tn+1
- / )™ / dt
n+1 n—+1
Z, Z,
1 1
= ——B, - ——B,
n+1 +1(a:) n+1 1

Véi B,1+1(0) = B,11, ta ¢6 diéu phai chiing minh.
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KET LUAN
T6ém lai, trong luan van nay chiing t6i da lam duoc mot s6 van dé sau

day:

- Xay dung dinh nghia, néu va ching minh céc tinh chit co ban cua tich
phan Volkenborn.

- Dinh nghia tich phan trén cdc tap con md, compact cta Z,. Néu va
chiing minh moét vai tinh chit cua tich phan trén cac tap con dac biét

cua Zj,.

- Tinh toan dugc tich phan Volkenborn cua mét s6 ham co ban quan

trong trong giai tich p—adic.

- Dic biét, ching to6i da tim ra mot s6 vi du cu thé minh hoa cho cic
ham kha tich nhung khong kha vi lién tuc, ham lién tuc nhung khong
kha tich.

- Pua ra mot s6 tng dung cua tich phan Volkenborn: dung tich phan
Volkenborn dé dinh nghia s6 Bernoulli va da thic Bernoulli, chi ra moi
quan hé giita s6 Bernoulli va da thiic Bernoulli theo cach dinh nghia
nay; chiing minh moét s6 tinh chat quan trong cua cac s6 Bernoulli ma

quan trong nhat 1a dong du thiic von Staudt - Clausen.

Vé ting dung ctia tich phan Volkenborn trong giai tich p—adic va trong
1y thuyét s6 van con nhi€u bai todin md. Néu ¢ diéu kién cho phép ching

toi s& trd lai v6i van dé nay trong nhitng 1an tiép theo.
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