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LOI CAM ON

LOi dau tién trong ban luan van nay, t6i xin tran trong kinh gé&i dén Thay Lé Hoan Hoéa nguoi
d4 tan tm hwong dan, chi bao cho toi trong sudt qua trinh hoan thanh luan van, 1ong biét on chan
thanh va sau séc.

Xin bay t6 long biét on ddi véi Quy Thay, CO trong va ngoai Khoa Toan — Tin hoc, truong
DPai Hoc Sv Pham Thanh phd H6 Chi Minh, truong Bai hoc Khoa hoc Ty nhién Thanh ph6é H6 Chi
Minh da tan tinh gidng day, truyén dat ki€n thirc trong su6t thoi gian hoc tap va lam viéc.

Chan thanh cdm on Quy Thay, Cé trong Ban Chi nhiém Khoa Toan -Tin hoc, Quy Thay, Co
thudc Phong Quéan ly Khoa hoc Céng nghé Sau Pai hoc, trwvong Dai hoc Sv pham Thanh pho Ho
Chi Minh da nhiét tinh gitp d&, dong vién, tao moi diéu kién thuan lgi vé tha tuc hanh chinh cho toi
trong sudt qua trinh hoc tap.

Xin cAm on cac ban bé dong nghiép va céac ban cuing 16p cao hoc gidi tich khoa 18 da ludn
dong vién va quan tdm trong thoi gian hoc tap va lam luan van. Vi kién thirc ban than con nhiéu han
ché, nén luan van kho tranh khai thiéu sét, rat mong nhan duoc su chi bao clia Quy Thay, C6 va su

gép y chan thanh cla cac ban bé dong nghiép.

Tran Thanh Hiép



LO1 CAM BOAN

Toi xin cam doan rang ndi dung luan van nay khdng duoc sao chép bat ky luan vin nao khac

trwéc day.

Hoc vién

Tran Thanh Hiép



MO BDAU

Ly thuyét Fredholm (ra doi vao 1903) la ly thuyét vé phuong trinh vi phan. Theo nghta hep,
né lién quan dén nghiém cuta phuong trinh tich phan Fredholm. Theo nghia rong, cau tric triru
tong cua ly thuyét Fredholm dwoc thé hién dwdi dang ly thuyét phd cua toan tir Fredholm va nhan
Fredholm trén khong gian Hilbert. Va cong cu dé nghién ctru tinh én dinh phé cla phuong trinh
truyén song la ly thuyét ludng phan.

Mot ho tién hod {U (t.z)}, ,t.z1 i lién két voi phuong trinh vi phan tuyén tinh chinh,

khong tu sinh z'(t) = A{t)ult) trén khong gian Banach X vo&i cac hé s6 toan tk sinh ra ba toan ti

quan trong xac dinh trén khdng gian c&c ham nhén gié tri trong X:
(1) toan ti vi phan G, G ='d_‘j+ A); (0.1)
(2) toan tir ham s6 E', (E'u)(¢)=U (r.2 - t)u(r-t), ¢T ,t2 0; (0.2)
(3) toan t sai phéan p,

D, (X)), @(x,-U(n+r,n+r-1)x )

Lo t1]ol). (0.3)

Trong khuén khé luan van nay, dau tién tac gia trinh bay mot chirng minh ctia Dinh ly ludng
phén trong tredng hop vo han chidu ma khdng c6 bét ky rang budc déc biét nao cda toan tir A(t).
Tiép theo, tac gia trinh bay tinh chat Fredholm, tinh chét pho va tinh dong ctia mién gia tri clia ba
toan tir néu trén.
Luan van dugc trinh bay theo bd cuc nhw sau:
Phan mé dau gidi thiéu tong quan vé cac van dé chinh dwgc nghién ctru trong luan van, dong thoi
néu bd cuc cua luan van.
Chuong 1 la cac kién thirc chuén bi co ban vé ly thuyét Fredholm, nira nhém tién hoéa, luvdng phan
[Ty thira.
Chuong 2 dugc xay dung gom hé théng céc Binh ly va B dé dlng dé chiing minh Dinh Iy ludng
phan (Binh ly 2.1, Binh ly 2.2) trong trwvong hgp vo han chiéu ma khong c6 bat ky rang budc nao
cla toan tor A(t).
Chuong 3 la sy ndi tiép cla chuong 2, tac gia trinh bay tinh chat Fredholm, tinh chat pho va tinh
déng ctia mién gia tri clia cac toan tir E', G, D, .

Cudi cung la phan Két luan va Tai liéu tham khao.



Chuong 1
KIEN THUC CHUAN BI

1.1 Ly thuyét Fredholm
Dinh nghia 1.1
Cho X va Y la cac khong gian Banach, goi T:X ® Y la toan t tuyén tinh bi chan, T dwgc goi la
Fredholm néu:

(1) dimKerT <¥ ;

(i) ImT déng;

(iii) dim CokerT <¥ .(dimCoKer T =dim(Y /ImT)).
Khi T la anh xa Fredholm, chi s ctia T ki hiéu IndT la s6 nguyén xac dinh béi:

IndT =dimKerT - codimImT
Tinh chat 1.2
T dinh nghta trén va tir nhi*ng két qua co ban cla gidi tich ham tuyén tinh, ton tai cac phép chiéu
lién tuc
P:X® X,Q:Y® Y thdéa: ImP =KerT ; KerQ =ImT .

Do do,

X =KerT A KerP
Y=ImTAImQ

Bodé 1.3Cho T: X ® Y latoan tr thoa ImT chira mot khong gian con day, dong thi ImT dong.
B6 dé 1.4 Ki hiéu Fred(X,Y)1a khong gian céc toan ti Ferdholm tir X vao Y va Fred(X ) Ia tap cac
toan t& Fredholm xé4c dinh trén X. Ta c6 Fred(X,Y)la tp m& clia B(X,Y) va chi s6 Fredholm la

ham hang trén Fred(X,Y).
BOdé 1.5Cho T:X ® X latoan tlr compact, khi d6 | +T la Fredholm.
BOdé 1.6 Cho T:X® Yva S:Y ® Z la cac toan tl Fredholm. Khi dd, ST: X ® Z ciing la Fredholm.

Hon nita, Ind(ST)=1Ind(T)+Ind(S).

Binh nghta 1.7

Cap Fredholm: cap khéng gian con (W,V) trong X duwoc goi la cap Fredholm néu:
i) a(wyVv)=dm(WilVv)<¥
i) W +V : dong
i) H(W\V)=codim(W+V)<¥



Chi s6 Fredholm: Chi s6 Fredholm cla cap khong gian con (W,V) la
ind(W,V)=a(W\V)- b(W,V).

1.2  Ho tién hoa va nlra nhém tién hoa
DBinh nghia 1.2.1 Cho X la khdéng gian Banach, L(X) la khdng gian cac toan t& tuyén tinh bi chan

tréen X.Ho T ={T (t)}m I L(X) duoc goi la nira nhom trén X néu

T(0)=1 va T(t+s)=T(t)T(s) voimoi t,s2 0.

Nira nhém T={T(t)}  duoc goi la bi chan Iy thira néu ton tai M31 va w > 0 sao cho

IT(t)] £ me*, " t= 0.

Binh nghfa 1.2.2 Toan ti: PT L(X) duoc goi la phép chiéu néu p? =p. Nira nhom T ={T (t)}
duoc goi la lwdng phan Ity thira néu ton tai mot phép chiéu PT L(X) va hai hdng s6 K3 1va n>0
sao cho

(i) T(t)P=PT(t),"t30;
(i) [T (t)x| £ Ker™|x|, " xT ImP va "t 0;
() |7 ()= Len|x). x1 KerP va "3 0;
(iv) T (t)| ¢ep: KerP ® KerP 1a mot ding ciu " t3 0.
Vi du: Trén X =R? dugc trang bi chudn |(x,, x,)| =[x +|x,|, ta dinh nghfa T (t): X ® X nhu sau
T(t)(x.%,)= (e‘txi,etxz),"x:(xi,xZ)T R*"t30.

Khi d6, nra nhém T ={T (t)} | 1a lung phéan Idy thira.

DPinh nghia 1.2.3 Néu T = { (t)} la nlra nhdm trén X va U 1 X la mdt khong gian con tuyén tinh,
U dugc goi la T — bat bién néu T(t)UT U, " t3 0,

Mot ho {U (t,z‘)m} t,¢1 J gdbm céc toan t&r tuyén tinh bi chan trén X duoc goi la ho tién héa bi
chan Iy thira lién tuc manh trén J néu:

i) V6imdi xi x, &anh xa (t,¢) @U(t,£)x lién tuc véi moi t3 ¢ thudc J

i) sup{He‘“‘”)U (t,z‘)H:t,z‘T ARE t} <¥ V6i wi Rtly Y



i) U(tt)=1,U(tz)=U(t,s)U(s¢) voimoi t3 s3 ¢ thude J.

N(ra nhédm tién héa:

{e'},la nka nhom tién héa xac dinh trén khong gian L,(RX), 1£p<¥ hodc
CO(R, X)_khﬁng gian cac ham lién tuc triét tiéu tai +¥ , theo qui tic:

(Eu)(r)=U(t.e-t)u(t-t),rT Rt2 0.
Ta dinh nghfa toan t&r G trén L, lién két vi nita nhom tién hda trén nhv sau:
(Gu)(t) =-u'(t) +A(t)u(t) véi mien xéac dinh:
domG :W;Q{UT L, cu(t)T domA(t)}. (1.1)

Ta goi G la mé rong dong cula G.

N(ra nhom lién hop:

Cho {EtA}tao la ntra nhém lién tuc manh trén X, khi d6, nira nhém lién hop {(etA)*}tsotrén khong gian
Banach X* ndi chung la khong lién tuc manh. Khéng gian con:
Xe :{x*T x*:[(e*)*x- x4 ® o kni t® o}

la khong gian con tuyén tinh dong cia X* va (e*)*(x®)i X°" t2 0. Thu hep e** clia (¢*)* xac
dinh mot nlra nhdm lién tuc manh trén X © . Hon ni¥a,

Xe=r(A)*(X*)" /T £\s(A).
Chay1.2.4
T dinh nghfa clia X ° suy ra Ker(l-e*)*1 X° va Ker(l - etA)*: Ker(l - etAe) véi mbi t30;
Ker(A*-m1 X© va Ker(A*- m)=Ker(A®- 1) Vi ni £ batky.
Ly thuyét lvdng phan
Binh nghfa 1.3.1 Cho X Ia khong gian Banach, J 1a & , r_ hoic R, ho tién héa {U (t.z)} duoc
goi la c6 ludng phén Ily thira {R}.  trén J vGi hé s6 ludng phan M3 1va a>0néu p,ti J, la cac
phép chiéu trén X vamoi t3 ¢1 3, cac khang dinh sau thoa:
U(t2)P =PU(t,¢)

i) Thu hep: cla toan t& U(t,2) trén kerp,, U (t,2)

KerP, 1 Ié‘ tOé'n tl} khé‘ nghICh tl‘f KerP, dén KerPI .

iii) Théa cac wéc lvgng luvdng phan sau:

£ Me () va H(U (t.2)

o (0] ) & e, (L.2)



Chuong 2
TOAN TU VI PHAN FREDHOLM VOI HE SO KHONG Bl CHAN

Trong chuong nay, tac gia trinh bay mét chirng minh cta Binh ly luvdng phan trong truong
hop vo han chigu ma khdng c6 bat ky rang budc ddc biét nao cda toan t& A(t): Binh ly 2.1 va Dinh
ly 2.2
Binh Iy 2.1 Gia st {U(t,2)}, ,t.£T R 1a mot ho tién hoa bi chan Idy thira lién tuc manh trén khong
gian Banach phan xa X, G la toan t& sinh clia nra nhom tién héa twong (¢ng xac dinh trén
L, (R, X),pT [L¥) hodc tréen C,(R,X). Khi d6: toan t& G la Fredholm néu va chi néu ton tai
a,bl R, a£bsao cho hai diéu kién sau thoa:

(i) Ho tién héa {U (t,2)} ., c6 ludng phan Idiy thira {p} _trén (-¥.a va {p}, trén [b¥).

t

i) Toan tir nit N(b,a): KerP; ® KerP;", dinh bai:

ety la toan tir Fredholm.

N(b.a)=(1- R')U(b.a)

Hon nira, néu toan tir G la Fredholm théa thi

a) dim Ker G = dim Ker N(b,a);

b) codim ImG = codim Im N(b,a); ind G = ind N(b,a).

DPinh ly 2.2 Vi cac gia thiét nhv Dinh ly 2.1, toan tr G la Fredholm khi va chi khi hai diéu kién
sau day thoa:

i') Ho tién héa {U (t,)} . c6 lugng phan Idy thira [P} ténpva{p’} tréng.

ii") Céip khong gian con (KerP; ,ImP;")trong X la Fredholm.
Hon nira, néu toan t&r G la Fredholm thi:
a’) dim Ker G =a(KerF{)‘,Im PO*)
b’) codim Im G = b(KerP; ,ImPy)
c’)ind G :ind(KerPO‘,Im PO*)
Ta ky hiéu:
i, ={th i:t30), i ={tl i:t£0}, ¢, ={nl ¢:n30},¢. ={nl ¢:n£Q},
T={/1 £:|/|=1}; X I khdng gian Banach; X" 1a khdng gian lién hop; A", domA, Ker A, Im
A, r(A)={/:/1 £,A- /1T L(X),A- /1:songanh}, s(A),

Swea(A)={/1 £:/ - A khong Fredholm} , va sprad(A) =sup{|/|:/T s (A)} lan luot a lién hop,



mién xac dinh, nhan, anh, tap gia tri chinh quy (tap giai), pho, phoé Fredholm, va ban kinh
phd clia A; a|, 1a thu hep ctia A trén Y1 X; L(X,Y) Ia khong gian Banach céc toan tir
tuyén tinh bi chdn tr X dén Y; L(X)IA tp cac toan t bi chan trén X;
L, =L,(i.X),pl [L+¥) 1a khong gian Banach gbm céc ham tir X vao j sao cho |f|” kha

tich Lebesgue; C,(i,X) 1a khong gian cac ham lién tuc triét tiéu tai +¥ ; 1 (¢ X) 1a khong
gian Banach gbm tét ca céc day X =(x,) cac phan t& trong ¢ sao cho §|xn|" <¥:¢(¢X) la
et
khong gian cac day triét tiéu tai ¥ . Khong gian ham e( i) la mét trong cac khdng gian
L,(i,X) hodc Cy(ii,X), khong gian ddy €(¢)la mét trong cac khong gian 1,(¢,X) hodc
G(¢.X), e(i.)la mot trong cac khong gian L (i..X) hodic Cy(i..X),
&(i.)=Cy(i.. X) lakhong gian cac ham lién tuc trén ; triét tiéu tai O va ¥ , khong gian
day e(¢,)la mot trong cac khong gian I,(¢,, X) hodc 6(¢,,X), ([0,20])1a mot trong cac
khong gian L,([0.20].X) hodc C,,([0.20].X) - la khong gian cac ham tuan hoan chu ky
2ptrén doan [0,2,0]. Ta dung hinh thitc in ddm dé ky hiéu cho ddy, chang han,
X=(X,); e %1 X. VGi nl ¢, truc chudn thir n trong 1,(¢,X) hodc ¢,(¢.X) lae, =(d,), .

VGi g, 1a hé s6 Kronecker. Néu xi x thi ta ky hiéu day xAe, =(x ). boi xAe, =(xd,)

K¢ K¢

sao cho x, = x Va x, =0 VOIi k1 n.

Vi YT X va Y.I X ta ky hiéu Y° :{XT X" :1(x,x)=0," xI Y} va
Yo ={xT X :(xx)=0," xT Y.} Néu x = x, A x, thi (X,) =X; va(X,) =X,
NEu P la mot phép chiéu trén X thi P* cling la mot phép chi€u trén X* voi

ImP*=(KerP)" =(ImP)" va KerP*=(ImP)" =(KerP)*.
Néu (P,Q) 1a mdt cdp phép chiéu trén X thi X =ImP A KerP va
X =ImQA KerQ .

Bat ky mot toan tlr A bi chan trén X cé thé duoc viét dudi dang toan tl ma tran nhuw sau:
Q PA(I-Q) w©
)AQ  (1-P)A(I-Q)g

e P

a=8 P Uig 1.g=f ™ 2.1
~8- P @ 'Q]_§(|-P &

NEu AQ = PA ma tran nay la ma tran chéo véi cac phan tir trén duong chéo 1a Alova Algo-



Néu A(ImQ)i ImMP hodc AQ =pPAQthi ta dong nhdt Al,,=AQ:ImQ® ImP, ta Viét:

_GAlme  PA(1-Q) ©

TR0 (1P Aot -
Cho toén t& sai phan D xéc dinh trén khong gian |, (Z,X), pT [1¥)nhv sau:
D:(x);, a(x,-U(nn-1)x,)
Toan ti lién hop cua D la:
D*:(x,),, @(x-U(n+ln)*x.) . (2.3)
Ta co:
KerD ={(xn)nTZ :X, =U (n,m)x,;" m,nT Z,n3 m}, (2.4)
KerD*={()(n)nTZ 1, =U (n,m)*x;" m,nl Z,n3 m}. (2.5)
V&i mdi nl Z, ta dinh nghifa cac khdng gian con sau:
X, ={xT X:$(x),,1 KerD,x= xn}, (2.6)
X, :{XT X*:1$(x )., 1 KerD*,x:xn}. (2.7)

X* la khong gian lién hop cua X, cho cac khéng gian con:
YI X
Y.l X*
Ta ki hiéu:

{XT X*:(x,x)=0"x1 Y}

v
‘A {xT X 1{(x,x)=0" x1 Y*}

B6 dé 2.3 V&i moi ni ¢ va mi ¢, mEn, cac khang dinh sau thoa:

(i) dim X £ dim KerD <¥ va dmX , £EdimD*<¥;

(i) U(nm) X, T X, hon nira, toan ti U (n,m)], : X, ® X, kha nghich;

(iii) U(n.m)*X,.1 X,., hon nita, toan tir U (n,m)*|, :X,.® X . kha nghich;

(iv) U(nm) X, .1 X,. va codimX . =dim X _.<¥;U(nm)*X 1 X va
codimX™ =dimX_ <¥:

AN

v) X, 1 Xo.ova X..1 X,
Chitrng minh
(i) Theo dinh nghta clia x_va X. thi D la toan t& Fredholm.

(i) C6 dinh x7 x , valdy mot day ()., KerD saocho x = x, .



Tir (2.4), taco: x, =U(n,m)x,.
Vi (%), 1 KerD nén theo dinh nghta cta x, thi U(nm)x,T X, .
Vi dim x, <¥ nén dé chirng minh toan te U(n,m) lx 1 X, ® X, khé nghich, ta chi can chiing minh
U(nm)ly : X, ® X, latoan anh la du.
That vay,
C6 dinh x1 x, valdy motddy (x),,1 KerD saocho x = x, . T (2.4), ta c6:
x,=U(n,m)x,.
Theo dinh nghfa cia x ,,taco x,i x,.Dodo, x=U(nm)x, v6i x i x, va u(nm) : X, ® X,
la mot dang cau.
(iii) Tuwong tw nhu (ii) bang cach st dung (2.5)
(iv) V6i yT X/, tacé (y,x)=0 véi moi xI X, .. Néu Al X, thi U(nm)*AT X_.(do (iii)) va
(U (n,m)y,A)=(y,U(n,m)*n)=0.
Do d6, U(nm)yl X...
Tuong ty d6i véi U (n,m)*.

(v) Codinh xi x va X1 X, lay day (%), T KerD va (%), 1 KerD* sao cho x=x Vva x = x, . Khi

Kz

do, theo (2.4) va (2.5), ta cé:

¥ > é <Xk’Xk> = é <Xk’Xk>+é. <Xk’Xk>

Kl z k3n k<n
0

=& (U (k,n)x,x )+ @ (x.U (nk)*x,)

k3n

[o]

=a (x,.U (k,n)*x )+ (U (n.k)%.x,) =a (%) * A (%0 X) = A (X X).

k3n k3n k3n k<n 1z

=,

Do do, (x,x)=0. O
pat X, 1 X,. 1a phan bu tryc tiép cla khdng gian con hitu han chigu x_trong X, ., v, 1a phan bu
truc tiép cla khong gian con hitu han chigu X;. trong X. Khi d6, ta c6:
X=X Ay, =X AX Ay, nl ¢ (2.8)
Ta dinh nghfa khong gian con déng cta 1,(¢,X), pT [L¥) hodc ¢,(¢,X):
F :{(yn)m ty, 1 Xl ¢}. (2.9)

B6 de 2.4 F 1a D — b4t bién va p |_ la toan anh trén F.



Néu y,1 X .va y, .1 X, .. thi y,-U(nn-2)T X .theo (iv) clia B6 d& 2.3 va DF I F.Dé chiing minh
D |. 12 toan anh, dau tién ta chirng minh F1 ImD. Vi D la toan t& Fredholm nén mién gia tri cia nd
dong. Do d6, ImD la tap hop cac day y thda (y,x) =0 vo&i moi day xT Ker D*. Vi thé, ta chi can
chirng minh réng y ~ x véi moi day y =(y,);,1 F Va xT KerD*.
Néu y =(y,);,1 F thi y,T X. theo dinh nghta clia F. Va digu kh&ng dinh d4 dugc ching minh.
Tiép theo, ¢6 dinh y=(y,),;,1 F1 ImD va tim day x=(x),,1 1,(Z,X) sao cho px=y hay véi
moi nT Z vamoi k1 N thi:

X, =U (n,n-1)x,,+y, =U(n,n-1)gJ (n-Ln- 2)X, , + Yo i f* Va

k-1
=..=U(nn-k)x_, +au(nn-jy, .

<0
Dé chirng minh p |, toan &nh trén F, ta can chirng minh %, T X, v&i mi ni Z.
C6 dinh X1 X, va ldy mot dy (), ,T KerD* sao chox = x .

Theo (2.5), tacé U (n,n- k)*x, =x, .

Vi (Vi) , 1 F néntheo B d& 2.3 (iv), taco U(n,n- j)y, ;T X;. va

<U(n,n- j)yn_j,xn>=0.

Khi do:
(X0 X, ) = (X, .U (n,n- k)*Xn>+<gU (n,n- j)yn_j,Xn>
j=0
=X, %) ® Okhi k® ¥ Vi X, |® 0 khi k® ¥
Do do, (x,.x)=0. 0

Ta biét X, 1a phan bu truc tiép cla x, trong Xg., xac dinh khéng gian con dong r, cla F nhu sau:
F, :{(xn)mi Fix,l XO}
Goi p, =p|, Xac dinh trén F v0i domp, = F, .
BS dé 2.5 Toan t p kha nghich trén F, nghia 1a v6i méi (z,). .1 F, ton tai duy nhét ddy
(Xn)nmT Fy sao cho D(Xn)nm :(Zn)ni¢'
Chitrng minh
Theo BG d& 2.4, voi méi z=(z,),, T F thi ton tai mot day y =(y,) T F sao cho

Dy=1z



Theo dinh nghfa clia F, tacé Y, X...

St dung sw phan tich Xg.=X,A X", biéudién y, = y+ y, véi y1 x, va y'T X;.
Theo dinh ngha cta x,, ton tai day (1), T KerD saocho u, = y .

Patix, =y, - w,.ni z.

~

Viy, T X, va w1 X T X, (theo B6 dé 2.3) nén ta suy ra x=(x,) ., 1 F.
Nhung X, =Y, - % =Y,- y=y'T X;. Do d6, i F,.
Vi ()., 1 KerD néntaciing c6 Dx =Dy =z.
Dé chirng minh tinh duy nhét, ta gia s rang x7 r,va xI KerD .
Theo dinh nghfaclia x_tacé x 1 x, v&i moi nl Z nén x,1 x,.
Nhung (x,), 1 F nghiala %1 X,.
Vi x1 KerD nén theo (2.4) ta suy ra x, =U(n,0)x, =0 v&i n3 0.
Ciing theo (2.4), ta dé y réng 0=X, =U (0,n)x, véi n<0.
Theo BS d& 2.3 (ii), U(0.n)ly : X, ® X,,n<0, kha nghich va do do x,i x,suyra x, =o V6i n<0.0
Ménh @& 2.6 Ton tai mot ho {P} ., gdm cac phép chiéu xéac dinh trén X/ .sao cho s?f”pn” <y, M>1
va a >0 thoa:
(i) Neu n3 m>0 hodc 03 n3 m thi

PU(nm)x=U(nm)Px" xT X. (2.10)
V6i thu hep U (n,m)|,,., : ImP, ® ImP, , ta co:

£ Me 20" (2.11)

HU (n,m)‘,mpm
(i) Néu n>02m va xI X,. thi U(nm)Px=PU(n0)y, voi Y, X;la phan hop thanh ciia
y=U(0,m)x trong bidu dién: y=Y,+Y,, Yo1 X,(tng voi tong truc tiép Xg. =X, A X;.
(iii) Néu n3 m>0 hodc 03 n3 m thi

thu hep U (n,m)

wern. - KerP, ® KerP, la toan t& kha nghich va

H(U (n,m)

KerP, )1H £ Me 2™

(iv) Néu n>03 m thi toan tr nat thu gon N(n,m) dinh béi

N(n,m)=(1-P,)U(n,m)

kerp, - KEIB, ® KerP,

|a toan &nh voi KerN(nm)=X_ .



Chitrng minh
Goi T la toan tir tuyén tinh dong trén F ¢6 qomT = F, dinh béi:

T:(%), a(U(nn-1)x.,)  théap,=1-1.
Theo dinh Iy ph6, toan t (/1-T) " bi chan trén F, vei /T r(T).
Vi mbi /T T, goi V(/) laphép déng cu trén F dinh boi:
(a)az 2 (7%,
Khi do:
V(T ()= L (2.12)
Do dé, s(T)=T.s(T), nghta la s(T) bat bién.
Vi1l 7(T) theoB6 @8 2.5nén s(T) 1 T=A.

Xét phép chiéu Riesz: p = (2pi)* ¢(/ - T)*d/ V6i T xéc dinh trén F (ing voi phan s(T)thudc dia

don vi:
S(Thae) =s(T)H{/T £/ <1} (2.13)

~

Ta thdy P 1a toan ti bi chén trén Fva impi F Vi (/1-T)'(x,).,T domT =F, véi mbi (x,),,1 F
va/lT.
Hon niva, toan t& TP xac dinh trén F la bi chan trong khi PT chi x&c dinh trén F,, tuy nhién
TP E PT, nghia la:

TP(x,).., =PT(x,)., véi moi (x,).,TF.

(2.14)

Ciing theo (2.13), sprad (T |,..») <1.
Thu hep 1., la mot toan tir xac dinh trén KerP v&i domT |,,.= KerP I F,Va

S(Tlew)=s(T)1{/T £:]/|>1}.
Péc bigt, 7| kha nghich trén KerP va sprad((T |Kerp)‘1) <1,
Ldy » bat ki thoa:
0<a<-In max{sprad (T lmp ), sPrad ((T |Kerp)'l)}
Do do, ton tai M3 1 thoa:

(T 1)’

£Me® ki Z, . (2.15)

EMe ™ va |(Tlep)




Tiép theo ta chirng minh ton tai mot ho céc phép chiéu {P} xac dinh trén X. thoa sup||P,|<¥ va
ni z
P = diag[P,], NghTa 1a voi mdi (x,),,1 F, taco:
nl z

P(%)az =(P%)4 -
That vay, tir (2.12) va biéu thirc tich phan P tasuy ra v (/*)PV (/) =P véimoi /1 T.
Vi P giao hoan v6i moi ho{V (/):|/| =1} nén P Ia toan tir chéo, nghfa la p = diag [,].
Céc toan ti P, dwoc xac dinh nhv sau:
C6 dinh xI X. va dinh nghfa p x nhu 1a phan t& thi n clia day P(xAe,).
Cha § ring sup]p| = [P < -
Codinh mi Z, ldy tayy xT X, . vaddt x = xAe, .
Chay rang xi r,va XI X,. N&u x1 r, thi tir (2.14) suy ra:
TPx=U(m+Lm)P,xAe, =PTx=P_U(m+Lm)xAe_,
Do d6, néu xT X thi U(m+Lm)P,x=P,,U(m+Lm)x.
N&U » > m thi U(n,m)=U(n,m+1)U(m+1Lm),
Diéu nay suy ra (2.10)
V6i x=xAe,, ta thdy ring T'x=U(m+jm)xAe, T F, j=o1i.n-m Vv6i n3m>0 hoic
0>n3m hodc n=03% m va U(0,m)xT X,.
Khi do, (2.15) suy ra (2.11) va (i) trong Ménh dé 2.6 dwgc chirng minh.
B6 dé 2.7 Cac khang dinh sau théa:
X, 1 Kerp, VOINEO va x i mmp, VOIi n>0. (2.16)
Chitrng minh
Theo (2.6) va (2.4), néu xi x, thi ton tai mot ddy (x,)., T 1.(Z,X) théa x =, va
X, =U(n,m)x, véimoi n3 mi Z.
Tathdy: P(x,),1 ImPI F" nl N.
Néu (¥.);, =T“(PX,).,, v6i ¥, =Y, (k) thi y, =U(nn- k)P, X, .
T (2.10), taco: néu n- k>0 hodc 03 n thi
y,=U(n,n- k)P, ., =PU(nn-k)x,,.

Nhung (x,).,T KerD vadodo U(nn-k)x,_, =x,. Vivay,



y =px VOIi n>k hoic 03 n. (2.17)
Theo (2.15), ta thay:

lim
k® ¥

(yn)nTZ :IimHTk(Pan)nTZ‘Lp :0'

|p k®¥
Tw (2.17), ta cé:

p—

Vithé, px =o,nghfala x i kerp, VOIi N£0.

()], =alvil™= &lvl”=arx|".
nz n£0 n£0

lp

Dé& chimg minh y th hai clia (2.16), tachti y réng ((1- P,)x,). T KerP.

nl
Vi 1., khd nghich trén KerP va bét dang thiic thi hai cla (2.15) thoéa nén véi mdi ki N, ton tai

mot day ()., T R 1 KerP, véi y, =, (k) sao cho
Tk(yn)niz :((I B Pn)xn)niz va

IimH limy ). \ =lim
k® ¥ ( y“)nlz l,  k®¥

=0 (2.18)

(T |KerP)-k ((I - Pn)Xn)nTz
St dung dang thirc x, =U (n,m) X, va (2.10), ta thdy néu n- k >0 hodc néu 03 nnén phan t& th n
cta day T*(y,),, =((1- R,)x,),., bang

U(nn-k)y,,=(1- P)U(nn-k)x,,

n

=U(nn-K)(1- P, )X,

I

Mt khéc, Y, - (1- P, )%, ] KerU(n,n- k).

Suy ra:
Yok~ (I - Pn-k)xn-k =0 vGi n>k.
(2.19)
Ta Viét:
‘(yn)niz .Z :‘(yn-k)niz .i ° é;k”yn-k”p :né;kH(l - Pn—k)xn—ka zé.ou(l - Pn)Xan

Tir (2.18) suy ra: (I1- P,)x, =0, nghtala, x i kerp,n>0.

Ta biét (y,),;,1 KerP vado dé y, - (I- P, )%, T KerP,,,n>k.

Vi thé, ta chi can kiém tra KerU(n+k,n) I KerP, ={0}," n>k," k >0 Ia du.
Néu n>0 va xI KerU(n+k,n) I KerP, thiddy x = xAe 1 KerP I F,.
V6i ji N, tacd T'x=U(n+j,n)xAe,,. Dod6, T*x =0 vi U(u+k,n)x=0,

Tir bat dang thirc trong (2.15), ta suy ra:



0=[Ty, 2 Me ", =m-ie™
Do d6, (2.19) da dwoc chitng minh va ta d chirng minh xong két luan cua (2.16) va B6 dé 2.7.
Pé chitng minh (ii) trong Ménh dé 2.6, trwvdc hét ta xét n =1 va m=0. Chilng ta c6 thé ap dung
(2.14) d6i v6i day (x,)., =xAe, chikhi xI X,va nhan duoc:
U(L0)Px=PU(L0)x voi X1 X,. Bidu nay suy ra: néu n>m=0 thi

U (n,0)Px=PU(n,0)xvéi moi xI X,. (2.20)
Tiép theo, ta xét trudng hgp n>03 m
Co dinh xT X, vadat Y=Y, +Y,, V6i y,1 x, va Yol X;.
Ta biét: p,y, = 0 theo (2.16)
Khi do, tr (2.20), ta két luan :
U (n,m)P,x=U (n,0)R, (yO + yo) =U(n,0)Ry, =PU (n,0)y,.

Dé chitng minh (iii) ciia Ménh dé (2.10), ta dé y rang theo bat dang thirc thit hai trong (2.15) ta co:

H(T ) (%:)s2 -

Vi T!(x,);,1 KerP IR voi j=01.. k-1, néntaco:

£ Me %

‘F'

(%)

I (x

‘ 3 M —1eak

(%) 2

nIZ ‘F'

Pac hiét:
T!(xAe,)=U(n+jm)xAe T F néu va chi neu m>0 hoic m+j<o hoic m=-j va
U (0,- j)xI X,.
Diéu nay suy ra:
U (m+k,m)x| 2 M e x| néumét trong ba diéu kién sau dugc thoa:
am>0,ki z,,x1 KerP_;
b) m<0,k=0,1,..,-m,xT KerP,;
c) m=0,kI Z,,xI X, 1 KerP,.
Tiép theo ta chirng minh (iv) ctia Ménh dé 2.6
Ta xét toan ti nut:

N(l,O) ( ) (]“O)|KerPO:KerR)® KerPl'
Ta bigt: KerN(1,0)={xT KerP,:U(1,0)xT ImR}

Ta ching minh: X, =KerN(1,0). That vay:



U(L0)(X,)=X,1 ImP, theo B& dé 2.3 (ii) va (2.16), didu nay suy ra X,1 KerN(L0)

Bé chirng minh chiéu nguoc lai, ta gid st x1 kerp, va U (lO)xT ImP,.

St dung X;. =X, A X;, phan tich X=X, +%,. Khi d6:

U (1,0)x% =U(1,0)x- U(1,0)x,T ImR vi U(L0)xT ImP, (theo gia thuyét) va

U(L0)xT X, 1 ImB theo B8 @& 2.3 (ii) va (2.16).

Ngoai ra, X, 1 KerP, 1 X, vi X, =X- X, VA x1 kerp, (theo gia thuyét) va

x,1 X,1 Kerp, theo (2.16).

Do do, X, Ae,1 KerP 1 Fyva tir (2.15), v6i ki N, ta co:

Nhung theo (2.11), v6i U(10)%1 ImP, suy ra [x|=0 vado do x - x,, chimg to
KerN(L,0)1 X,.

Tiép theo ta chirng 6 réng voi moi Y1 KerR, $x1 KerR,:(1- B)U(L0)x=y.

LAy yAe,i kerp Vatim (x,)., T KerP IR, saocho T(x,)., =yAe,.

Pac bigt, U(10)%, =y voi X, 1 KerR 1 X;.

Khidé, y=(1- B)y=(1- B)U(L0)%, va N(10)Ia toan &nh tir kerp, dEN Kerp, VOi
KerN(1,0) = X,.

PE hoan thanh chirng minh (iv) trong Ménh dé 2.6 véi n>03 m, ta dé y rang:

U(n,m)=U(n,1)U(10)U(0,m) va (2.10) suy ra:

(- RJU(nm)(1-R,)=g1- R)U(n1)(I- R)aN(L0) g1 - R)U(O.m)(1- R.)g
Theo (iii), cac toan tlr trong ngoac kha nghich, va trong twong hop tong quat n>023 m trong (iv)
suy ra tir truong hogp n =1 va m=0 da dwoc chitng minh & trén. O

V6i ks 1,kIT ¢, ta dinh nghla mot ho tién héa bi chan 10y thira {U.(k,1)} = trén X*bi

U.(k1)=U(-1,-k)*U, goi D.:(x),, & (X - U.(kk-1)x,). . laton ti sai phan tuong tng.

Ta cling dinh nghta toan t&¢ p, theo qui tac:
D,:(x,),, a(x-U(n +1,n)*)(n+1)nT¢
, - ~ A - — * T 1 1 — ~ , - ~ 1T \
p, Xac dinh trén khong gian . =1,(¢,X*),q] (l¥)’5+6_1 néu D xéc dinh trén |, pT (L¥)va
khi do, b, =p~*.

p, Xac dinh trén khong gian ¢,. =¢,(€¢,X*) néu D xéc dinh trén khong gian 1, va khi d¢, (D,)*=D.



p, Xac dinh trén khong gian l. néu D xéac dinh trén ¢, va khi dd, b, = p*.

NEu j:()ﬁ)m a(X-k)m va toan tr p, dwoc xac dinh trén cung moét khdng gian ddy nhu p, thi
D=jDj".

Vi D la Fredholm néu va chi néu D* la Fredholm nén ta suy ra p, la Fredholm va do dd, p. la

Fredholm. Hon ni¥a, ind b, = ind D -
Ap dung (2.4) - (2.5) cho b, va {U.(k,1)} . va cha ¥ ring U.(k,I)*=U(-1,-k) xac dinh trén

khong gian phan xa X. Khi d6, voi day (x),., va (z)., t nhitng khdng gian déy twong (ng, ta c6:

K¢ K¢

KerD. ={(x,), ¢ % =U. (k.1)x.k2 1},

de
Ker(D*)*:{(zk)m:z,:U*(k,l)zk,k3 I}. (2.21)
V6i K1 ¢,ta gioi thieu cac khong gian con Z,.1 X*Z 1 X nhu sau:
Z,.={x1 x*:$(x),, 1 KerD.,x=x},
o1 Ker(D)*z=2]} (2.22)
Bo de 2.8
V6i mbi kT ¢,taco ¢, =x, va € =X .
Chitrng minh
Theo céc biéu thic (2.21) va (2.22), 21 z, néu va chinéu ; = ,, v&i day (z),, thoa
z,=U.(k1)*z =(U(-1- K)*)*z, =U(-1,-K)z," k3 1.
Theo céc biéu thirc (2.4) va (2.6), x1 x, Néu vachinéu x = x, V@i day (x,)., thoa
x,=U(nm)x," n3m,
Pat; =x niz,dodd:z =x_,.

Viéc chirng minh Z,.=X_, . la tvong ty. O

Ap dung Ménh d& 2.6 cho ho tién hoa {U*(k,l)} /- mot ludng phan cla ho thu hep {U*(k,l)|zr}

)
ks k3l

véi k3 1>0 va 03 k3| giong nhu BO dé 2.5 va tinh chat toan anh cua toan tl nGt thu gon twong

tng vo&i ho thu hep nay. Sir dung BO dé 2.8 vadat n=-1 va m=-1 véi n3m trong ¢, ta c6 céc
két luan sau d6i vai ho {U (n,m)*|XA} ~ nhv sau:
Ménh d& 2.9 Ton tai mdt ho {P,.} = gdm céc phép chiéu dinh nghia trén X, sao0 cho Sup|P,.| <¥

¢

va cac hangsé m 3 1, a >0 thoa:



(i) Neu n3 m3 0 hodc 0>n3 m thi
P..U(n,m)*x=U(n,m)*P..x véi moi xI X .
V6i thu hep U (n,m)*|, .. ImP,. ® ImP, ., ta co:
”U (n,m)*|,mpn‘*||£ Me (™™,
(i) Néu n® 0>m va xI X thi
U(nm)*P.x=P, U (0,m)*V, (2.23)
v6i YT X,. 1a phan bu ctia V=U(n,0)*x trong sy biéu dién V= A 1}, T X,., tuong tng voi
tong truc tiép X, =Xo. A X,
(iii) Néu n3 m3 0 hodac 0>n3 m thi thu hep U (n,m)*|KerPny*: KerP,. ® KerP, . la toan ti kha nghich
va
(U (m)*les, ) | £ e, (2:24)
(iv) Néu n3 0>m thi toan tir nat thu gon N.(n,m) dugc dinh nghta nhu sau:
N.(n.m)=(1-P,. U (nm)* s, . KerP,. ® KerP, . (2.25)
|a toan &nh véi KerN.(n,m) =X, ..
(v) Cac khéng dinh sau thoa:
X1 KerP, véins 0 va X,.1 ImP,. véi n<o0. (2.26)
Tinh bat bién ctia phan bu truc tiép:

Tir t6ng truc tiép: X =X AY,, tasuy ra:

~

(v.)==(x") =x,.nl ¢ (2.27)

n o

Theo BG dé 2.3 (i), dimX . <¥ vado do X,. c6 phan bu tryc tiép trong X *.
Goi Q,~ la mgt phép chiéu bi chan trén X * théa ImQ,. =X, ..
Theo B3 dé 2.3 (iii), taco: U (n,m)*(X,.)T X,..n®m hodc
U (n,m)*Q,.=Q,.U(nm)*Q,.. (2.28)
Cha y rédng v_ 1a phan bu tryc tiép tly y cla cla khdng gian con X,.c6 d6i chigu hitu han trong X

va néi chung U(nm)(Y,)EY,. Ap dung cong thirc (2.2) v6i P=Q,. va Q=Q,. v6i A=U(n,m)*



trong sw phan tich X*:IQO,*A KerQ,. va X*:Ian,*A KerQ,., ta sé dong nhat thu hep
U (n,m)*lxny* va toan tov U (n,m)*Qn,* X~ ® X .. DAy la toan tir kha nghich, hitu han chiéu.
Theo (2.27) va (2.28), (U (n,m)*Q,.)*=Q,.U (n.m)Q,.:Y, ® Y,.
Néu n3 0thi X,.1 KerP..theo (2.26) va do dé (2.24) suy ra:
HU(n,m)*xﬂ3 M‘lea(”'m)”x” "x1 X, (2.29)

£ Me 2(m),

L(X s X )

Do do, H(U (n,m)*Q,.)"

L&y lién hop (2.28) va sir dung (2.27), ta két luan rang toan te:
Q..U (nm)=Q.U(nm)Q,.:Y, ®Y, (2.30)

kha nghich, va

£Me #"™ n3 m3Q, (2.31)

L(Yn A )

(@wimma.)

vGi y_ la phan bu tryc tiép cla X;. trong X.
Tiép theo, ta ddng nhat phan b tryc tiép cla X;. trong X, n3 0, ma U(n,m)- bt bién. C& dinh v,
bét ky sao cho X,.AY,=X. V&imbi n3 0, ta dinh nghfa
W, ={U (n,0)y,: ¥, Yo}
BG dé 2.10 Vi moi n3 m3 0 trong ¢, cac khang dinh sau thoa:
(i) Khong gian con w, dong;
(i) X, AW, =X;
(iii) U(nm)W, I W,,n3 m30;

(iv) Thu hep U (n,m)|,, :W, ® W, kha nghich va

H(U (n.m)ly, )1H £ Me?(™m, (2.32)
Chitrng minh
(i) Céc dang thirc (2.30) va (2.31) véi n3 m=0 suy ra:
Yol Yo M6y £]Q5.U (n.0)Q5.y,| =[Q:[ U (n.0) s (2.33)

Do d6, U (n,0)y,|2 c]y,| v&i c >0, va (i) thda.
(i) D& chirng minh X, T W, ={0}, ta gia st x=U(n,0)y,T X,. v&i y 1 v

0"

Vi U(n,0)*:X,.® X,. la dang cu theo BS d& 2.3 (iii), néu X1 X,. thi



X =U(n,0)*x, voi X1 X,..

Vi xI X, v6i mbi 1 x, ta co:

(Yo%) =(¥,U (n,0)*x,) =(U (n,0) y5, X, )(%. X, ) =0.
Do do, Yol Xo. 1Y, v y, =0 =x.
D& chimg minh (w, +x.)" =w, 1 x,. ={0} , tagia sir rang x,T W, 1 X,..
Khi d6, voi méi y, i v, va x=U(n,0)y,T W,, ta cé:

0=(x,,x)=(x,U (n,0)y,)=(U(n0)*x,Yy,).

Do d6, U (n,0)*x,T (Y,) .
Mat khéc, X1 X, .va theo BS d 2.3 (iii) suy ra U(n,0)*x. T X,..
Do d6, U(n,0)*x, =0 va x =0 theo BS d& 2.3 (iii)
Vay, ta chitng minh xong (ii).
(iii) Néu x=U(m,0)y,T W, thi U(n,m)x=U(n,0)y,T W,.

(iv) Theo (ii), ta co: (w,)*= (X

n*

) =X,..
Theo (iii), ta dang trong truong hop khi ma U (n,m)*|Xn,*: X, ® X, . latoan tk lién hop cla toan tur
U(n,m)l, :W, ® W,.
Theo (2.29) suy ra (2.32) vi cac toan t&r kha nghich thi chuén clia cac nghich dao 14 bang nhau. O
Ta xét tong truc tiép X*=X, AY ., n£0, voi Y, la mot phan bu tryc tiép bat ky U(n,m)*- bat
bién clia X, (c6 d6i chidu hitu han) trong X *. Ta c6 thé dong nhat (Yn’*)*z(X:)A = x, va dinh
nghta W, ={U (0,n)*x,1 Y,.}.n£0.
B6 dé 2.11 Vi moi m£n£0 trong ¢ , cac khang dinh sau thoa:
(i) Khong gian con W... déng;
(i) X; AW, =X*,
(iii) U (n,m)*W. [ W,.;
(iv) thu hep U (n,m)*|,, :W,.® W, . kha nghich va

H(U (n,m)*l\N“)'lH £ Me 20" |

Chitrng minh
Ta co:



X1 KerP,,n£0 trong (2.16) va Ménh dé 2.6 (iii) suy ra:
U (0,n)1, : X, ® X, kha nghich voi H(u (0.n) |Xn)'1H£ Me®,n £0.
V&i moi phép chiéu bi chan g trén X véi imq, = x , ta co:
u(0,n)lx =U(0,n)Q, =QU(0,n)Q,. Qua toan tir lién hop, (2.33), ta két luan:
U (0n) =2 clpd ™ XT ¥, =(X,)*
Diéu nay suy ra (i).
Céc chiing minh (ii) — (iv) twong ty nhv Bo dé 2.10 O

Binh Iy 2.12 Cho X la khdng gian Banach phan xa, toan t& D la Fredholm trén 1,(Z,X), pT [1¥)
hodc trén ¢(Z,X), khi do, ho tién hoa roi rac {U(nm)} .nmiZco lutng phan Idy thira

{r7} rénz va{p} trénz.

Chtrng minh

VG6in>0:

Theo Ménh dé 2.6 va Bo dé 2.10 (ii) ta co:
X =X,. AW, =ImP, A KerP, AW,,n>0.

Goi P 1a phép chiéu trén X voi

ImP* =ImP, va KerP" =KerP AW,n>0 (2.34)

V6i n3 m>0:néu xI ImP; thi U(nm)xT ImP theo (2.10).

Néu X:y+ZT KerPn: VOi yi Kerp, ,zT w_, thi

U (n,m)x=U(n,m)y+U(nm)zl KerP, theo (2.10) va BS d& 2.10 (iii). Diéu nay suy ra:
U(nm)P, =PU(nm) v4i n3 m>0.

Tw (2.11) ta cé:

HU (nm)l,. :HU (nm) [, H £Me “™™ n3 m>0.

Ma tran biéu dién (2.2) cla toan t¢ A=U(n,m)] trong KerP'=KerP, AW, va

KerPy
KerP" =KerP* AW, c6 dang chéo (theo (2.10) va B& d& 2.10 (iii)) v&i cac ma tran con chéo hoa
kha nghich U (n,m) . va U(n,m)}, .

Khi do, toan tir U (n,m) |, kha nghich va nghich dao clia n6 thoa Ménh dé 2.6 (iii)

Toan t& U(n,m)},, thoa (2.27)



Do dé, ta co: H(U (n’m)lKerP+ )'1 £ Me 2™ véi n3m>0.

Tiép theo, ta xét n=0:
Ta biét X, la pha bu tryc tiép clia x, trong Xo., VA x,i kerp, theo (2.16) va KerP 1 Xg. theo
Ménh dé 2.6
Ta ky hiéu:
X, =X, 1 KerP,.
V6i mbi «1 Kerp, , St dung sy biéu dién tong truc tiép X,. =X, A X, ta viét: X=X, +X%,v6i duy nhat
X1 X% T Xy,
Khi d6, X, =x- %1 KerP vadodé X1 X,.
Do do, %0 la phan b tryc tiép clia x, trong kerp,, nghia la X, A )0@0 =KerR.
Ta chirng minh:

U(L0): X, ® KerP, 1a mot déng cau. (2.35)
Thét vay, néu x1 kerp, thi theo tinh toan anh cla toéan ti nat N(lO), tlr Ménh dé 2.6 (iv), ton tai
y1 kerp, thoa N(L0)y=(I- R)U(10)y=x.
Dung tong truc tiép KerP, =X, A X, dé viét y =y, + y. voi Vo1 Xo, %1 X,
Vi KerN(L0) =X, nén ta co:
x=N(L0)y=N(10)% =(1- B)U(10)¥.

Vi §,1 X, 1 KerP, néntacé:p g, = o
Nhung $,1 X, 1 X, va (2.20) nén suy ra:

0=U(L0)R¥, =PU(10)¥,.
Do d6, U(L0)§,T KerP, va U(L0) %, =(1- R)U(L0) ¥, =x.
Do d6, U(L0): X, ® KerP, 1a toan anh.
Tiép theo, néu U(L0) %, =0 v6i %1 X, 1 KerP,, thi N(L0)$¥,=0.
Vi KerN (1,0) = X, nén theo Ménh d& 2.6, ta c6 y,i x, vado do, y, = o Vi

X, 1 %, ={0}.

Ta chirng minh xong (2.35)

Dinh nghta mot phép chiéu B trén X nhu sau:



ImP; =ImR, A X, va KerP =Y,A X, (2.36)
Sao cho X =ImMP AKerP' theo (2.8) va X,.=KerP, A ImP, theo Ménh d& 2.6
Theo (2.34), ta biét:
ImP* =ImR, va KerR" =W, A KerP.
Chu y rang, theo B6 dé 2.3 (ii) va (2.16), ta c6: U(L,0)(X,)=X,1 ImB.
Cling nhu:
U(L0)(ImPR,)1 ImB. (2.37)
That vay, theo Ménh dé 2.6 (ii), ta co:
NéU x = px thi U(L0)x=U(L0)Px=RU(10)y,T ImP,.
Do d6, U(LO)ImB'1 ImR",
Ta cing ¢6: U (L0)(Y,) =W, 1 KerB" theo B8 @& 2.10 (iii) va
U (10)(X,)=KerP, 1 KerP’ theo (2.35).
Diéu nay chimg o U (1,0)(KerR; )1 KerR' va U(L0)R =R'U(10).
V&in3 2 va x1 ImP’, ta co:

[U (n,0)x]|=]u (n.1)U(1,0) x| £ Me ="

U (1,0)x| £ M e ™||x]| vi U(LO)xT ImR".

Thu hep U (n,0)],,:=U (1) |y +U (10)1,,- 12 kh@ nghich tir KerRy™ dén KerR". That vay,

KerR*

U(na1)|_..:KerR" ® KerP, kha nghich theo chitng minh veé tinh ludng phan véi n3 1.

KerR*
U (1,0)],..: KerP, ® KerR" la tong truc tiép cla hai toan ti:

U(L,0)[,:Y, ® W, va U (L0) [, : X, ® KerR,.
Toan tlr dau tién kha nghich theo B0 dé 2.10 (iv) va toan t&r thiv hai kha nghich theo (2.35).

Uéc lwong ldy thira cho H(u (n.0)],.... )1H suy ra tir uvéc luong cho H(U (n1)],... )'1 .

V&éin£0:
Pau tién ta xet n<0:
Theo Ménh dé 2.9 va B6 dé 2.11 (ii), ta c6 tong truc tiép
X*=X: AW,.=ImP.AW,,n<0,
Goi R,. la phép chiéu trén X* théa

ImR,. =ImP,.. va KerR . =KerP.AW,., n<0. (2.38)



Nhuv trong chirtng minh Binh ly 2.12 v&i truong hgp n>0, : véi 0>n3 m, ngudi ta chrng minh
duoc:

U(nm)*R.=R_U(nm)*; (2.39)

HU (n,m)*|,mRmH £Me ("M (2.40)
Thu hep U (n,m)*|.q . KerR . ® KerR_ . 1a kha nghich va

H(U (n, m)*|Kear‘*)_1H £ Me 2™, (2.41)
Tiép theo taxét n=0:
Goi X,. Ia phan b tryc tiép cla X,. trong X, va theo (2.26), X1 KerB,..
Pat: X,. = X;. 1 KerP,. sao0 cho

KerP,. =X,. A X,..
Binh nghta phép chiéu Ry. trén X * nhu sau:
IMR,.. =ImP,. A X,., KerR. =Y. A X,.. (2.42)

Bay gi0 ta chirng minh (2.39) — (2.41) théa véi 03 n3 m:
Tw (2.38), ta co:
IMR . =IMP,,, KerR . =KerP , AW, (2.43)

Theo B0 dé 2.3(iii) va (2.26), ta co:
U (0,- 1)*(Xou) T X,
Nhu trong (2.37), ta ¢6: U (0,-1)*(ImP,.)1 ImP.

That vay,
Theo (2.23), néu X=R.x thi U(0,- 1)*x1 ImP ...
Do d6, ta c6: U (0,- 1)*(ImR,. )1 ImR ..
Pé chling to U (0, - 1)*(KerR0v*)‘| KerR ..., trudc hét, ta thdy rang:
U(0,-1)*: X,. ® KerP,. la déng cau. (2.44)
Chirng minh (2.44) twong tw nhr (2.35) va dung toan tir nat thu gon (2.25).
B0 dé 2.11 (iii), (iv) suy ra:
U(0,-1)*:Y,. ® W,,. 1a déng cAu.
Do d6, theo (2.42), (2.43) va (2.44) ta két luan rang U (O,- 1)*: KerR,.® KerR ;. la déng cdu.

Vivay, U(0,-1)*R,. =R .U(0,- 1)*,



Céac danh gia (2.40) — (2.41) v6i 03 n3 m suy ra tr cac woc luong véi 0>n3 m da dwoc chirng
minh trong Ménh dé 2.9 va B0 dé 2.10.
DE hoan tat chirng minh Dinh ly 2.12 véi n£0, ta ky hiéu:

P, =(R,.)* n£0 vathay ring:
ImP; =Im(R,.) =(KerR,.) =(ImR,.)* va

KerP, =Ker(R,.)*=(ImR,.) =(KerR,.)*. (2.45)
Qua céac toan tlr chiéu trong (2.40) — (2.41), véi 03 n3 m, ta co:

‘(U (n,m)|Keer_ )_1

Vabinhly 2.12 véi n£0 da dwgc chirng minh. O

£ Me 2 ™). £ Me 2™

HU (n’ m) |Im [

Hé qua 2.13 Néu D la Fredholm thi véi moi nl ¢, ta co: dim x, = dim Kerd Va
dimX, . =dimKerD*.

Chitrng minh

C6 dinh x7 x vadat x, =U(k,n)x voi k3 n.

Theo B6 d& 2.3 (i), x.1 x, .

Dung (2.34) va B8 d& 2.7, véi k >max{n,0} , tacé I ImR".

ak

Do do, |%]£ce ™ véi k3 0. Néu k<n thi theo BS d& 2.3 (ii), ton tai duy nhdy x 7 x, sao cho
x=U (n,k)x,.

St dung (2.38) va (2.45) voi k<min{0,n}, ta c6:

KerR, =(ImR,.) =(ImP.) E X, vi ImR.1 X, trong Ménh d& 2.9.

Do do, x| =|U (n.k)x* ce ™ |x] hodc x| £ce™ véi k <0.

Do do, bat dau v6i mdt xi x, ta nhan dugc mdt day (x),, théa x =U(k,m)x, voi moi
k3ml Z.

Do d6, (X )., T KerD va ta cd thé dinh nghfa t6t mdt toan anh tuyén tinh

Kz
i i X, ® KerD:xa(x,),., -

Pay 4 toan anh theo dinh nghfa clia x_. Do d6, x_va KerD dang cdu nhau.

Twong tw, X« dang cdu véi KerD* . O

B6 dé 2.14 Mot ham ul domG - mién xac dinh cla toan t& G xac dinh trén L (hogc trén Cy( i, X))

néu va chinéu ul L, 1Cy(i,X) (hodc ul Cy(i,X))vatontai f1 L (hodc fT Cy(i,X)) saocho



W(t)=U (t2)u(t)- ) (ts)f(s)ds, "t T i. (2.46)

Néu (2.46) théa thi Gu = f .

Ménh d& 2.15 Néu D Fredholm trén | (¢, X), pT [L¥) hodc trén ¢,(¢ X) thi toan t nGt rdi rac
N(n,m),n3 03 m, E! Fredholm. Hon nita, dimKerD =dimKerN (n,m),
codimImD =codimImN(n,m) va indD =indN(n,m).

Chtrng minh

Ta xét céc ludng phan {p;} va{p} Voi {u (n,m)}nsm nhan duoc tir Pinh ly 2.12.

Pé y rang:

N (n,m)=N(n,0)N(0,0)N(0,m),n3 03 m va céc toan t& N(n,0),n>0 va N(O,m),0>m déu kha
nghich.

Do do, ta chi can ching minh N(0,0) 1a Fredholm va ind D =(dim X, - dimX,.), (xem Hé qua
2.13)

Ta biét rang ImD ddng va ta mudn chitng to ImN (0,0) cling dong.

Trudc hét, ta chibng minh néu y =(1- P)x, xT KerP; thi yA e, i imD .
-1
That vay: dinh nghta x :(u (0.n) |Kerp_) x=0 v6i n<0 va %, =U(n0)R’X v6i n2 0. Khi d6, voi

n<0, taco:

Tuwong tu, véi n>0, ta co:
x,- U(nn-1)x,,=U(n0)Rx-U(n0)Rx=0.
V@i n=0, ta co:
%-U(0.-1)x, =R U (0,-1)(U (0- 1), ) ¢
=P'x- (I - Po')x=Po+x- X=-y
véi X1 KerP; .
Do do, yAe,i ImD .
Tiép theo, ta chitng minh: néu y 4 e,7 1m o va Yl KerR' thi yT ImN(0,0).
That vay, voi X1 1,(Z,X), tacé: px=yhe,.Dods, 0=x,-U(n,0)x, véi n>0.

Diéu nay suy ra:



Taciingc6: 0=x,-U(-Ln)x, véi n£-1.
Do d6, X1 KerP, va U(0,-1)x,T KerP; .
Cubi cling, Y =%,- U(0,-1)x, suy ra réng:
y=(1-P)y=(1-P)%- (1- B )u(0-1)x,=-(1- B )U(0-1)x,T ImN(0,0) Vi Xl ImR" va
U(0,-1)x,T KerP; .
Bay gi0, ta gia st y = lim yY, V61 yT ImN(0,0).
Theo khing dinh thi nhat, y Ae,7 ImD, jT N.
Vi ImDdéngnén yAe, = lim yDAe, T ImD.
Vi ImN(0,0)1 KerP; nén ta co:
yl KerP'.
Theo khéng dinh hai, yT ImN(0,0) va do d6 ImN(0,0) déng.
Tiép theo ta chirng minh cac biéu thirc véi cac s6 khuyét. Ta co:
KerN(0,0) =KerP; 11mP;".
Do d6, néu xT KerN(0,0) thi [|x,|£ce®", voi x, =U(n,0)x,n3 0vi xI ImP;",
Ngoai ra, ||%,| £ce™,n<0 voi ddy (x,) , théa x=U (0,n)x, v&i moi n®m va
(x,),,1 KerD.
Do dd, xi x, -
Mat khac, KerP, =(ImR,.) =(ImP,. A X,.) =(ImP,.)" 1(X,.) theo (2.45) va (2.42).
Vi X,1 ImB" 1 X;. theo (2.36) va ImP,.1 X; theo Ménh d& 2.9 nén ta c6:
KerN (0,0) = ImPy" 1 ;. 1 (Im P) U=1mpy; 1 (Im P.) EX,.
Vi thé, KerN(0,0) =X, va dimKerN(0,0) =dimX,.
Hon nita, N (0,0)*=(1- P, )*(1- B")* latoan ti xac dinh tir (KerP,")* = Ker(Py)* dén
Ker (P; )*=(KerP; )* va KerN (0,0)*=Im(P; )* I Ker (R )*.
Lap luan trong ty, ta ching minh dugc dimN(0,0)*=X.. O

C3& dinh mot ham lién tuc tuan hoan chu ky bang 1 nhv sau:



1
a:j® j thoa a(0)=a(l)=0va ¢ (s)ds=0.
0

Ta dinh nghia c&c toan ttr tuyén tinh bi chan

R:L (i, X)® 1 (¢,X) vaS:1,(¢,X)® L(i,X) nhu sau:

Rf :gnrjc‘l)u(n,s)f(s)ds% (S9)(t) =a(t)U (tn)x,tF [n,n-+1].

Bo dé 2.16
(i) Néu y =Dx thi Gu=sy voi ul domG;

(ii) Néu sy =Gu Vvoi ul domG thi y = Dx Vi XI Ip;

(iii) Néu f = Gu Vv6i ul domG thi Rf = Dx VOi x=(u(n))rﬂ¢;

(iv) Néu rf = px voi XI | thi f =Gu véi ul domG.

Chitrng minh

(i) Binh nghia u(t) =U (t.n)(y, - x,)- & (t.5)Sy(s)ds voi tT [n,n+1].

Nguei ta d& chirng minh dugc:
ul L, (R X) 1C,(R, X) va théa (2.46) voi f = sy .
Do do, Gu=sy.

(i) V&i ul L (R X) IC)(R,X) théa (2.46) VGi f =Sy, t=n+1Va, = x,taco:

u(n+2)=U (n+1n)u(n)- Ou (n+1,5)a(s)U (s.n) y, 5

=U(n+Ln)u(n)-U(n+ln)y,, ni Z.

Do do, y =D(y, - u(n))

nz*
(iii) Viu vaf thoa (2.46), dat t=n va ¢t =n- 1, ta co:

n

- oY (n.s) f(s)ds=u(n)-U(n,n-1u(n-1),nl Z.

n-1

(iv) Voi x=(x,).,sao cho Rrf = Dx, ta dinh nghfa:

u(t)=u(t,n)x,- Y (t.s) f(s)ds, tT [n,n+1],nT Z.

Ta cling ¢6: ul L (R X) 1Cy(R,X) va u vafthoa (2.46). Do d6, Gu = f .
Bay gi¢ ta chrtng minh ImG déng néu va chi néu ImD dong.

Gia st ImD déng, ta xét bat ky day £ =Gu™T ImG sao cho



imf®=f1
lim f*=f1 L, (R X)-

Theo B0 dé 2.16 (iii), ta co:
RI® =D (u®(n)) ®Rf, f® ¥

Vi ImD dong nén rRfi ImD vadodd fi ImG theo BO dé 2.16 (iv).
Nguoc lai, gia st ImG déng va ta xét bét ky day y* =DxX*T ImD sao cho
lim y =yl .

Theo B6 dé 2.16 (i), ta co: Sy(k) =G ® Sy voi u®7 doma .
Vi ImG déng nén syi imG vado dd, yi imD theo Bo dé 2.16 (ii).
MOt anh xa tuyén tinh B dinh bdi:

(Bx)(t)=U(t,n)x,tT [n,n+1],nT Zvoi x=(x,).,.
Theo (2.46), ul KerG néu va chinéu ul L (R X)1Cy(R,X) va

u(t)=uU(t¢)u(r)" t3 ¢ R,
Theo (2.4), B la mot toan anh tlr KerD dén KerG.
Néu ul KerG thi B(u(n)). =uchingtérangB la toan anh.
Do d6, KerD va KerGdang cdu va dim KerG =dimKerD .
Cudi cuing, ta chitng minh rang néu ImG déng thi dimI:p :dimfp voi cdc khéng gian thuong
I:p:{[f]:{f+g:gT ImG}: f1 Lp}vé
fp ={[y]:{y+z:zT ImD} :yi Ip}
That vay, ta dinh nghfa toén tr R:L, ® I theo quy téc:
R[f]=[Rf].

Vi gl ImG nén Rgl ImD. Theo BS d& 216 (iii), néu h=f+gl [f], g7 INnG thi
Rh=Rf +Rgl [Rf] va R duoc xac dinh t6t.
Néu R[f]=0 thi rf 1 ImD va theo B8 d& 2.16(iv), taco: fi1 ImG .
Do d6, | f]=0.
Vithé, R la phép ndi xa.

C6 dinh y=(y,);,1 |, vadat t =- sy. Khi d6,

nTZI

(Rf) = U (n;s)a(s)u(s,n-1)y,.ds=y, - (Dy) .



Vivady, y =Rf + Dy .

Khi d6, [y] =[Rf]=R[f] va R la toan &nh.

Vay, L, va |, déng céu.

B6 dé 2.17 Gia s {U (t,t‘)}m t.¢1 i, 12 ho tién hoa Ifly thira bi chan lién tuc manh trén khéng gian

Banach X. Ho tién héa roi rac {U(n,m)} .nmi ¢, c6 Iudng phan Iy thira {p;} , trén ¢ vaco

n3

ludng phan Idy thira {p;} trén ¢ néu va chi néu ho {U(te)},, el i, co ludng phan Ity thira

{r} ,, rén ;. vac6 lutng phan Iy thira {pt-}t£0 trén ; tuong tng.

Chitrng minh
Ta chiéng minh trén r_, phén r , ta 1ap luén tvong ty.

Dua vao cc wéc lugng ludng phan déi voi ho {U(n,m)} ., ta chi can xay dung {p7} . thoa

U(t.2)R =RU(tf) vau(tt)] . KerP" ® KerP* 1a dang ciu voi moi t2 72 0.
That vay, gia st diéu nay da duoc chirng minh, khi dé, wéc lvgng ludng phan 6n dinh ldy thira cho

{U(te)}, duoc suy ra tryc tiép tir woc luong ludng phan 6n dinh cho {U(n,m)} vi

nim30

sup U (t.2)]<¥.

Oft-t£1

Pé nhan duoc wéc lugng lwdng phan khong on dinh cho {U (t,z‘)} , chi y rang néu

3230

n+13t3n3m3¢3m-130 thi
(U)o ) =0 M) ) (UM ) (UM ) - 247)

Nhung (U () pe ) = (U (1#20) L ) (U (12,8 s ).

-1

-1

S dung e lwong ludng phan khong 6n dinh cho {U (n,m)} | va

sup{HU(n+1,t)H:nT Z,.t [n,n+1]} <¥

Ta co:

sup}”(u (t,n)lKerF,+)_1 nl Z,,t1 [n,n+1]§<¥.
| A

Tuong t, S“p}”(U(m’f)lKW)_l :mi Z,,m3 11 [m- Lm]§<¥_
I t

Tir (2.47) suy ra uoc lugng ludng phan khong 6n dinh cho {U (t,7)}
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That vay, ldy 1,7 r sao cho t,T [n,n+1) véi ni 2, vadinh nghiia cac khong gian con

X, (t,) ={xT X :U (n+1t,)xT ImP} va X, (t,) =U (t,,n) (KerP; ).

St dung udc lwong ludng phan khong 6n dinh cho{u (nm)} | voi mbi xI KerP', ta co:
(L () [0 20 o
Do d6, U (t,,n): KerP ® X, (t,) 1a mot déng céu va X, (t,) déng.
U(t,t): X, (t) ® X, (t) cling 1a mot déng cdu véi moi ¢ = ¢ 1 r. .
Néu xT X, (t,) 1 X, (t,) thi U(n+Lt,)xT ImP;, vaton tai yI KerP’ sao cho

x=U(t;,n)y.
Khi d6, U(n+Ln)y=U(n+Lt,)xT ImP;,,.
Do d6, U(n+Ln)y=0va y=0 vi U(n+Ln):KerP’ ® KerP;, 1a déng c4u.
Do do, X, (t,) 1 X, (t,)={0}.
Pé chitng minh X =X, (t,) AX,(t;), taldy xT x va phan tich

U(n+Llt)x=y,+y,, y.I ImP;,

n+l?

y,1 KerP! =X, (n+1),

n+l
Goi x, la vecto duy nhét thudc X, (t,) théa U (n+Lt))x, =y, T ImP;,,.
Céc phép chiéu R",t3 0 v6i ImB* =X, (t), KerR" =X, (t) cho ta ludng phan can tim. O
Pinh ly 2.18 Gia st {U (t,z‘)}m .21 R 12 mdt ho tién hoa bi chan Iy thira lién tuc manh trén khéng
gian Banach X, G la toan tlr sinh clGa n&ra nhém ti€én héa twong (ng xac dinh trén
L, (R, X),pT [L¥) hodc trén C,(R,X), D Ia toan t& sai phan trén 1,(Z,X), pl [L¥)hogc trén
G (Z,X). Khi dé: Im G déng néu va chi néu

(i) Im D: dong

(it) Dim Ker G =dim Ker D

(iii) Codim Im G = codim Im D
Pdc biét, toan t& G la Fredholm néu va chi néu D Fredholm va ind G = ind D.
Bo dé 2.19
Néu (R, ) 1a cap phép chiéu trén X thi toan tir ndt N (0,0)=(1- p;)|,,, 1atoan ti Fredholm tir
KerPy dén KerRy néu va chi néu cap khong gian con (R,R ) 1a Fredholm trong X. Hon nira,

indN (0,0) =ind (KerPo‘ : KerPo*) va



dimKerN (0,0) =a (KerPo‘ ,Im PO*), codimIimN (0,0) = b(KerPo‘ ,Im PO*) :
Chitrng minh
Theo dinh nghfia ctia N (0,0), ta c6: KerN(0,0) =KerP; 11ImP;,
Ta ching minh ImN(0,0) A ImP;" =KerP; +ImP;". That vay:
Néu xI KerR thi y=N(0,0)x=x- BxT KerP; +ImP; va chiéu i " thoa.
PE ching minh chidu nguoc lai, ta ldy z=x+y voi xI KerP va yl ImP’. Khi do,
(1- P )z=(1- R7)xT ImN(0,0) va z=(1- By)z+PRz1 ImN(0,0)A ImP;".
Ta biét:
ImN (0,0) la khdng gian con déng trong KerR," khi va chi khi KerP, +ImB;" 1a khéng gian con
dong trong X va
dim (KerP, /Im N (0,0)) =dim (X /(ImN (0,0)A ImB;")) = b (KerP; ,imP;’) d6i voi cac khong gian
thuong.
Chirng minh Binh 1y 2.1 va Binh ly 2.2

Gid str G la Fredholm, khi d6, D la Fredholm theo Binh ly 2.18.

Theo Binh ly 2.12, ton tai c&c ludng phén roirac trén z_ va z .

Theo BG dé 2.17, ton tai cac ludng phan {r7} va{r} .

Diéu nay suy ra (i') trong Binh ly 2.2 va do do, (i) trong Binh Iy 2.1 véi a=0=h.

Theo Ménh d& 2.12, ta c6 N(0,0) Ia Fredholm va s dung cac biéu thic tir Binh ly 2.18, ta suy ra
(ii") trong Binh ly 2.2, theo B& dé 5.1, (ii) trong Dinh ly 2.1 véi a=0=b.

Viéc chirng minh (i) va (ii) trong Binh ly 2.1 suy ra toan tr G la Fredholm thdng qua 2 B6 dé sau:
BO dé 2.20 Gia st A la toan t& tuyén tinh bi chan xéac dinh trén tong truc ti€p ¢ A ¢, gom hai

khong gian Banach c6 ma tran biéu dién nhu sau:

o
& Thvei ATL(G) AT LG o) AT L),  @49)
éAﬂ A Q

Khi do, A 1a Fredholm néu va chi néu céc khang dinh sau théa:

A=

(1) ima, dONQ Va codim Im A, < ¥ ;
(i) 1m A,, dONQ VA dim KerA,, < ¥ ;
iii) Néu L, ={xT ¢, :xT KerA,, A,xT ImA,} thi gim(, <¥ ;

(iv) Néu L, =ImA, +A, (KerA,) thi codimL, <¥,L,1 c,.



Néu (i) — (iv) thda thi dim Kera = dim KerA,, +dim L,
VA codim Im A = codim Im A, + codim L, .
Theo Binh ly 2.18, chi can chitng minh D Fredholm néu (i) va (ii) trong Dinh ly 2.1 théa. Ta sé
chirng minh trong khong gian k.. Ta c6 thé gia thiét rang:
(1) a,pi ¢ trong Binhly 2.1;

(2)Ho tién ho roi rac {U (nm)}  ,nml ¢, cd ludng phan {p;} va{rs} ;

n3 n

(3)Toan t& ndt roi rac N (b,a)=(1- R')U (b.a)l, & toan t& Fredholm trr Kerk, dén

KerR'.
V6i A = D, xét sy bidu dién (248) voi 1,(¢.X)=cAc, c¢=1(¢c1(-¥b;x) va
c,=1,(¢ 1[b+1¥);X). Khi do,
Ay =D;.D; =D oy ape)i A = Dy Dy 1(X,) 0y @ (Xyuts Xz = U (D +2,0+1)%,,,...)

va A, =D;,D;:(x,) , a(-U(b+1b)x,,0,..). Do do:

L ={(%,)ses - (%a)ses T KerD;,(-U (b+1b)x,,0,..)7 ImD;}, (2.49)

L, ={(X)ppu * (-U (b+1.0)%,,0,..):(x,) ..., T IMD;(x,),,, T KerD;}.  (2.50)
Ta ky hiéu:

-1

XtI)+1 =- é (U (b +1+ k,b+1)| (l - Pb++1+k)xb+1+k . (251)

Keertl)
BG dé 2.21 Toan t O kha nghich tri trén I, (¢ 1[b+1,¥);X) va
I Dy = { (%)t (1 Poia) %ot = X1} (2.52)
Chitrng minh
Bé xay dung (p;) ", kha nghich trai d6i véi O, chd y réng:
O =1-T, v6i T, :(%) .y @ (OU (D+2)X00,n..).
Phan tich: T, =T,. AT, véi:

T 12 thu hep clia T, trén khong gian con gom céc day ()., .1 1,(Z 1[b+1¥);X) théa x,1 ImP".

n3b+1

T. 1a thu hep clia T, trén khéng gian con gom cac day (x,)... T 1,(Z 1[b+1¥);X) thoa

n3b+1

x 1 KerP’,n3 b+1,

Khi d6, T, kha nghich tréi va nghich dao trai clia n6 la:



(TbTu )-l : (X”)n3b+l agu (n +1 n) ||<erF>n*)-l Xn+19

Qﬁ b+l

Theo gia thiét ludng phan, sprad (T,,) <1 va sprad ((beu)'l) <1, do do:

(To) "

K&t qua tinh toan cho thdy rang p; (D;)" anh xa mot day (X,),,., VOi day (Pi%, + X X )

=~

il QJO'K

LN

(o) =4 (n) -

k=0

xem (2.51).
Vi ImD; = Im(Db*(Db*)’l), ta nhan duoc (2.52).
St dung phan tich:
L (Z1(-¥.b];X)=cAc,, voi:
c,=1,(Z1(-¥.a-1;X) va ¢, =1,(Z 1a,b]; X), xét sy biéu dién (2.48) v6i A=D).
Ta biét:
A= Bai T D v )
va A, =D,y v6i D,pi(X,) . & (% X - U(a+La) X, %, - U(bb-1)x,,).
Trong su biéu dién:
I, (z 1]ab];X)=XA..AX, (b- a)lan, toan t D,, Ia tam gidc dui voi cac dong nhét trén duong
chéo, do do nd kha nghich.

St dung ludng phan {Pn-}nga_l, chirng minh twong ty nhw B dé 2.29, ta c6 D, ; kha nghich phai.

Vi O la tam giac dudi voi duong chéo chan D, va D,,, nén diéu nay suy ra rang O kha nghich
phai.

Didu nay va B6 dé 2.29 suy ra: vGi su biéu dién tam giac (2.48) clia D thi cac khang dinh (i) va (ii)
déu thda. Do dé, D la Fredholm.

Phan con lai, ta ching minh gim L, <¥ Va codimL, <¥, VOi L, va L, trong (2.49) — (2.50).

Khi diéu nay duoc chitng minh thi dim kerd = dim L, V& codim D = codim L, -

V6i L, ta thdy: (-U (b +Lb)xb,0,...)T IMD, néu va chi néu ton tai mot day

(¥a)onT 1,(Z 1[0+1,¥);X) sao cho Y, =-U(n,b)x,,n3 b+1.
St dung lwdng phan {P;}nab, diéu nay tuong duong véi x 1 ImR".

Mat khéc, (x,) .1 KerD;, nghta la x, =U(n,m)x, véi moi mEn£b.



Pic biét, x,=U(b,a)x, va x, =U(a,n)x, v&i moi n£a.
Stt dung lugng phan {p;} , tasuy ra x.1 KerP. . Do do:

dimL, = dim{xT KerP, :U (b,a)xT Im Pb*} =dimKerN (b,a) <¥.
V6i L, , goi Z la phan b tryc tiép bat ky ctia ImN (b,a), sao cho:

KerR' =ImN(b,a) AZva goi gx,).., .8 + V0T (X,),,.aT 1,(Z 1[b+1¥);X), 1a16p twong duong trong

n3b+1
khong gian thuong 1 (Z 1[b+1%);X)/L,.

Theo B dé 2.29, ta co:
(P*x )nabﬂi ImD; 1 L,.

n n

Do d6, ¢x,),.,.. B = g((| - P“+)X")nab+13L;
S dung (2.49), theo B0 dé 2.29, ta suy ra:

(% (1= B2)Xpuoo)T IMDS T L,
Vivay, gxn)nabﬂ&_z = g(yw,o,...)ng, VOi y,,, = (I - Pb++1)xb+1 - Xy -

Cha § réng Yy | KerRy, vatim y,1 KerR' thoa Y, =U (b+1b) ey,
St dung su biéu dién:

KerR" =ImN(b,a)AZ, tim sy biéu dién duy nhat: y =y +,v6i yl ImN(ba) va z1 Z.
Vi yli ImN(b,a) nén ton tai X, 1 KerP, sao cho y:U(b,a)xa.
St dung ludng phan {p;} . dat x, =(U (an)l|, | ¥, voi n€a.

Binh nghia x, =U(n,a)x, véi nl [ab].
Khi do, (x,) (Z 1(-¥,b];X) va x, =U(n,m)x, véi moi mEn£b.

n£b| IP

Do d6, (x,) , T KerD va y=y, .
Theo (2.50), g(-u (b+1b)y,0,...)§, = §U (b+1b)z,0,.)f -

L,

Ta c6 mot anh xa dugc dinh nghia tét:

jix=gx,),,.0 @zt (Z1[b+1¥))/L, dén Z @KerR'/ImN(b.a) théa:

Bx)il, = BV (0+10)20,.)f V8T fx=2.

Diéu nay suy ra ring j la phép chiéu. j cling la toan anh vi néu z1 Z thi
X = g(U (b +l,b)Z,0,...)HL théa jX =7z.



Chuwong 3
TINH CHAT FREDHOLM CUA NUYA NHOM TIEN HOA

Trong chuong nay, tac gia trinh bay tinh chat Fredholm, tinh chat phé va tinh dong ctia mién gia tri
clia cac toan t E', G, D,. Cu thé |4 hai dinh ly 3.1 va 3.2 sau:

Pinh Iy 3.1 Cho {E7} & nlra nhom tién héa (0.2) trén i), taco:

S (E)V0} =5 (E')\{0}, t2 0.
Pinh ly 3.2 Vi céc toan t¢ E*va G trén L (i,X) va p, trén | (¢ X), cac khéng dinh sau trong
duong:
) g(El- |)>0;
i) 9(G)>0;
iii) inf 9(D,)>0.

véi g(T)la bién duéi Kato cuia toan t& déng T dinh béi:

)]
9(T)= M Gist (x,KerT)

Dau tién, ta xét nira nhom tién hoa {E'}  xéc dinh trén (i) trong (0.2). Toan t& sinh G clia nra
nhom tién héa nay dwgc md ta nhu sau:
Ménh d& 3.3 Goi u, fT (i), khi d6 ul domG va Gu = f néuvachinéu ul e(i)1Cy(i,X) va

voi moi t3¢1 i,

-

u(t)=u (t.)u(z)- ¢y (t.s) f(s)ds- (3.1)

~

Tiép theo, ta xét nira nhom tién hoa (£} trén (i, )dinh boi:

ju(z.e-tu(r-t),r3t,

(Ex)(e) "o, 0Ef £, (3.2

va goi G la toén t sinh clia nd. Twong tw nhw Ménh dé 3.3, G dwoc mo ta nhu sau.
Ménh d& 34 Goi ufleg(i,), khi d6 ul domG;, va Gu=f néu va chi néu

ul g(i.)1Cyo(i. X) vavéi moit3 ¢l j,

t

u(t)=- ¢ (t,;s)f(s)ds. (3.3)

0



Chuy: (3.3) suy ra (3.1).

Ta xét toan t& G* xac dinh trén (i, ) nhu sau.

Pinh nghia 3.5 Goi u,fle(i,), khi d6 ul domG* V& G'u=f néu va chi néu
ul e(i,)1Cy(i.,X) va(3.8) thdavoimoi ts ¢ 1

Toan tr G* dugc xac dinh t6t va déng trén €(ji.), domG; :{uT domG " :u(0) :0} va Gou=G'u
voi ul domG;. Hon nita, c* trén €(i,)= C,(i.,X) duoc lién hé véi toan ti sinh clia nira nhom
tién hoa sau:

jU(¢,2-tu(z-t), 3¢,

(Ew)(e)=]

T{U(£,0)u(0),  OErEt
Cubi cling, ta chli y rang:
KerG" ={ul e(i.):u(t)=U(t.t)u(r)" t2r2 0}, (3.4)
KerG; ={0}, (3.5)

va xac dinh khong gian con x i x nhu sau

on{x:u(o):uT KerG*}. (3.6)
bat W, (t,s)=U(t+¢,s+¢),t2 s,/T [01) va dinh nghta nhom doi {s (1)}, - trén & i) nhu sau:

(S(t)u)(s):u(s- t), st . (3.7)

Néu E,, va E la cac nira nhom tién hoa trén & i)tir cac ho tién hoa {w, (t,s)} va {U(ts)} thi
S(t)E,S(-¢)=E) va S(t)G,,S(-1)=Gy. Do d6, Binh ly 2.18 thda néu toan t&r D duoc thay boi
mot toan t& p, batky, ¢1 (01).
Pinh Iy 3.6 Ho tién hoa {U (t,s)} c6 ludng phan Idy thira {R},,, trén ; néu va chi néu toan tir
G latoan anh trén €(i,) va khong gian con x, la day trong X.

Sau day, ta sé chitng minh Binh Iy 3.1

Chi can chiing minh toan t&¢ E*- | kha nghich.

Trudc tién ta chimg minh KerG * {0} b dimKer (E'- 1) =¥ .

That vay, véi mdi ki z, ta dinh nghfa mdt todn t& bi chan m =wm, trén e(R)theo qui tic:
(Mu)(z)=e**u(z),tT R.

Khi d6, Mg = e*E'M * t3 0 V& M(G- 2pik) =GM .

Do do,



Ker (G- 2pik) =M*KerG, (3.8)
Cé dinh 0t ul KerG vadit u, =M'u, kT Z.
Khi do, u, 1 Ker(G- 2,0ik) la mét ham riéng khac khéng clia G (*ng voi tri riéng 2pik .
Ho cac ham so {uk k1 Z} doc lap tuyén tinh vi cac ham riéng khac khong (¢ng véi cac tri riéng
khac nhau clia mot toan t tuyén tinh la doc lap tuyén tinh. Vi
Ker(E1 - I): lin{ Ker (G - 2pik):k1 Z} (3.9)
nén ta co: u, 1 Ker(El- I) va do do, dim Ker(El- I):¥ .
Tiép theo, theo (3.8) va (3.9), ta thdy, néu Ker(E*- 1) {0} thi KerG® 0.
Do dd, theo chting minh trén, Ker(E1 - I)1 {0} p dim Ker(E1 . I):¥ .

Cudi cung, ta dat {(E‘)e} la nira nhom d6i ngéu clia {E'}

©30 t20

Vi (M1)*(E!)*M* =2 (E!)* nén M*((e(R))e)i (6(R))° va

M *(G* - 2pik)(M*)*=G®.
Ap dung Chiy 1.2.4 v6i A=G va lap luan nhu trén ta suy ra:

Ker(E*- 1) {0} b dimKer(E'- 1)*=¥. O
Goi A Ia toan ti tuyén tinh dong trén X c6 mién xac dinh tr0 mat, ta xét todn t& Du=-u' trén (i)
véi mién xéac dinh cuc dai. Goi b =dom D I domM,, ta Xét tdng p + m , VOiI dom(D+MA) =D va
xet mot toan tir v, 1a mo rong dong cta p + m , sao cho D la nhén cua v, .
Bo de 3.7
Toan t& v, 1a Fredholm trén & i) néu va chi néu v, kha nghich trén & i ).
Chitrng minh
Trwdc hét ta chitng minh mién xac dinh va mién gia tri clia v, 1a bét bién.
That vay, gid st ui dom v,, vi D 1a mdt nhan cda v, nén ton tai {u,:n3 0} 1 D thoa |u, - u|e® 0
va | Wu, - Vule® 0 khi o v .

Vi nhan D bat bién nén véi moi t1 R, ta co:

Is (t)u, - s(t)u|e® o0 va |vs(t)u,- 1S (t)u|e® 0 khi 1o « .

n

Vi v, 1atoén tl déng nén S(t)u,T dom{va S(t) u=1S(t)u.

Vay, mién xac dinh va mién gia tri cla v, la bat bién.



Hon nira, ta co:
S(t)(Im) =ImV, tT R, (3.10)
Tiép theo, ta gid str rang v, 1a todn t& Fredholm va dim Ker v, > 0.
Voi, tay Y, ui Kerv,, taco:
S(t)ul Kerlf,tT R
Do d6, nhom cac toan ti {s,(t)}tiR cho béi (3.7) dwgc xac dinh tot trén khong gian Banach
c= (Ker |4\||||e) va dang cu.
Vi kerv, hitu han chidunén S(t)=€®tT R véi BT L(X).
Vi {s(t)}. dangcy nén s(B)1 iR va cha cac gié tri riéng clia B .
Do d6, tontai xT R VA 01 u, 1 Kerv, thda S(t)u, =€™u,.
Vi vay, v&i moi tT R, ta co:
Uy (s+t) =™y, (s), sT R.
Pic bigt, u0§%+27pg:uo(s), ST R.
Nhung khi d6 u,| e(R), diéu ndy mau thuén.

Do do, Kerl{={0}.

Cudi cung, xét khong gian thuong v = e(R%n y

A

va gia st dimY >0.

Vi im v, 12 S(t)- bat bién nén nhom thuong {§(t)}tTR xac dinh t6t trén Y va néu f1 f (16p tuong
duong trong Y, thi

S(t) f

= Inf
Y dlimlg

5(t) f +g|e= inf |t +gle=|f] .

gl Imlg

Két qua 1a {§(t)}ﬂR dang cu trén khdng gian hitu han chidu Y.

Vi dimY <¥ nén ton tai khong gian con hiru han chigu N cia e(R) déng cdu véi Y thoa:
Im,AN=¢(R).
St dung anh ding cdu cia {§(t)}tTR trén N, ta suy ra rang ton tai o: f1 N sao cho

f §%+2—’02: f (s), xT R. Diéu nay cling mau thuén.

X g

Do d6, Y ={0 va v, kha nghich. O



B6 d& 3.8 V6i toan tr D,,¢1 [0,1)d& duoc dinh nghta trong (0.3),
(i) Néu (z,) ;1 KerD, thi (U (n,n+¢ - l)zn-l)an KerD,.
(if) Néu (z,) ;T KerDy thi (U (z +n,n)z,) T KerD,.
Chtrng minh
(i) Voi batky ¢1[0,), ta c6:
KerD, ={(x,),, 1% =U (n+f,m+¢)x," ns mi z} (3.11)
Néu (z,)., 1 KerD, thi z, =U(n+z,n+¢-1)z,, =U(n+¢,n)U(nn+t-1)z, .
Néu x, =U(n,n+¢-1)z,, thi

U(nn-1)x,,=U(nn-1)U(n-Ln+r-1)z,,
=U(n,n+z-2)z,,=U(nn+t-)U(n+zr-Ln+t-2)z,,
=U(n,n+z-1)z,,=x,nl Z.

(i) Néu (z,) ., T KerD, thi z,=U(n,n-1)z,, va

D, (U (£ +n.n)z ) =(U(t+nn)z,-U(t +n,n-1)z

n- 1)nl z

=(U (¢ +n, n) -U(t+nn)U(nn-1)z,,) =0

Ldy mot ham tron a:[0,1] ® [0,]] théa a(¢)=0 véi ¢1 EO 2 va a(t)=1vei t1 82 lH Vi day

ooll—\

X =(X,).; , Xac dinh ham Bx théa néu ti [n,n+1],nl ¢ thi
(Bx)(t)=U (t.n)ga (t- n)x, +(1- a(t- n))U (n.n- 1)x, ,ff (3.12)

Vi ho tién hoa {U (t,2 )} ,, bi chan Idiy thiranén ¢ =supf{|u (t.z)]:0£t- £ £1} <¥
Voi tT [nn+1],nT ¢ va xi x , tacé:

L= (iU en)ec e iotaeck. 613
B6 dé 3.9

(i) B:e(¢)® (i) Iatoan ti tuyén tinh bi chan;

(ii) 8 :kerd, ® Kerc 12 mot dang céu;

(iii) (E'- 1)B=-BD,.
Chitrng minh
Vi (Bx)(n)=U(nn-1)x,,,nl Z nén Bx la ham lién tuc.
(i) dwoc suy ra tir (3.13)



(iii) dugc suy ra tir tinh toan tryc tiép

(ii) Ta nhé lai Ménh dé 3.3 rang:

ul KerG néuvachinéu ul L (RX)IC)(RX) vau(t)=U(tt)u(z)"t3¢TR
VA x1 kerd, NéU vachinéu x,=U(nn-1)x , nl Z.

Néu xi kerp, thi (BX)(t)=U(t,n)x,.tT [n,n+1],nl Z

Vado do, Bx1 KerG .

Néu x7 Kkerp, Va Bx=0 thi x=0.

Do do, B:kerD, ® Kerg la mot phép don anh.

Dé chitng t6 B 1a toan anh, ta ldy ui Kerg va dat x=(u(n)) .
Khi d6, (Bx)(t) =U(t,n)u(n)=u(t).

Takiémtra xI 1 (Z,X).

Diéu nay suy ra tlr (3.13):

n+l

dp <[ ()., a U (n+2.)U (tn)u(n)]” o
£C'8 Gutn)u(n)f c=C*& dulo) st=cr i
nz p n P
Chng minh Binh ly 3.2
(i) P (ii):
Dung BA d& 3.9 (iii) va dat g=g(E'- 1), ta co:
[Dwd, * IB8]*[BD], =[B[*|(E*- I)BxH
(3.14)

* glB| " dist (Bx, Ker(E*- )) |||Bx . ul Ker(E*-1).

Theo (3.9), taco thé gid st rang u= § u,, u, 1 Ker(G - 2pik).

KiEK
St dung (3.8) va B dé 3.9 (ii), tatim z¥T KerD, thoa
u, (t) = e (Bz)(t), tT R, K| £ K.

Chu y rang: z<k>=(z<k>)i T KerD, b 2

n

) =u(n+1n)z

n+l

va (BzM)(t) =U (t,n) 2%, 1 [n,n+1], n Z.

Do do, véi C tir (3.13) va dung (2.35), ta wéc lwgng (3.14) nhu sau:
..P
o 2 IBx- u?

p
CIPo,” gz 19,




n+l P

U(t,n)ga(t- n)xn+(1-a(t- n))U (n,n_l) a ez,mkt ) dt
Eznsng R I &
(‘jp n+1 e .
U(n+Ln)ea(t- n)x, +(1- a(t- n))U(nn-1)x,,- & 200ttt
ool & ¢ : g e

Vi a(t)= 1 voi tT & leaU (n+1,n)z% =2% tasuy ra:

LU/p
o)
dt+

%)

C|D, x||I (n+1,n)x, - & ez

n+1
KK

2B ||§mmz

Up

(0]
Kot = \ XKnar ™ U (n +1, n) ) a e ? n+)1 dt:
k[EK ']

znsn é

:Lﬂ
2|B[ ¢,z

Vi aez”'kt MT KerD, véi mbi t1 ~—1Hné

/
-

dt .

b @

X- Dyx- g ez

K[eK

. 2/p
ﬁge(‘)dist (x- Dyx, KerD,)" dts
€2/3 a
:1—ng
2(3)" g "

C|Dex, ®
[x- Dox- ¥,

: g
3 —dISt X,KerD, )- ———|| DX
2 Jel "0 gy

Do do, 9(D,) >0.

Theo Binh Iy 2.18, khang dinh (ii) trong Dinh ly 3.2 dugc chiing minh xong.
(i) b (i)

Theo Dinh Iy 2.18, 9(G) >0 suy ra g(D,) >0

Véi mdi ¢1[0,1), tir (3.13), ta c6:

.p
pO

C||D,x|||p :C;ﬁzuxn -U(n+t,n+z-1)x,,

./p
pO

83 HU (n+Ln+¢)x, - U(n+Ln+£)U(n+t,n+1-1)x,,
nl Z

‘Ip

:HD0 (U(nn+z-1) xn_l)nTZ




3 g( Do)dist((U (nn+r-1)x.,) KerDO)
(o) 20 (e n,),, - |
voi 2=(z,) 1 KerD,.
St dung (3.13) mdt lan nira, ta duoc:
|U(n+t,n+z-1)x,,-U(n+z,n)z,

:HU (n+t,n)gu (nn+z-1)x, - zng

EC|U(nn+t-1)x -2

Vi (U (n+2,n)z,) 1 KerD,, z1 KerD, nén theo B3 d& 3.8 (i), ta co:

P .1/p

C||Dx||I (D)gaHU (n+t,n+t-1)x,,-U(n+t,n)z,

:g(zz)ux D,x- (U (n+z,n)z )n

+ 9(0:) gt (x, kerD, ) - 220N |p .
2C 2C lo

I

Khéng dinh (iii) trong Dinh ly 3.2 dwoc chitng minh.
(iii) b (i):

Bét g= inf g(D,)> 0, taxét ham tya compact lién tuc u:R® X va chii y rang tap

t1[01)

cac ham s6 nay trd mat trong L, (R, X). Ta c6:

H(El- 1)u

n+l
fpzézdu(t) U (tt- Yu(t- 1) dt
” (3.15)
C“D z‘+n mz dz‘.

Tl B6 dé 3.8 (i) va (3.13), voi bat ky Y1 | va ¢T[01), ta cé:

dist(y,KerD, )= inf_|y- x||

3 CXI XTIEID, (U(nn+r-1)y,,) - (U(nn+r-1)x,,) | (3.16)
3 C'ldist((U (nn+z-1)y,,) . KerDo). |
St dung (3.16) Vi y = (u(z +n)) _, taco:
. ((u(z‘ +n))niz) 3 gdist((u(z‘ +n))nTZ : KerDt)
p (3.17)

3 gC'ldist((U (nn+z-1)u(t+n- 1))nTZ : KerDO).



Tiép theo, ta chiing t6 réng véi mbi 1 [0,1), ta ¢6 thé chon x=(x,). T KerD,, x=x(¢)sao cho
ham x:[0,1) ® | lién tuc va thda bt ding thic sau:
dist((U (n,n+z-1)u(t +n- 1))nTZ : KerDO)

(3.18)

—HU (n,n+¢-1)u z‘+n-1)) XH

ni Z I,
P& chirng minh diéu nay, ta xét ham lién tuc u:[0,1] ® I, dinh bi:
u(t)=(U(nn+zr-1)u(t+n- 1))nTZ :
Theo cach chon U , cac gid tri u(z), ¢1 [0,1] 1a céc ddy tua hiru han va do d6 khong thudc kerp, -
Dat: = inf dist(u(¢), KerD,) >0 valay 5 >0 thoa:

e
< —

» 10

Ju(e)- u(t)

b [t-t]<h.

Goi {¢,=0,...t, =1} 12 mot phan hoach clia doan [0] c& £.
Lay y,1 kerD, thoa [u(r,)- v,|< aist(u(z,) KerD,).
Dinh nghta mdt ham hang tirng khic x, dinh boi:

X (1) =y 1 [100).
Khi d6, véi ¢1 [t,,t,,,),i=0,..,n- 1, ta c6:

Ju(e)- % ()] £ue)- u(e)] + Ty dist(u(z,) KerD,)

e 1llaxe o]
£E+ESE dlst( ()’KerD")E (3.19)

EEdist(u(z‘),KerDo).
MG rong u va x, trén [1,2), v6i di (0,1), ta xét ham x lién tuc trén [0.1], dinh boi:

x(z‘)=% X, (s)ds -

NO,

St dung (3.19), v6i ¢1[0,1), ta co:

Ju(z)- x(¢

—fu@}&@ﬂ%
(£)- u(s)]ds

l < lt+‘a’
L Blu(s)-xo(s)os +

t t




u(z)- u(s)”

1 t+d3
£ - [(‘)Edist (u (), KerDO) ds + Si[sttied]

t+d
Chon a sao cho: % [(‘)gdist(u(s),KerDo)ds <§dist(u (1), KerDO)+Z

va  sup Hu(z‘) u(s)” < ;, ta dwoc:

sl [¢.t+d]

Ju(z)- x(¢)| £ 2dist(u(z), KerD,),£ 1 [0,1), ta co:

I

3 g (U (nn+t-1u(n+r-1)- X”)nTZ

C|D, (U([ +n))nTZ |
> 2 u(enn)g) (na+e-Dulnse-1)-xg), |
:% (U (l‘ +n,n+7 - 1)U(f+n' 1)' U([+n’n)xn)nTZ Iy
- Z|(2)e ) wie+n), | 20
O]

Vi wi Ker(E'- 1) nén khing dinh (i) trong Dinh Iy 3.2 dugc chirng minh



KET LUAN

Qua Vviéc hoan thanh luan vin, tac gia da bat dau 1am quen voi viéc nghién ctu mot cach co
hé thdng, c6 phwong phap va dinh hudng ré rang. Ludn van da xay dung day dd cac kién thirc chuan
bi, hé théng cac bo dé, dinh ly dé di dén chirng minh chéc ché cac dinh ly ludng phan, tinh chét
Fredholm cla n*a nhém tién héa {U (t,z‘)}m 4,1 R lién két voi phwong trinh tuyén tinh chinh,
khong tw sinh u'(t) = A(t).u(t) trén khdng gian Banach X. Noi dung chinh ctia luan van l1a chuong 2
va chuong 3. Binh ly luéng phan dwoc chitng minh trong Chwong 2. Tinh chat Fredholm dwoc trinh
bay trong Chuong 3. Cac két qua trong luan van nay hoan toan mgi doi vai tac gia, tuy nhién véi su
hi€u biét han ché, tac gia rat mong duoc hoc hai tir si dong gdp va chi bao ctia Quy Thay Co trong

va ngoai hdi dong.
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