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LOI CAM ON

Trong qué trinh hoc tap tai trudng Pai hoc Su pham Thanh phé H6 Chi Minh, t6i da
dugc Quy Thay C6 cung cip cho tdi nhiing kién thirc chuyén sau, gitp t6i truong thanh
trong hoc tap va nghién ctiru khoa hoc. Toi xin gui 10i biét on dén tat ca Quy Thay C6 da tan
tinh giang day t6i trong suét thai gian hoc tai truong.

T6i xin gui 101 biét on sau sic dén PGS. TS My Vinh Quang Thay di tan tinh
huéng dan tdi trong sudt thoi gian thuc hién luan van. Dic biét, téi di duoc hoc ¢ Thay
phuong phap 1am viéc khoa hoc va sy am hiéu thau déo cua riéng Thay.

Xin duoc phép gui 101 cam on dén Quy Thay trong Hoi ddng Bao vé Luan vin Thac
si da doc, dong gop y kién, nhan xét va danh gia luan van.

T6i cling xin dugc phép gui loi cam on dén quy Thay, Co cong tac tai phong KHCN
va Sau dai hoc cua truong PHSP Tp. Hd Chi Minh, S& Giao duc va Pao tao Tp.HO Chi
Minh, Ban Giam Hiéu truong THPT Luong Thé Vinh va cac ddng nghiép da tao nhiéu diéu
kién thuan loi va giap d& téi trong qua trinh hoc tap, thuc hién luan van.

Cuébi cung, xin khic sau cong on Cha Me, cam on Ong x4 va hai cau con trai yéu qui,

nguoi than, ban bé ludn ang ho, dong vién va giap d& tdi trong sudt khoa hoc.

TP.HG Chi Minh thang 10 — 2011
Bui Minh Tam
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MOT SO Ki KIEU

N:  :Tapsd ty nhién.

Z : Tap s6 nguyen.

Q - Tap s6 hitu ti.

R : Tap sé thuc.

Z, : Tap céac s6 nguyén p-adic.

Z',  : Tap céac phan tir kha nghich trong Z .

Q, : Truong sb p-adic.

: Chuan thong thuong.

: Chuan p-adic.

p

ord : S6mil cua p trong su phan tich a thanh thira s6 nguyén to.
B,(r) : Hinhcau m¢ tdm a ban kinh r trong Q,.

B_a(r) : Hinh cu déng tdm a ban kinh r trong Q,.

S (r) : Mat cau tam a ban kinh r trong Q,.

F : Truong thang du cta trueong F.

n : Két thdc phép chirng minh.



MO DAU

Céc s6 p-adic duoc mo ta dau tién vao nam 1897 va ching dan dan thAm nhap vao
nhiéu linh vuc khic nhau ciia Toan hoc nhu 1a Ly thuyét s6, Hinh hoc dai s6, Topo dai so...

Vao nam 40 cua nhitng thé ky 20, giai tich p-adic phét trién manh mé va trd thanh
mot chuyén nganh doc 14p nhd vao viée phat hién nhimg mdi lién hé sau sic cua giai tich p-
adic v6i nhitng van dé 16n ciia s6 hoc va hinh hoc dai s6.

Truong cac sé p-adic Q, duoc xem tuong tu p-adic cua truong s6 thuc R, tuy nhién
n6 lai c6 kha nhiéu tinh chat khac v6i R. Chinh vi vay, chiing t6i chon d¢é tai “Trudng p-
adic va B6 dé Hensel” dé c6 thé nghién ctru rd hon vé truong sb p-adic.

Muc tiéu chinh caa luan van 1a xay dung va nghién ciru truong s6 p-adic.
Dic biét 1a xay dung Bb dé Hensel va céc ung dung ching dé nghién ctru cac sb p-adic.
Luan vin gdm hai chuong
Chuwong 1: Céc kién thirc co ban

Chuong nay sé& trinh bay céc kién thirc co ban vé chuan trén mot truong, cac tinh chat
chung, khéi niém chuan phi Archimede, mot s6 tinh chat can thiét cho chuong sau.

Chuwong 2: Truwdong sb p-adic Q, va Bo6 dé Hensel

Trong chuwong nay s& xay dung chi tiét truong sé p-adic Q,- Nghién ctru khao sat cac
tinh chat Q, va so sanh né véi trudng sb thuc R. Dic biét 1a xay dung B6 d& Hensel va

tim toi cac ing dung cua no.



Chwong 1: CAC KIEN THUC CO BAN

Trong chuong nay chung toi sé& trinh bay cac kién thirc co ban vé giai tich
p-adic chang han nhu chuan trén mot truong, cac tinh chat chung, dic biét 1a khai niém

chuan phi Archimede, mot s tinh chat can thiét cho chuong sau.

1.1 Mot so6 dinh nghia va tinh chat ciia chuin trén trwong

1.1.1 Pinh nghia Cho F 1a mét truong. Anh xa |+|: F — R duwoc goi 1a mét chudn trén F

néu théa cdc diéu kién sau:

i)|x| >0,Vx e F.|x| =0 x=0;
,Vx,yeF;
,Vx,yeF.

o] =}

iii)|x +y| < |x

+|y
1.1.2 Vi du

Truong céac sb hitu ti Q,R,Cvai gia tri tuyét dbi thong thuong thoa man cac diéu kién cua
dinh nghia nén tri tuyét di la chuan trén Q,R,C va ta goi 1a chuan gia tri tuyét ddi, ki hiéu

1.1.3 Vi du
Cho F la mét truong tiy y: Anh xa

{O néux=0

H=1, -
1 nfux=0

L& mot chuan trén trudng F va duoc goi la chuan tim thuong.
1.1.4 Ménh dé (Céc tinh chdt cua chudn)

Cho |s| 1a mét chudn trén truong F c6 don vi 1. Vx € F ta co:
i)|1| = |—1| =1
i)|x" =|xn,‘v’neN
iii)‘x_l‘ = |x|_1 L xz0

Chang minh

i) Ta co 1=|1|:‘12‘:|1|2 suy ra [I| =1



L4p luan hoan toan twong ty, ta duoc |-1|=1.

.o n
ll)‘x”‘z X.X... X :|x|.|x|..|x|: X
Hf_/
n - thira s&
2 -1 -1 -1 =
iii) Ta cé |x|.x =[x.X =|1|=1:> X :|x| ..

1.1.5 Nhan xét Néu F la trurong hizu han thi trén F chi ¢6 duy nhdt mét chudn 1a chudn tam
thuong.
Chirng minh Xét |+ 1a mot chudn trén trudng F. Gia st F ¢6 q phan tir, thé thi nhém nhan

F cocpq-1.Khidé, Vxe F tacox’" =1, suyra |x*" :|x|q_1 =1 hay [x|=1.vay |{ Ia

chuan tam thuong trén F. m

1.1.6 Pinh nghia (Hai chudn tuwong dwong)
Cho

K la hai chudn trén truong F. Ta néi rang hai chudn nay tuwong dwong néu

{x } 1a ddy Cauchy theo chudn

khi va chi khi {x,} la day Cauchy theo chudn

2

Chay ring {x } la ddy Cauchy theo chuan

~ \ —>+-00
, nghia la: |x - X | M=+ 5.
m n

Hay v6ive >0,3n, e N:Vn,m >n ,

X - xn| <&
1.1.7 Pinh ly (Cdc diéu kién dé chudn twong dwong)

Cho F la mét truong;

oY, la hai chudn trén triong F. Cdc diéu sau la twong

duong:

1) VxeF,

x|l <1 khi va chi khi |x|2 <1

2) VxeF,

x|1 <1 khi va chi khi |x|2 <1

c

3)Tén tai hang s6 C >0 sao cho Vx e F,

.X|=.X
2

1

4) Céac top6 sinh bai | .

va
1

, la trung nhau.

5)

| twong duong voi ) ( 1 2).

Chirng minh



1=2)VxeF,

x|l <1, ta s¢ chitng minh |x|2 <1. That vay, gia st nguoc lai |x|2 >1, khi d6

L<1 theo (1) tacO —<1 suy ra |x|l >1 (mau thuan vaéi gia thiet ) nén |x|2 <1.

] 5
2 | 2 1

Lap luan tuong tu ta cling co |x|1 <1 néu |x|2 <1

1
X

Vay |x| <1 khi va chi khi || <1

2=1) VxeF, x|l <1, ta s& chttng minh |x|2 <1. Gia st nguoc lai |x|2 >1 Vi |x|l <1 nén
theo (2) ta co |x| <1 suyra |x| =1. Khi do6 1 :L:I
2 2 x|, |x|

nén theo (2) taco |—| <1 hay |x|l >1 (mau thuan gia thiét) do d6 |x|2 <1

1

Tuong tu ta ciing c6 néu |x|2 <1 thi |x|1 <1
Vay |x| <1 khivachi khi || <1
1 = 3) Ta xét hai truong hop
Truong hop néu c6 mét trong hai chuéan 1a tim thuong ta s& chang minh chuan con

.~ A \ S Y \ car g *
lai cling tam thuong. Gia sir 1 la tam thuong. Khi d6 voi Vxe F

x|l —1. Gia str |x|2 £1,
thé thi |x|2 >1 hoic |x|2 <1

Néu |x|2 <1 thitheo (1) ta co |x|l <1  (mau thuan gia thiét)

Nguoc lai néu |x| >1 thi 1 :L<1 ,suyra |—| <1 do do |x| > 1 (mau thuan)
’ *l |x|2 *h 1
nén|x|2 =1, tac la ‘| =, Hayc = 1.

Truong hop néu ca hai chuan déu khéng tim thuong.

<1 nén

: 1
Khi d6, dx, e F': |x0|1 >1 suy ra
X

X

<1dod()|x|2>1

1 2



bat a:|x0|l,b:|xo|2,a>0,b>0. V&1 moi xeF*, gia su |x|l =a“(a=10ga|x|). Ta sé

chitng minh |x|2 — b . That vay, Vr>a(reQ) tacé @ >a”. Gia st r="2,(m,n)=1. Khi
n

dc’>|x0|lrs > ||, suy ra |x,|" > x| nen x—; <1 theo (1) ta c6 x—l <1 do d6 ‘x”‘z <|xy| hay
0 1 Xo 2
o, <foly =fxol, =07
r a
Chonday {r,} cQ,r, >a:r, > a suyra |x0|2” > |x|2 = |%,|, 2 x|2 & |x|2 <b”
Tuong tu ta chirng minh duoc |x|2 > b”. Vay |x|2 =b“
Khi do, Vx e F*,|x|2 =b" = (alogab)a = (a“ )logab = |x|f ,c=log,b>0.
3= 5)Gia sir {x,} la ddy Cauchy theo chuan |{ . Khi do |x, —x | —=F250 suy ra

00
m,n—>+ N

c
£, =
m nl

1M,1—>+00

nén |xm —xn|2 >0 hay {x } la day Cauchy theo chuan ||2
5=1)Vxe F>k,|x|1 <1suyra ‘x”‘l —> 0 nén {x"} 1a diy Cauchy theo chuén ||1 suy ra {x"}

la ddy Cauchy theo chuén ||2 nén ‘x”“ —x"

— 0suy ra ‘x"
2

k=1, >0, ma |x|1 <1 suyra
2

x#1 dodd |x—1|2 # 0 hay ‘x”‘z —0
Taco ‘x”‘z <1 (v6in da 16n) suy ra |x|2 <1. Tuong tu ta cling co |x|2 <l= |x|1 <1
Vay |x| <1 khi va chi khi || <1
3=4) Taco Bz(a,r)z{xeF:|x—a|2<r}:{xeF:|x—a|j<r}
1 1
:{xeF:|x—a|l<r°‘}:B](a,r“)

Khi d6,VAer,Vac A,3r>0:B(a,r)c A<= 3c>0:B,(a,r')c A<= Aer,



Vay 7, =1,

4=1) Giasir xeF, x"

x|1 <1.Thé thi

>0 suyra x" - 0theo z,,

n

ma 7, =7, nén x" — 0 theo z,. Khi do, |x

—>0nén |x| <1
2 2
Tuong tu, néu |x|2 <1 thi |x|l <l.m

1.1.8 Hé qua Cho

(s|"|, 1& hai chuan trén truong F. Néu ton tai hai so duwong c,,c, sao

va
2

cho

<c <c thi khi do
1 1 2 210

1 2

1.2 Chuan phi Archimede
1.2.1 Pinh nghia (chudn phi Archimede)
Cho

la mét chudn trén triong F. Chudn |s| dwoc goi & chudn phi Archimede trén

F néu né théa thém diéu kién:

yhL,Vx,yeF

2

(iii") |x + y| < max{|x

Chudn théa (iii) nhung khéng théa (iii’) dwoc goi 1a chudn Archimede.

1.2.2 Vi du Chuan tam thuong trén truong F 1 chuan phi Archimede

That vay

Néu x+y=0 thi |x+y|=0:|x+y|£max{|x

o)

Néu x+y =0 thi x=0 hoic y =0, do do: |x+y|=1£max{|x

b

ol

1.2.3 Vi du Néu F 1a trwong hitu han c6 g phan tir voi phan tir don vi 13 e thi chuan trén

b

truong F 1a phi Archimede.

That vay
Néu x=0 thi |x|=0

Néu x =0 thix?" =e tir d6 suy ra |x|q_1 = x| = |e| =1do d6 |x| =1

Vay |o| 1a chuan tam thuong trén treong F va do d6 né 1a chuan phi Archimede.

1.2.4 Ménh @& Cho F la mét truong véi chudn phi Archimede




)Vx,ye F,|x| # |y| thi |x+y| = max{|x|,|y|}. Nghia la, moi tam gidc déu cdn

trong khéng gian métric sinh boi chudn |-| :

i) Cdc tap
B (r)={xe F:|x—a|<r}
Ea(r):{x eF:|x—a|Sr}
S (r={xe F:|x—a| =r}
la cac tap viea dong vira mo.
iii)Moi diém thudc hinh cdau déu la tam cia né. Nghia la, Vb e B (r), suy ra

B (r)=B,(r)

iv)Day {x } < F la day Cauchy < lim

xn+l - xn| = 0

V)Cho {x,} la day Cauchy. Khi dé, néu x, —0 thi |x [ 0,con néu x, >0

'xn+1 X

n+2

thi {x,} la day ditng.Nghia la, IN : Vn> N |x, | =

Chirng minh
i) Khong mt tinh tong quat, gia str [x| >|y|. Khi do,
s max(ah =< | <] @
Miit khdc, [x] = |x+y— x| < max{jx+y|.|x[}ma [x|>[y| nén max{|x+y|.|x[} =[x +)]
Do d6 |x| <|x+y[(2). Tir (1) va (2) suy ra |x +y| = |x| = max{[x|.|y|}
i) R6 rang B_(r) la tap mo. Ta chi con phai ching minh B (r) la tap dong,

tac Vx ¢ B (r), taching minh 3¢>0,B (r)NB (&)=< .

That vay, chon ¢ = % giasu dye B (r) me(%) ta suy ra

|y—x|<£ va |y—a|<r
2



Khi do,

x—a|=|x—y+y—a|£max{|x—y y—a|}<r<:>|x—a|<r suy ra x € B (r) (mau

2

thuan) nén B (r)nB_(¢)=@. Vay B, (r) latap dong.

iif) Vb e B (r) tachiung minh B (r) = B,(r). That vay,

VxeBu(r)c>|x—a|<r<:>|x—b+b—a|<r nén max{|x—b,b—a|}<r
ma |b—a|<r dodo6 |x—b|<r khivachikhi xeB,(r). Vay B,(r)=B,(r)

iv) Gid st {x } la ddy Cauchy. Khi do, Ve >0,IN:Vn> N,

xn+1 _'xn| <&

suyra lim|x,

n—>0

~x,| = 0.Nguoc lai, néu lim|x,, —x =0 thi

1 n—>0

Ve>0,AN :Vn> N,

'xn+1_'xn|<g
Véi moi m,n> N, gia str rang m > n ta co

|X —X
m n

X —X +X . —X _4--X —x|£max{|x —X
m m—1 m—1 m-2 n+l n m m

-|x +1—xn|}<8

2 n

G
suyra |x, -x,|<& . Vay {x }Iaday Cauchy.
v) Néu x, >0 thi |x, —0|=]x,[—>0
Néu x -+ 0 thi |x|74 0 nén 3¢ >0 va ddy con {n_}sao cho ‘xnk‘ < &. Mt khac,

{x} la ddy Cauchy nén 3N:Vm,n>N,

x,-x,|<e. Ta s& chang minh

|x |:|x =....Vm>N. That vay, c6 dinh n >N, ta co |x |:‘x - X, +Xx,
m m m % %

m+1

= max{‘xm - X,
k

sy, [(theoi) =[x, |, ¥m > N Vay {x,} 1a day dimg. m

b

1.2.5 Pinh Iy (Cdc diéu kién twong dwong cia chudn phi Archimede)

Cho F 1a mét trweong, |o| 1 mét chudn trén F. Céc diéu sau la twong dwong:

i) |+ 1a chudn phi Archimede

i) |2[<1

iii) [n|<1,VneN ={n=n.1/neN,1_donvicuaF }



iv) N bi chan. Nghia la, 3¢ >0 |n| <c,VneN
Charng minh
i=ii) Taco |2| =|1+1| < max{|1|,|1|}=lsuy ra |2| <1
ii = iii) V6imoi ne N, Qidst n=a,+a,2+a,2° +--+a2° V6l 0<a <1,2°<n<2"".
Khi do,

|n|:‘ao+a12+a222+~~~+a 2S‘£|a |+|a ||2|+|a |22
K 0 1 2

+---+|aSH2“‘

31+|2|+ 2?

+~--+‘2““ <s+1(vi |2|S1)

Véimoi kN, giasit n* =b, +5,2+b,2> +-+52',2' <n* <2 thi |n*|<r+1. Taco
n<2" suyra n* <25 ma n* >2' nén 2/ <24 do do 1< (s+ 1)k

Khi d6 7+1<(s+ Dk, mat khac ‘nk‘ﬁt+1 nén ‘nk‘S(S+l)k suy ra |n|sM%

Vay |n|<1 khi k — oo

iii = iv) Hién nhién

iv=1i) Véimoi neN ,tacod

eoof <l [ coe < e
k=1 k=1

maN bichiannéncd ¢>0: ‘Cﬂ <c,dodo |x+y|n <(n+ 1)c(max{|x|,|y|})n suy ra

|x + y| <y(n+1)c (max{|x|,|y|}) nén |x + y| < max{|x|,|y|}(n — 0)..
1.2.6 Pinh nghia Cho p 1a mét s nguyén té cé dinh. Véi méi x e Q\ {0}, ta ludn c6

e m[m,n eZ,(m,n)=1 J

n\(m,p)=1,(n,p)=1
a goi 14 p —s6 mii cua x, Ky hiéu ord (x)=a . Quy udC: ord (0)=o0,00+ta=o0.

1.2.7 Ménh @& Cho p 1a mét so nguyén té, Vx,y e Q taco



i)ordp(xy) = ordp (x)+ ordp (v)
ii)ordp (x+y)= min{ordp (x),ordp(y)}

1.2.8 Ménh dé Cho p la mét sé thuc théa 0 < p <1 va p la mét s6 nguyén té. Anh xga

L Q—R
PN |x|p _ pordp(x)

la mgt chudn phi Archimede trén Q véi quy wéc p™* =0
chay

Py

1) 0<p,p, <1=

P
Thdt vay, voi moi x e Q tacod

log,, Ay

|, =7

P

ordp(x) _ lOng Py ord, () _ ordp(x) lOgﬂz A _
1 =12, =P, =X

P

P

bat ¢ = logp2 p, >0, ta dugc |x|p = |x|; . Vay K

2) Vi mdi sb nguyén tb p, ta c6 chuan

1 ordp(x)
|x| = [—J ,Vxe@Q
P p

Chuén

| dugc goila chuan p-adic hay chuan p. R6 rang chuan p la chuan phi Archimede.
3) Cho n, 1as6 ty nhién lén hon 1. Véi mdi x € N, ta ludn c6

x=a +an +---+an’ (¥)

trong d6, 0<a <n —1, a_#0. Biéu dién (*) duoc goi la biéu dién » - phan cta x. Ta d&

dang chimg minh dugc n’ <x <n’™ vadodo, s< logng x<s+1néns= [logno x] |

1.2.9 Pinh ly (Ostrowski) Moi chudn khong tam thwong trén trieong Q hodc twong dwong

Vvéi chuan

(p 1a mét s6 nguyén t6) hodc twong dwong véi gid tri tuyét doi théng thuong
P

trén Q.



CmmgmmhGmaqHMammcm@nmm@ﬁmﬂmm@uw(}Tamumnmm@mm
1.Néu |2 > 1thi | | 1a chudn Archimede.

Lay neN,gidst n=a, +a,2+--a 2 +--a 2", trong d6

a €{0,1}va 2" <n<2"" Taviét |2 =2 véia =log, 2] Khi d6 ta co

el e« laf 2l -+ la |-+ o]

<14+2%+4..2%

<2% 1+i+...+ L
20{ 250!

<2**.C(vitdngtrong ddungodchditu)

<n“C

Suy ra n| <n®.C véi neN .Nénvei moi keN ta cc’)Hn"H <nk.C suy ra |n| < n* 4/C .Cho

(k — +0) ta duoc|n| < n*. Mit khéc, do2’ <n <2 néntaco

27| =+ 2t -] <[]+ Jor =]
Suy ra
I = o=z == 2~ @t =y
Hay
o] 2 20 [1_(1_%ja]2na.c
Suy ra

an H >n® .C'dan d&én ”n” > n“.%
Cho (k — +o0) ta duoc ”n” >n”. Véy”n” = n“Vvai moi n.

Véi xeQ, x>0 tavibt x=", mneN, n=0 thi taco:
n



a

-l (= -

X
Vi x e Q,x <Othi—x > 0nén taco: x| =|-x| =[x = |x"

Vay ||x| =|x[*voi moix € Q. Theo diéu kién twong tuong duong ctia chuan trong trrong hop
taco] |-}

2.Néu |2|| <1thi || || la chuan phi Archimede.

Tir gia thiét ta co|n| <1 véi moi neN. Do | | Ia chuin khong tim thuong nén ton tai

neNsao cho|n|<1. Goi p & sé tu nhién bé nhit thoa | p| <1. Khi d6 p la s nguyén té.

That vay, gia st p 1a hop s thi p= p,-p, V6i p,p la s6 tu nhién val< p,»p, <p.Khido

|2 =[.]||p.| < 1nén suy ra||p, | < 1hodc||p, | < 1( diéu nay mau thuin véi cach chon p) Goi

q la s6 nguyén té khac p . Ta chang minh g =1

Gia su

la]<1vi (¢",p")=1 néntn tai m,n € Zsao cho mp* +nq' =1.

Tac =1 =mp* +ng*|< o+ [ella*] < }p*] + ']

Cho k — +oota dugc1 <0, didu nay vo ly. Vay ”q”:l. Lidym e N, gia stm = p“.p...p%"

a
k

[y T b e
= p = —_ = | — = _a :|m|
p P p P

V6i xeQ, x>0 taviétx:ﬁ, m,neN, n#0 thitaco:

n
¢ C
| _bl, |l g
o= ==l =
C N Ol
p
p
. < A , a a A -
Voi xeQ,x <0thi—x >0nén ta co: ”x” :”—x” =|—x =|x| .Theo diéu Kién tuong tuong
p p

duong ctia chuan trong trudng hop 2 ta c6 ” ” ~ |-|p N |



QP VA BO PE HENSEL

Chuong 2: TRUONG SO P-ADIC
Trong chuwong nay ching toi s& xay dung trudng sd p-adic Q,duoc xem nhu Ia

twong tu p-adic cua truong sé thuc R. Nghién ctiru khao sat cc tinh chat Q,. S0 sanh no

vé6i truong sb thue R. Pac biét 1a xay dung Bo dé Hensel va tim toi cac tng dung cia né.

2.1 Xay dung truong so p-adic @P

Tir dinh ly Oxtropxki ta thdy moi chuan khong tam thuong trén Q déu twong duong

hozc 1a chuan phi Archimede

véi gié tri tuyét dbi thong thuong

(p 1a mot sé nguyén
p

t5). Mit khéc, ta biét rang lam day du Q theo || ta dugc truong s6 thuc R. Lam day da Q

theo

ta s& dugc truong moéi ma ta goi 1a trudng cac sb p-adic Q, la tuong ty p-adic cua
p

truong sé thuc R. Cuy thé ta xay dung nhu sau :

Xeét |

ord (x)
la chuan p-adic trén Q; |x| = (—j ,VxeQ. Ky héu S Ia tap tit ca cac
p
p

p

ddy Cauchy trong Q theo chuan

. Trén S xét quan hé twong duong ~ cho nhu sau:
p

Vi by, e Qlx b~ 1y} & limx, -y,)=0.

Ky hiéu QP = S~ = {{x_n} :{x } Cauchy trong Q theo

p}. Ta s€ trang bi hai phép

toan cong va nhan cho Q, dé no tré thanh mot truong.

Phép cong: Vx ={x_n},y =Fn}e Qp,x-l—y ={x +y }

Phép nhan: Vx = {x_n},y = Fn} € @p,x.y ={x .y}

Dé dang chirng minh duoc véi hai phép toan cho nhu trén, Q, & mot truong Voi:

Phdn ti khdng: 0 ={x =0}

Phan tir don vi: 1={x =1}

Phan tir doi: x ={x } = —x={-x }




Phan t nghich dao: Voi {x}=0. Ta ¢c6 x +#0 suy ra IN>0 sao cho
Vn>N,|xn|p=a¢0.

O,n<N

. , 1a mot day Cauchy trong Q theo | |, va
X;-,n>N

Khi do day {y,}, véi vy, :{

{x }{y.}=1. Tac phan ta nghich dao cia {x_} 1a phan to {y }.
Xét 0:Q — Q,,0(x) ={x, =x},Vx e Q, ta chung minh dugc & la don cau truong.

Do d6, ta c6 thé coi Q= Q.

n—x

Vi moi x = @ € Qp , ta dinh nghia |x| = lim|xn| . Binh nghia nay hop ly.
p p

That vay, dau tién luon luon ton tai lim|x | . Vi néux, —0 thilx,| —0 suyra |x| =0,
p n Tp p

n—®

connéu x, 40 thilx,| =a#0,vn>N suyralx,| >a=x =a.
P p p
Tiép theo |x| khong phu thugc vao cach chon phan tir dai dién. Gia sir x ={x }={y } thé
p

X

n

thi x ~y nén lim(x,—y )=0. Mat khéc, ta ludn c6 |xn—yn| >
n—oo p

~|y.| ‘ suy ra
p Plp

lim(x,| ~|y,| )=0 hay lim|x,| =lim

n—>0 n—0

Vi

p

Ta dé dang kiém tra

dinh nghia nhu trén 1a mot chuan trén Q,. Hon nira, moi day
p

Cauchy trong (Q,

) déu hoi tu trong (Q ,
p

i tie @,

) la mot mé rong cua (Q,
p

p)'

Nhan xét Véimoi x={x }€Q taludncd limx =ux.
. n P n

Chirng minh
Vx>0 do {x,} laddy Cauchy nén 3N >0:vn,m> N,|x, —x,| <& .Khido,

X=X, =!Lr2|xi ~X,|, <& S x=x| <&,Vn>N e limx, =x.m

n—o0

2.2 Khai trién p-adic ciia mét phan tir trong Q,

2.2.1 Quan h¢ dﬁng du trong QP



Véi a,beQ, ta dinh nghia a=b(mod p") < a—b:p"
Nhan xét, véi a,beQ , a=b(modp") < |a—b| <p™
4 P

Chirng minh Gia st a =b(mod p") < a—b’p" suyra a—b=p™.c m>n,(c, p)=1, din dén

n

la~b| =p™<p™.
Nguoc lai, gia su |a—b| <p™"suyraa-b=p".c m>n,(c,p)=1, hay
P
a-b:p"<a-b:p'.m
2.2.2B6déNéu xeQ, va x|, <1 thi véimoi neN, ton tai r e N sao cho |x—r|<p™.

Hon nira, 6 r ¢6 thé chon trong tdp {0,1,2,..., p" —1} .

Chirng minh Gia s x=%e@, (a,b)=1.Do |x|<1nén (b, p)=1,trdotathdybva p" la

hai s6 nguyén t6 cing nhau, do d6 tbn tai hai s6 nguyén u, v sao cho bu + p"v=1.

bat r=au, khi do :

x| :‘%—aup:%p|1—bu|p£|l—bu| <|p"v| =p™
Giase r=p".q+s,0<r<p"-1,taco
|x—s|p :|x—r+ p”qp Smax{|x—r|p, p”qp}s p"

Do d6 ta c6 thé chon r = thi khi d6, r €{0,1,..., p" 1} va [x—r| <p™".m

2.2.3Pinh ly Cho x e Qp, x| <1. Khi dé, x c6 mét dai dign la {a } — thoa hai diéu kién
p n=1,+o0

i)a €Z,0<a <p"(n=12,..)
i) a =a_ (modp"),(n=12,..)

Chitng minh Gia sir x={x,}. Vi {x,} la déy cosi nén VneN,3IN eN:Vi, j> N ta co

|xi —xj|p <p™.Tacéthé chon {N,} la ddy tang.

Tathdy |x|<1, Vi>N,. Thatvay, Vj> N, taco |xi —xj|p < p*. Khi do,



%), :|xi — X +xj|p < maxﬂxi —xj|p ,|xj|p} < max{ p1,|xj|p}
Cho j — +oo ta duoc [x| <max{p™,1f=1;dodé |x| <1.
Theo b6 dé 2.2.2, VneN, Ja, €{0,1,...p" -1} [x—a,| < p™". Ta s ching minh day {a,}

théa dinh 1y. Tirc con phai chiing minh x ={a,} va a, =a,,,(mod p").

That vay, |xn —an|p =X~ Xy, Xy, ~ 8| < max{ X, —an|p ,|an —-a, p}%o

nén{x,} ~{a,}hay x={a,}.Ta ciing co

|8, — .|, = (30 =Xy, X, X, X, B = max{ a, _XNn|p ,|an — Xy, | ,|xNn+1 -a,., p} <p™
-n _ n

Sla,-a,. <p"=a,=a,(modp’).m

2.2.4 Khai trién p-adic cia x trong Q.

i) Véi xeQ,,

x|p <1, theo dinh ly 2.2.3, ton tai diy Cauchy {a } trong Q thoa hai

diéu kién @ €Z,0<a <p"(n=12..) VA a =a_ (modp"),n=12,.. dé x={a }. Khi

d6, vai mdi ne N ta co cac khai trién p — phan

i ' i n—1 '
a =b,+bp+---b_p", b=0,p-1

n—1 n
a =b,+bp+---b_p" +bp", b=0,p-1
Matkhic, , = a, , (mod p") < 4, —a, , p" nén suy ra

n—1

b,+bp+--b_p~ =b,+bp+---b_p

n-1 , +00 ,
dodd a =b,+bp+---b_p"" nén x=lima =limY bp' =X bp'
i=0

n—om n—o j—()

Tom lai vai moi xeQ,,

x| <1.3b {01, p=1}:x = ibﬂp" , goi 1 khai trién p-

adic cua x trong Z, -

< 1thi ta s& nhan x véi motsé p™ thich hop sao

ii) Véi x khong thoa diéu kién |x
p

+00
cho x'=x.p" thoa méan |x| <1.Khido x'= Y b p" suyra
P n=0



X = +ZOO bl.pi, b, €{0,1,..,p—1}.

i=—m

Cong thuc nay goi 1a khai trién p-adic caa x trong Q, .

Nhan xét

I) Néu x:;bnpn ma bo :bl :”.:bm—l :O’bm ?&0 th\l |x|p :p_m

i) Néu xeQ x| =p"(meZ)thix=Y bp', bel0l..p-1)
b =—m

. . % R . L
2.3 Vanh cac so nguyén p-adic 7
2.3.1 Pinh nghia
Z,={xeQ, :|x|p <1}, Z ={xeQ, :|x|p =1}, M, ={xeQ, :|x|p <1

2.3.2 Ménh dé: Ta c

)M =7 \Z =pl,

la truong, goi la truong thang du cua
p

. o . . L
ii) M la idéan t6i dai cua vanh 7 va /
p p pZ

@,

)
p
Chang minh

i) Vx=paepZ,,

x| =|pa| :|p| |a| Sp71<1:>xeMp:>prgMp.
P p pl Ip

Nguoc lai, vx e M, gia s |x|p =p"(meZ).Do |x|p <1 nén m<-1suyra |x|p <p.

<t Lh . X .
Mat khac, x = pc trong d6, c=—. Tacd

P
:%<p—i:1<:>|c| £1<:>ceZp
P
P

o, -2

p

X
, Pl P

Tudosuyra x=pcepZ nen M, c pZ .



i) Suy ra tir Ménh dé 2.3.4. m

N/
A AL P ~ Z — ~ \ \ - ?
2.3.3 Ménh de: %Z,, = F,. Nghia la, truong thang du cua(Q ,

A 7
p)la F, AZ

: Z .
Charng minh Xét twong rng f:%Z_) %Z ,a+plt>a+pZ . Tasechang minh f
p

1a dang cu vanh. Truéc hét ta co f 1a don anh. That vy,

Va,beZ,a-b=pcepl (ceZ)<a—-b=pcepl (ceL,).

Vi ceZ nén ceZp.Ngu’QC lai, CEZP.TaCC')

a |a—b|

-b
c=Th o) -
p

= S1:>|a—b| <p'oa-bip'=cel
p p

7,

Tiép theo ta chitng minh f 14 toan anh:

n=0 n=1

Z | 8 g n S n—1
Va+pZ e %Zp’w acZ Nena=Yap'=a+py.ap
Suy ra
a-a, =Pzanp”“ €plL,=a—-a,epL, haya+pZ =a, +pL, = f(a,+ pL)
n=1

Do d6 f(a,+pZ)=a+ pZ,

Cudi cuing, kiém tra tryc tiép ta duoc f 1a ddng ciu vanh. Do @6, f 13 ding cAu.

Vay L) -7/ _Fa
‘ L, /pL "

2.3.4 Ménh dé: 7 | la vanh chinh va tdp cdc idéan cia 7 ap thanh mgt day chuyen. Cu

thé: Z,> pL, :)pZZp S p'L, D

Ching minh Gia sir | 1a mét idéan khong tam thuong cua 7 . Vi moi x e 1\{0}, do

x| <1 suyral|x =p”,meN. Goi a la phan tir cia I sao cho |a| =p™ Ion nhit. Ta
p P P

ching minh 1 = p"7Z

P’



x |x| o x .
| = <P 15y . Suy ra xe p"Z , nén
pm| -m m P P

p

P P

X .
Vxel,x=p"—, trong do, -

P

p

Icp"Z,. Be ching minh chieu nguoc lai, ta lay xep"Z thi x=p"c(ceZ ), nén

|X| =p”"|c| <p™™.Voi ael dachon o trén, ta phén tich x:a.ﬁ,tacé X =&= |x_|P
! g a al, |a|p p"
Dovay, | <P —ihay ez vax=aelNay, p'Z 1.
al, P a ! a P

Tir do ta c6 idéan | cua Z = duoc sinh boi phan tir p™ va dod6 Z  la vanh chinh va tap céc
idéan cua Z Iap thanh mot day chuyen. Cu thé:
Z,>pL, :pzzp S p'L,>--m
2.3.5 Mé¢nh dé
Z, la tdp compact, do do Q, la tdp compact dia phuong.
Chirng minh Truéc hét ta ching minh Z, la tap compact.
Gid str {x, | lamot day tly y trong 7 va
X, =a, +a,p+a,p +..
X, =a,+a,p+a,p’+..

x =a, +a, p+a, p’+..
Trong d6 0<a, < p—1 véimoi i=0,12,..
Xét céc phan tir a,, (n=1,2,3,....p—1) ta thay cdc phan ta ndy nhan cac gié tri trong tap
hiru han {0,1,2,...,p—1}.
Do d6 ton tai b, e {0,1,2,...,p—1} duoc cac phan tu aOH(n = 1,2,3,...,p—1) nhan gia tri vo

han lan.

Ton tai tap K, vd han céc phan tr x, cia ddy {x,} sao cho s6 hang dau tién trong khai

trien p-adic ciia méi phan tir déu bang b, .



Trong tap K, cac phan tir x, c6 sb hang tha 2 trong khai trién p-adic 1a a_ Véi
n= 0,1,2,...,(p—1) nhan céc gia tri trong tap hitu han {0,1,2,...,p—1}.

Vay phai ton tai b, e {0,1,2,...,p—1} duoc nhan gid tri v han lan.

Do d6 ton tai tap K, vd han céc phan tir x,, cia ddy {x,, | sao cho sé hang thir 2 trong khai
trién p-adic ctia cac phan tir d6 bang nhau va bang b, .

Nhu vay, véi mdi m e N ton tai tap K, v0 han cac phan tir x ciatap K, sao cho sb
hang thd m trong khai trién p-adic cua cac phan tr d6 bang nhau va bang
b e {O,l,2,...,p—1}.Dét b=b,+bp+bp’+..+b p"+b p"'+..

Nhu vy ta da xay dung duoc K, oK, >..oK >O..

Vi céc phan ta x, €K, x €K,.,x €K ..

mn

m—>0

Tur cach xay dung trén ta c6 ; |xmn - b|p <ptmeE s

Do d6 {x,, | 1amot ddy con lay ra tir day {x,} ma {x, | hoituvéb.
Vay 7, la tap compact.

Bay gio ta lay phan tir x, € Q.

Néu x, =0 thi ton tai Z, = B[O,l] |a tap compact chta x, .



Néu x, #0 tacoanhxa Z — x, +Z la phép dong phoi
X .XO + X

nén x,+7 latap compact chira x,. Do d6 voi moi x, € Q, déu ton tai 1an can compact
chira x, nén Q, compact dia phuong. m
2.3.6 Ménh deé (mgt so tinh chat topd khéc cia Q)

i) Moi hinh cau, mat cau trong Q | deu 1a nhiing tp vira mo vira dong.

ii) Hai hinh cau bdt ky trong @ hogc long nhau hogc roi nhau.

iii) Moi hinh cdu, mdt cau trong Q, déu c6 vo sé tam. Moi hinh cdu déu c6 vo sé ban

kinh.

iv) @, chi c6 mat 6 dém dwoc cac hinh cau va mét cau.

Charng minh
1) Glast a e Q,. re R*, xét hinh cau mé: B(a,r) = {x € @p : |x—a|p < r}

Hicn nhién B(a,r) 1a tap mo. Ta can chang minh B(a,r) 1 tap dong, nghta la can chung
minh B(a,r)\Q, 1a tip mo. That vay, néu ldy bét ky be B(a.r)\Q,, suy ra |b—a|p >
Khi d6, luén tdn tai hinh cAu mé S(b,r) nam hoan toan trong B(a,r)\@p Vi véi moi

y eS(b,r), suy ra |y—b|p <b.

Mt khéc, ta c6 |y—a|p :‘(y—b)+(b—a) .

p

Theo nguyén ly tam giac can, ta phai co:

Do do,

y—a|p >r.Suyra, S(b,r)cB(a,r)\Qp.
Vay B(a,r)\Q, latap ms.

Tuong tu, ta cling co B[a,r} = {x € Qp :|x—a|p < r}, D(a,r) = {x € Qp :|x—a|p = r} cling

la nhirng tap vira mo vira dong.



ii) Ta xét hai hinh cidu mo Bl(a,r) va BZ(b,s). Gia sa B (a,r)mBz(b,s);éQ, ta chung
minh ching phai 16ng nhau.
That vay, khdng mat tinh tdng quét ta cd thé gia str r < s. Sau day chung ta s& chirng minh

Bl(a,r)CBz(b,s). Tr gia thiét Bl(a,r)mBz(b,s)?&@, suy ra ton tai

ceBl(a,r)ﬁBz(b,s);t@ hay |c—a|p <r va |c—b|p <s.
Bay gio, VyeBl(a,r) ta co |y—a|p <r

Do do,

|y—b|p :‘(y—a)+(a—c)+(c—b)p Smax{|y—a|p,|a—c|p,|c—b|p}<s

Suyra yeB, (b,s) Vay B, (a,r) c B, (b,s).

Nguoc lai, néu s<r thi bang cach chimg minh twong ty nhu trén, ta ciing c6

B, (a,r) DB, (b,s)
Péi vai hinh cau dong, ta chimg minh hoan toan twong ty.

iii) Ta chung minh moi hinh cau, mét cau trong @ , déu c6 vo s6 tam.
Thatvay, véi aeQ , reR", taxét mot diem b bat ky, b= a trong hinh cau mo
B(a,r):{xe(@p :|x—a|p <r}.
Ta co, |b—a|p <r (do cach chon b).
Hon thé nira, ta con 6 B(a,r)=B(b.r) Vinéu x e B(a,r) thi |x—a|p <r.

Khi do, |x—b|p :‘(x—a)Jr(a—b)‘) Smax{|x—a|p,|a—b|p} <r

I

Suy ra, xeB(b,r) hay B(a,r)cB(b,r).

Nguoc lai, chirng minh tuong tu trén ta cling c6 B(b,r) c B(a,r) .



Vay B(a,r):B(b,r) véi moi beB(a,r). NGi cach khac, B(b,r) cd vd sb tam. Chung
minh tuong tu ta cling c6 B[a,r] va D(a,r) c vo sb tam.
Ta chitng minh moi hinh cau trong @ déu c6 vo s ban kinh.
Trudc tién ta xét hinh cdu mo B(a.r). Ta da biét ham chuan ||p chi lay gi4 trj trong tap
t

n+l

Ta ching minh ring B(a.s) =B(a,p”“) v6i moi s thoa p" < s < p".

neZ}u{O} nén ton tai neZ sao cho p" <r< p"'.

That vay, Vx eB(a,s) ,taco |x—a|p <s<p=x eB(a,p"”).

Nguoc lai, Vy eB(a,p””) ta co |y—a|p <p= |y—a|p <p"<s hay ye B(a,s). Nén
B(a,s) = B(a,p"“) :
Nhu vay, véi bat ky hinh cau B(a,r) véirthoa p" <r< p"! tadéuco B(a,r) = B(a,p"+1 )

n+l

Do do, B(a,r) =B(a,s) véi moi s thoa p" <s< p™'. Diéu nay c6 nghia 1a moi hinh cau
Mo B(a,r) déu cb vd sb ban kinh.
Doi voi hinh ciu dong Bl a,r | ludn ton tai n sao cho p" <r<p™. Ta s& chang minh

B[a,stB[a,p"J véi moi s thoa p" <s<p"'. That vay, véi moi xeB[a,s] ta co

|x—a|p <s ma p" <s<p™! nén |x—a|p <p".

Vay xeB[a,p"].

Nguoc lai, véi moi yeB[a,p"] ta co |y—a|p£p"£s, suy ra yeB[a,s|. Do do,
Bla.s] =B[a,p"].Vc’ri p'<r<p" . tacé Blar]=B[as].

Vay hinh cau déng B[ a,r | ¢6 v0 sb ban kinh.

iv) @, chi co mot sb dém dugc cac hinh ciu va mat cau.



Theo iii) ta c6 moi diém trong hinh cau, mat cau déu I1a tam ctia n6. Dung tinh chat nay ta s&

ching minh @ | chi cé mot sb dém duoc cac hinh cau va mat cau.

That vay, lay batky aeQ ,r e R". Theo iii) ton tai n e Z sao choB(a,r) = B(a,p”)

Vay M = {B(a,r)‘r e R*} = {B(a,p") ne Z} la tap dém dugc. Mat khac moi hinh cau trong
Q, déu c6 thé chon tam Ia mot sb hitu ti. Chang han, ddi voi hinh cau mo B(a, p"). Do
acQ, nén ta gia st khai trién p-adic cua a ¢ dang

m+1

— m n
a=a p"+a, p" +..tap"+.. (n<m,meZ).

<
p p

Ditb=a p"+a, p""+...+ap". Suyra beQ, va |b—a

nén beB(a,p”). Do do B(a,p”):B(b,p”).

Vay moi hinh cau trong @ déu c6 dang B(b,p”) trong 46 be Q va neZ, do d6 sb hinh

cau trong @, Ia tap dém duoc.

Tuong ty, ta cling chirng minh dugc moi hinh cau dong, mit cau trong Q, cing 1a nhirng

tap dém duoc. m

2.4 Bo dé Hensel
Nhu chiing ta da biét cdc phép todn s6 hoc nhu: cong, trir, nhan va chia trong Q

duoc thuc hién mot cach kha d&. Tuy nhién, viéc khai cin cua mot s6 nguyén va viéc tim

nghi¢m cua mot phuong trinh ndo d6 trong @, ndi chung la van dé khong phai lic nao

chung ta ciing thuc hién duoc. B6 dé Hensel s& gilp ching ta giai quyét mot phan nao cua

van de trén. Dc biét 1a Bo dé Hensel gilip chiing ta md ta cc can cia 1 trongQ | hay c&c tu
dang ciu trong truong Q,.

2.4.1 Bo dé Hensel Cho da thirc f(x) =c,tex+..tex" e, [x], c, #0va
f'(x)=¢,+2¢,x+...+nc,x"" la dao ham ciia 6. Néu ton tai phan tir a, € Z théa diéu

kién:



f(a,)=0(mod p) vaf'(a,) = 0(mod p) thi ton tai duy nhit a cZ saocho f(a)=0va
a=a, (mod p) .
Dé chirng minh bo dé Hensel ta can ching minh b dé sau :
B6 dé Cho q, < Z,, tén tgi duy nhat ddy sé tw nhién ay, a,, ..., ay,...thda 3 diéu kién
) a,=a, (mod p”“),Vn eN’;
i) 0<a, <p™,VneN,
iii) f(an) = O(modp"“), VneN".
Chizng minh Ta xay dung as, a,, ..., an,... bang quy nap.
Goi G, la sb tu nhién duy nhat thoa 0<d, < p—1 ma a, =d,(mod p)(d, la chir s6
dau tién trong khai trién p-aidc cua a, .
Gia sir da co a,, do a, thoa i), i) nén co thé chon a =d,+pb v6i 0<b<p-1tachi

con phai chon b phu hgp. Ta c6:

n

f(al) = Zn:cl. (Ezo + pb)i = Z(cifloi + icl.p.b.ZlO"*l + boi cuia pz),suy ra

fla)=r(G,)+pb.f (Ezo)<m0dp2)
Vi f(a,)=f(a,)=0(mod p) nén f(a,)=0(mod p), hay f(a,)= p.A;AeZ,.
Do d6

f(a)=pA+bp.f(a,)(modp’)
Dén day ta can tim b sao cho p.A+b.p.f'(d,)=0(mod p* ). Tirc

A+Db.f'(a,)=0(mod p)

S

Taco f'(a,)#0(mod p) nénsuy ra b=—"~(mod p)

7'(a)

Suy ra b duoc chon duy nhat, 1a chir s6 dau tién trong khai trién p-adic s6

S

r'(a)

. bén day

ta da xay dung duoc a;.
Gia sur ta da c6 duy nhat ddy sb tu nhién ay, a,, ..., a, thoa i), ii), iii). Ta s& xay dung

n+l



Néudaco a  thivia  =a (mod p”“) nén ta c6 thé chon b sao cho

n+l

a, =a +bp"™ va0<a _ <p"™® nén 0<b<p-1

Nhu vay Véi a ,, trén da thoa i), ii). Ta chi can tim b théa iii). Ta co:

n

f( n+l) Zc (a +b. p"“) = Z(ciai +i.cib.p”+1 .a;_l + boi cia p"+2)

i=0 i=0

suy ra
f(an”)sf(an)+bp"+‘.f'(an)(modp"”).

Vi q, theaiii)nén f(a,)=0(modp"")= f(a,)=p"" A} A'eZ,

Do dé
f( ,m) PA by fa )(modpn+z)

Can chon b dé p"".A"+bp".f'(a,)=0(mod p"*) hay A'+bf'(a,)=0(mod p)

Do anzao(modp) nén f’(an)Ef’(ao)(modp)mf:lf'(ao),z’O(modp). Vi vay,

f'(an),z‘o(modp) T dosuyra b= - (2n)(modp)

N J PR ~ A X pia S a2 . , -A
Vay b la duy nhat va la chir s6 dau tién trong khai trién p-adic cua ———€Z
f'(a,)
Nhu vay bang quy nap ta da xay dung duoc duy nhat day sé tu nhién ay, ..., a, thoa bd dé.
Pé chizng minh B6 dé Hensel ta can ching minh céac diéu sau:

1. Sy ton tai: Véi a, e Z,, theo b6 dé trén ton tai duy nhat mot ddy sé tw nhién ay,

a,,..., a, thoa diéu kién :

n+l

i) a Ean(modp””),VneN
i) 0<a <p,VneN
iii) f(a,)= (modp"“), VneN’
Do i), nén |a,,, —an|p <p " suyraddy {a,} laddy Cauchy trong Q.

Pt a:meZp,taCf):



a =a, (mod p)
a, =aq, (mod pz)

a =a (modp”),‘v’n eN

suyraa =a_ =..=q, (modp), Vn e N. Tu do, ta dugc

|a—a0|p zlim|an —a0|p <p’ :>|a—ao|[7 <p'=a =aq, (modp) (D

n—o0

Mat khac: a , =a, (mod p" ) Vn e N nén ta co:

a, Ean(modp"“), VmneN:m>n

-n—1 1
= |am — an| <p

:>|a—a| =
p "lp

: e
11m|am —an|p <p

m—>0

~faa < = a=a, (mod ) £ (a)= f(a,)(mod

p

Ma £(a,)=0(modp""') nén f(a)=0(modp"") din dén ‘f(a)

()

<p"',VneN suyra
p

—2* 50 . Dovay, f(a)=0 (2)

p

2. Tinh duy nhat: Gia sit ¢4 o' € Z , thoa diéu kién a'=a,(mod p) va f(a’)=0. Do

del ta C6a'=b,+bp+bp+..+bp"+..

Pit a, =@ =b,+bpi a, = b, +bp+..+b,p" . Khido {a, | thoa i), ii) ciia b6 dé trén
Hon nita: a = a’(modp"”) suy ra f(an') = f(a')(modp”“), ta lai co

f(a)=0(mod p") nen f(an') =0(mod p"). Tic day {an'}théa didu kien iii) cua bé dé,

n6i cach khac day {a} thoa bd d&, do d6 {a} ={a,}hay a=d'm

2.4.2 Vidu Trong Q, ludn ton tai cdn béc 2 cua -3.

That vay, xét f(x)=x+3, taching minh f(x) c6 nghi¢m trong Q,

Véi a,=2€Z,,tacd f(a,)=7=0(mod7)va f'(a,)=2a,=2.2=4= 0(mod7)

Theo Bo dé Hensel ton tai duy nhat x, € Z, sao cho x, =2(mod7)va f(x,)=0hay

x2=-3.



2.4.3 Vidu Trong Q, ludn tén tai can bdc 2 cua 9.
That vay, d& dang nhan thiy ton tai 3e7%,:3* =9
Tuy nhién, ta khdng thé ap dung B6 dé Hensel dé ching minh @, ludn ton tai can bac 2 cia
9.
Vivéi f(x)=x"=9; f(x)=2x.Taluoncé f'(x,)=2x,=0(mod2),Vx, €Z,.
Dé giai quyét mau thuan cua bai toan trén ta can chirng minh B6 dé Hensel mé rong sau.
2.4.4 B dé Hensel mé rong
Cho f(x)=c,+cx+...+cx"€Z, [x]
f (ao) = O(modpM)
Néu ton tai phan tir a, € Z théa dieu kién < f'(a,) = O(modpM“)

f(a,)= o(mod ™)

Khi d@6, ton tai duy nhdt mét sé a e 7, sao cho: f(a) =0va a=aq, (mod pM“)

Dé ching minh b dé hensel mé rong ta can chang minh b dé sau day :

B6 dé: Cho q, e Zptén tai duy nhdt day sé tw nhién ay, a,, ..., a,. théa 3 diéu kién
a =a (mod pM+n) :
ii) 0<a <p";
iii) f(a,)=0(mod p**").

Chirng minh bo dé

Ta xay dung day sé aj, a,, ..., a, bang quy nap
Goi 4, la s6 tw nhién duy nhat thea 0<a, < pma a, = d, (mod p** ) (*)
Do a,eZ nén a =b,+bp+b,p’ +..+b,p" +b,, p"" +..
Chon a, =b, +b,p+b,p*> +...+ b, p"
Suy ra @,duy nhat va thda diéu kién (*)
Gid strdd c6 a,, a, thoa i), i) nén cd thé chon: a, = a, + b.p™*' véi 0<b< p-1

Ta chizng minh ¢é duy nhat b thoa diéu kién f(a] ) = O(modp

2M+2)



Thatvay, tac6 f(a,)= Y c,(a, +bp"") =Y (cd, +c.ia, " bp" "+ boi cita p™*),

i=0 i=0

suy ra

f(al)sf(&0)+b.pM+‘.f'(ao)(mode”).
Do a,=a,(modp"") nén f'(a,)=f(a,)(modp"") ma f'(a,)=0(modp") va
f’(ao)zo(modpM“), Vi vay f’(&O)EO(modpM) va f'(ao)zo(modpM“). Do dé,
f'(@,)=p".A; AeZ . Tird6 suy ra:

f(al)Ef(fzo)+b.pM+1.pM.A(modp2M+2)

hay

f(a)=£(a,)+b.p" A (mod p?).

Dén day ta can tim b sao cho f(d,)+b.p™"". A= o(mod p2M+2)

Tuc
a ~f(a (0
%+ b.A=0(mod p)hay b= {M(HO) (mod p) véi A= / (ZO)
pA p
Ay 13 ~ QA FA L ga SR s RA _f(&o)
Suy ra b dugc chon duy nhat, la chir so dau tién trong khai trién p-adic s6 — 1

Dén day ta xay dung duoC a, .

Gia sr ta da c6 duy nhat day so tu nhién a,,a,.,...,a_, thoéa i), ii), iii). Ta s& xay dung
a_ thoa cic diéu kién trén.
Néu dd co a_ thivi a =a_ (mod p**) nén ta co thé chon b sao cho: a =a_ +b.p™*"
vaOo<a, <p""',suyra0<b<p-1.
Nhu vay Véi a trén da théa i) va ii). Ta chi can tim b théa iii)

Taco: f(a)= Zci(anfl +b.p""y = Z(Ciajk] +ib.p""" .aj;l] + boi ciia p™"**")
i=0

i=o0

suy ra
fla)=f(a,_)+b.p"" f'(a,_) (mod p*")

hay



fa)=f(a,_)+b.p"" f'(a,_) (mod p*"")
Do a _, =a,(mod p"*") nén f'(a_)=f'(a,)(mod p"™).
Ma f'(a,)=0 (mod p") va f'(a,) = 0 (mod p"*),
Vi vay
f'(a,_)=0 (mod p") va f'(a,_) =0 (mod p"*').

Do do, f'(a, )=p".A"; A'eZ .Twdosuyra
Fla)=fla, )+b.p"" p" A (mod p**)
Dén day ta timbsao cho  f(a, )+ b.p**".A'= 0 (mod p***"")

L fa,)

2M+n

T +b.A"=0 (mod p) hay b EM (mod p) véi A’ = Mﬁ/};_])

1
p2M+n .AI p

—f(a,)

Vay, b chon duoc duy nhat Ia chit s6 dau tién cua —-—— -

trong khai trién p-adic.

Nhu vay bang qui nap ta di xay dung duoc day a,,a,,...,a, thoa bo dé.
Pé chirg minh bo dé Hensel mo rong, ta can chirng minh nhiing diéu sau:
1. Su ton tai; Véi a,€Z,, theo b dé trén ton tai duy nhdt mot diy sd tu nhién
a,.a,...,a théa diéu kién
1) a =a, (modp"™)
i) 0<a, <p"
i) f(a,)=0 (mod p*")

o oA ~M-n .
Do i) nén |a, ~a, | <p™" taco

a, = a, (mod p"™)

a, =a, (mod p**?)

a =a,_ (modp"™")

suyraa =a ,=..

a,(mod p"”™), vne N. Tur do,

IRT _ —M-1
|a—a0|p —hm|an a0| <p

n—o p

dan dén |a - a0|p <p™'.Vivdy, a=a, (modp"™) (1)



Mit khac, a, =a, (modp"™"), VneN nén a =a (modp""""), Vm>n dan dén

-M-n-1

11m|a —an| <p

m—ool M p

—-M-n—-1 \ r
|a —a| <p "t dd |a—a| =
m n I‘lp

p

Do vady a=a (modp"™'), ta suy ra  f(a)=f(a) (modp™™") ma

f(a,)=0(mod p***"*!) nén f(a)=0(mod p"**"'), do do | f(a)|p <p ™ VYneN din dén
f (@], —==0. Vivly, f@=0 (2)

2. Tinh duy nhéat: Gia st ¢o a'eZ, thoa hai diu kién o' =a, (mod p™*') va

f@)=0.Tacd a'=b,+bp+b,p*+..+b,p" +b,p"" +..+b,, p" +..

=b,+bp+..+b,p"
M M+1
=b,+bp+..+b,p" +b,p

a =b,+bp+..+b,p" +b,p"" +..+b, p""

a =b+bp+..+b,p" +b,p"" +. . +b, p""+..+b, p"" véi m=M+n

F O
Khi d6 {a/ } thoa i), ii) thoa b6 dé. Hon nita
a =d' (mod p>™*™ysuyra f(a)= f(a')(mod p***"")y ma f(a')=0,dodo
f(a,)=0(mod p*"").
Day {a,} thoa dieu kién iii) cia bo dé, néi cach khac day {a} thoa bo dé, do do
{a;l} = {an} hay a=a' .m
Ap dung B6 dé Hensel mé rong dé chang minh bai toan trong vi du 2.4.3

Trong @, ludn ton tai cin bdc 2 cua 9.

That vay, xét f(x)=x" -9, taching minh f(x) c6 nghi¢m trong Q,

Véi a,=1€Z,, M=1taco,

f(a())
£ (a,)=2a,=2.1=2=0(mod2")

8= O(m0d22'1+1>

f'(a0)=2ao =2.1=2;o(m0d21+1)



Theo Bo dé Hensel m& rong, ton tai duy nhat x,eZ, sao cho xosl(modz”l)va
f(x,)=0hayx; =9

2.5 Ung dung cua B6 dé Hensel
Ung dung 1 ( M6 ta ciin cia 1 trong Q,)
Cho F1la trudong phan tir x € F goi 13 can cua 1 trong F néu ton tai s6 tu nhién n dé
x"=1.
Trong truong 6 thuc R, ta biét rang tap cac can cua 1 trong R chinh la {-1,1}. Vay tap cac
cin cua 1 trong Q, la gi? P& mo ta dugc céc can cua 1 trong Q , ta can phai sir dung den

B dé Hensel va B6 dé& Hensel mé rong. Cu thé ta c6 cac két qua sau:
2.5.1 Dinh Iy (M0 ta can ciia 1 trong Q@ véi p 1a so nguyén to l¢)
Cho p 1a sé nguyén té 1é. Khi do:

a) Véi moi 1<i< p—1 tontai duy nhat & e Q, théa &7 =1va & =i(mod p)

Do do: Tdp cic cin bac p-1 cialtrong Q, 1a: U, = {51,52,...51,_1}
b) Tdp cdc can cualtrong Q, chinhla U | (hay xeQ ,x"=1< x"=1)

Chirng minh

a)Pat f(x)=x"—x,tacd f'(x)=px""—1.Véimdiie {1,2,...,p —1} thi (i,p)=1.

Theo dinh 1y Fecma i’ =i(mod p) hay i’ —i=0(mod p). Khi d6 f(i)=0(mod p), mat
khac f'(i) = pi®" —1=—1(mod p) nén f'(i)# 0(mod p), theo B6 dé& Hensel ton tai duy nhét

& eQ, saocho & =i(modp) va f(&)=0.Suyra &"—-& =0 va & #0,dodo &' =1.

Vivay, U ={£.&,0¢, | ={xeQ, 2" =1}.
b) Trudc hét ta ching minh 1 khong ¢ cin bac p nao khic 1 trong Q.
Xét da thie f(x)=x"-1€Q,[x], taco
-1=0=Gx-D""+x"2+..+1D)=0
x=1

A 2
X x4 41=0 (1)



-1
D |

Pat f(x)=x""+x""+..+1= , luc do6 ta co

x—1

(D1
x+1-1

f(x+1)

=x" 4+ C x4 O
Suy ra f(x+1) bat kha qui theo tiéu chudn Eisenstein, nén f(x) bat kha qui trong Q » [x} Do
d6 (1) vo nghiém va ta duoc {1 =1
Bay gio ta chimg minh tép céc cdn cia 1 trong Q, chinhla U, .
Ki hi¢u U la tap cac can cua 1 trong Q,,, ta co U:{xe@p :IneN*: x" :1}
Ta s& chimg minh U, = {x € Qp cxP = 1} = U .That vay, ta ludn co
U,, :{xe@p :x! zl}gU
Nguoc lai véi x, e U, ta s€ chimg minh x € {x € QP cxP = 1} =U,,.

Vi x,eU néntontai neN" saocho x," =1. Gia st n=p*.m, (m,p)=1, Taco:

x, =1 xo"k'm =le ((xom )pk] JP =1

Do 1 khong c¢6 can bac p nao khac 1 trong Q, nén biéu thirc trén tuong duong Vi

k-1

(x,")" =1.Ap dung lién tiép tinh chit trén ta duoc x,” =1.

Giast x, =a,+ap+..+a p" +..

Vi |x0|p =1 nén O<a,<p-1, suy ra (a,p)=1, theo dinh Iy Fecma, ta duoc
a,”" =1(mod p).

Xétda thue f(x)=x""-1eQ [x],tacd f(a,)=a,"" —1=0(mod p) va

f'(@y) =(p=1).a,> = 0(mod p)

Theo Bo d¢ Hensel, ton tai duy nhat y eZ sao cho y, =a,(mod p) va y,"" =1, suy ra
y,"" P =1vay,=qa,(modp). Tacd x,"*" =1 va x, =a,(mod p).

Xét da thie g(x)=x"""-1eQ, [x] ,tacod ga,)=a,""" —1=0(mod p)Vva

g'(a,)=m(p—1).a,"""" = 0(mod p)



Theo B6 dé Hensel, phuong trinh g(x)=0 c6 duy nhat nghiém 2, €Z, théa z, = a, (mod p)
(*) ma x,,y, ciing 1a nghiém caa g(x)=0 théa (*). Suy ra

X, =2,=Y,- Vay x, e{xe@p xP! =1}=Up_l.l

2.5.2 Binh Iy (M6 ta can cua 1 trong Q,) Tdp cdc can ciia 1trong Q, la {+1}

Nghia la néu x e Q, va tontai neN" dé x" =1 thi x=+I

Chirng minh Trudc tién ta c6 nhan xét phuong trinh x° +1=0 v6 nghiém trong Q, . That
vay,gia sir ton tai x,€Q, dé x,” =—1. Do |x0|z = |—1|2 =1 nén x,eZ,, khi d6x,co biéu
dién X, =a, +a]2+a2.22 +..ta 2" +.. (véi a, e {0,1}), suy ra

(@, +a,2+...+a,2" +..)’ =—1 do d6 4, =-1(mod2) hay a,=1(vi 4, €{0,1}).

Vé6i g, =1,tasuyra (1+gq,.2)’ =—1(mod2°)hay 1=-1(mod4) (voly) .

Vay x* +1=0 vo nghiém trong Q,.

Tiép theo, vai (n, 2) = 1, gia sir cO x,€Q,, x; =1, tachitng minh x, =1. That vay, x; =1
nén |x0|2 =1 va x, =1(mod2). Do d6 x, =1(mod2) va x" =1.

Mat khac, ta cling c6 1=1(mod?2) va 1" =1.

Bdy gid, xét da thic f(x)=x"-1€Q, [x] , ta cd f(1)=0(mod2) va
f'()=n.1 2 0(mod2). Theo Bo d& Hensel, ton tai duy nhat z, € Z, sao cho z, =1(mod?2)
va zg=1.Dod6 x,=z,=1.

Cubi cing véi n la s6 tw nhién chdn va x, € Q,, x =1, ta ching minh x, = +1

Taludn ¢ n =2 m véim 1¢, k>1. Khi d6 x" =1 twong duong v6i x> =1 hay (xzk )m 1.

Theo ching minh trén thi x> =1. Tir d6 ta c6

o120 (=D + D +1).(x” +1)=0
SxP-1=0
< x==1

Vay cén cta 1 trong Q, la {il}. u



Ung dung 2 ( M6 td nhém thwong Q, f )
@)

Cho F la truong, khi @6 (F*,.) nhom Abel
* 2 2 * *\2 \ J4 5 J *
(F ) :{a laeF }; ((F)",.) lanhém con cua nhom (F~,.)
Xét truong hop
F=R, tacé: ¢:R" —{1,-1}
a
ar —
d
D@ dang nhan thay ¢ 1a toan ciu nhom nhan véi Kerg = {a eR" /a> O} =R’

‘ . , .. R* ~f1._ A
Ap dung dinh 1y Noether ta c6 : %(er(p = {1, 1} . Vay,

R%R*)z = {1;~1} = Z, —nhém xiclic cép 2

Van dé dat ra 1a khi ta thay F = @ thi két qua nhur thé nao ?.

2.5.3 Pinh ly (md ta nhom % . khi p 12 s6 nguyén t6 1¢)

p

Néu p 1a s6 nguyén to lé thi Q, 0 =2Z,®Z,
Q,)

Ching minh Ki higu F, =2/ _, trong ly thuyét s, ta biét rang s cac lop la thing du bac

pZ
BN p_l ,
2trong F la ——,do do
r 2

F;(F*)2 ="

p

F : —

X¢ét anh xa H:Zp_)%)z VOIi 9(05):49(a0+a1p+a2p2 +..)=a,(a)=aq,
F>.<
p

V6i a=a,+ap+a,p +.., ﬂ=b0+b1p+...eZ;,taCé

0(a.B)=0(ab, +cp+e,p’ +.)=ab,(a.B)=a,b, = a,b, =0(a).0(p)

Suy ra @ 1a ddng cidu nhém nhan. D& dang nhéan thiy @ 1a toan ciu.



«\2 \2
Bay gio ta ching minh Ker@z(ZP) .Thatvay, o € Ker9, Q(a)e(F ) .

»
Suyra a=a,+ap+a,p+... Voi a_ozb_02 hay a, = b; (mod p).

Xét phuong trinh bac hai f(x) =x" —a .Luc @0, f(bo) =b-a=a,—a=0 (mod p) va
£'(b,)=2b,£0 (mod p).

Theo Bo dé¢ Hensel, ton tai duy nhit x ez d¢ x}=a thoa x,=b(mod p), do do

a e(Z;)Z.Nguqc lai véi a =a, +a1p+a2p+...e(Z;)2.

Suy ra a:(b0+b1p+b2p+...)2, dod6 a,=b; (mod p) dan toi ao(a)e(F*)z.

p

Viy a, =0 hay o € Ker@. Ap dung dinh Iy Noether ta c6 :

/N F"
~ p ~ P ~ —
/Z )T 461’(9 B %7 ) AZ =2, — nhomxiclic cap 2

Tiép theo, xét anh xa

Z £
c0) * 7
(D.@p _)AZ@ /(Zp*)2

p"ur> (i, u)

Véi a=p"u; f=p"v eQ ,taco

p(a.B) = @(p"" uv) = (m+n, uv) = (m, u).(n, v) = p().p( )

Suy ra ¢ la dong cdu nhom.
Véi (m ;)EZ/ @Z"* thi tdn tai & = p".u e Q * sao cho p(a) = (m, u)
’ 22 J(Z,) ' C ’
Suy ra ¢ 1a toan cau.
Kerp={a=p"ucQ, /pa)=1) nueq "% L@y
=0 = . a)= =<0 = . =
ery prueQ /o prueQ, ue(Zp*)z )

Theo dinh ly Noether ta c6 :

Q, QS 1 L) . 7/
Q) =~ /Kerp~ AZ@ (Z,) - AZG_) AZ =2,9Z,.m



e A sn Q)
2.5.4 Pinh | ta <2/ .,
" y[ o %@2) ]

Véi p=2 thi
%* j 32,91, 8L,
2

Dé chizng minh ménh dé trén ta can ching minh cac nhan xét sau :
Nhan xét 1 z, = {L-1}@{1+42,) Z/Z {1+42,)
Thit vy, tacé —1£1 (mod4) = —1¢1+47Z,

nén {L-1} N {1+4Z,} ={1}.

Véi aeZ, a co thé biéu dién o = 1+a2+a,2’+a,2’ +...(vdi a, € {0,1})

Vi a =0 th a=1+ag,4+a2°+... Suy ra ael.(l+4a),acZ,

1

acel.a, a0:1+4ael+4Zz.

Véi g =1thi a=1+2+a,2* +a,2° +... Suyra

a =3+4a=(-1)(-3-4a)= (-1 -4a+D)Véi acZ,
hay o =(-1).c,, o, =1—-4(a+1)e1+4Z,.

Vay Z, = {1;—1}@{1+4Z2}

o 1447, .7
Nhan xét 2 /+8Z2: 57

That vay,

Xét: 0:1+42,—— DL/ V6i0@)=0(1+a,2" +a2 +.)=a,, (a,€ L,)

Véi moi  a,fel+4Z,,a=p<1+a,2’ +a,2> +...=1+b,2> +b2° +... Khi

hay

do,

a,=b, (mod4) nén a, =b, (mod2), din dén a, = b, hay O(a)=6(f). Nhu vay 6 1 4nh

Xa.

Véimoi a,fel+47,,1aco:

0(af) =61+ (a, +b,).2> +8Z) =a, +b, =a, + b, = O(a)+O(j3)

Nhu vay @ 1a dong cau nhom.



Véi moi a_ze%z, ton tai @ =1+a,2% +a,2* +... 530 cho 9(a)=g. Suy ra @ la toan cau.

D& thiy Ker={a €1+4Z,/ 0(c)=a, =0} = {1+8Z,}.

Ap dung dinh Iy Noether ta co:

1+47, _1+4Z/ :Z/
1+8Z, Ker® ™ /27

Nhanxét3 (Z))*=1+8Z,

That vay, ldy ae®.?® thi « c6 dang (1+52+5b,2° +b,2° +..)>. Khi do,
a=(1+b2+b,2%)" (mod8), suy ra a=(1+b’4+4b) (mod8), hay
a=1+4b (b, +1) (mod 8). Do do, o €1+8Z,.

Nguoc lai, xét f(x)=x"—a Taco:

f()=1-a=0 (mod?2® =2>"""
f(1)=2=0 (mod2' =2") véi M=1, a,=1
F(1)=2 =0 (mod4 =2"")

Theo B6 d& Hensel suy rong, ton tai duy nhat geZ, théa f(B)=0 va B=1(mod2”).
Khi dé, o = & hay o e (Z,").
Vay, (Z.) =1+8Z,.
Cuébi cling, ta chirng minh @7 27, ®7,D7,.

Q,)
Véi x e @), x dugc biéu dién dusi dang x =2"u, ueZ,, m e Z. Theo nhan xét 1, ta co u
viét dugc duy nhét dudi dang u=¢ev Véi ¢e {+1;—1}, vel+4Z,. Do d6, x c6 thé viét

du6i dang duy nhat x =2".c.v Véi ¢ e {+l;—1}, vel+4Z,, meZ.Khido, xét anh xa

. 1447,
0: Q, —>%Z®{+1;—1}®+ %822

x=2"¢gv > 0(x)=(m, &, v)
Ta chitng minh @ 1a toan cau nhém. That vay,

V&1 moi x,ye@i, x=2"¢gv, y=2"¢e'u, myneZ, s,'e{l;-1}, u,vel+47Z,,ta co

O(x.y) = 02" " 8" uv) = (m+n, &', uv) = (m, &, u).(n, &', v) = O(x).6(»)



Suy ra @ 1a dong ciu nhom nhan.
Véi moi e %Z @ {+1;-1} ©1+4Z, thi ton tai & =2".£.v Q] sa0 cho H(a)=1.

Suy ra @ 1a toan cau.

Tiép theo ta chimg minh Kerd = (Q})*. That vay ta co

Kerf = {x =2"eveQ,/0(x)=(me.v)= (6,1,1)}
Voi moi xe(Q)* thi ¢ yeQ; dé x=2"gv=y>=(2"&' V') =2".(¢')*.(v')*. Khi d6
m=2n, e=(&')’ =1 V& v=()’ =(1+47Z,* =1+8Z,€1+8Z,. Suy ra m=0, £ =1 V&
v=1tac 12 x € Ker6.

Nguoc lai, voi x e Kerf thi x=2"cveQ Z=6,g=1,;=i.Lﬁc do,

2’
m=2n, & =1,vel+8Z,. Theo nhan xét 3, ve(Z;)2 nén v =u’ ,ueZ;.
Nhu vay x =2".1.u* =2"u* =y’ e (Q))* Vi y=2"u

Vay ((Qg;)2 = Ker6.

Ap dung dinh ly Noether, ta co:

_Q N N 1+47
(Q*)ZZ 2ker9:%Z®{_1’l}® /1+8Z2

Q*
2 er 2l DL DL,
2R ke

Ung dung 3 (Nghién ciu tinh ddng cdu gidia cdc trueong Q ,Q, va R)

hay

2.5.5 Dinh Iy (Xét sw dang cau ciia cic trudng Q , Q,, R)
1) Truong Q, va Q, khéng ddng cdu véi p # q
i) Truong Q, khéng dang cdu véi R

Chirng minh

Truéc hét ta c6 nhan xét: Cho F, K 1a truong

Néu F =K thi %F*)z ;%K)z

That vay, gia stt f : F—— K 1a dang cdu truong, xét



< f(a)=/(0)
Vay f 1a anh xa va la don anh.

Hién nhién f 1 toan &nh.

Mit khac, véi a,be '/ taco
()

F(ab)=F(ab)= f(ab)=f(a).f (b)= f(a)-£ (b) = F(a)-F (P)

Vay f 1a dang cAu nhom.

1) Truong Q, va Q, khong dang cau véi p # q
Ta xét 2 truong hop :

a) Truong Q, va Q, khong dang cAu voi p #2

That vay, theo dinh ly 2.5.3 va 2.5.4,tacé : Q/ )2 =7,®Z, va
QS

Q, (Qz*)2 =7,972,07,
Vay theo nhan xét trén thi Q, khong ding céu Q, voi p#2.
b) Truong Q, va Q, khong dang cAu voip, q (p # ¢)1a cac sd nguyén t 1é
Ta c6 nhan xét sau: néu f: F—— K 13 dang ciu truong thi phan tir u € F 13 cin caa don
vi 1 khi va chi khi f(u) e K ciing 13 cin cua don vi 1. Do d6 néu f 1a dang ciu truong thi

tap cac can cua 1 trong F va tip cc cin cua 1 trong K c¢6 s phan tir nhu nhau. Theo dinh



ly 2.5.1, tap cac can cua 1 trong Q la U, (c6 p-1 phan tr), tap cac cin cua 1 trong Q, Ia
U, (c6g-1 phan tir).

Suyra @, va Q, khong dang cau.

Két luan: Q, va Q, khong ding cAu v6i moi s6 nguyén td p # .

i) Truong Q, khong ddng cdu véi trirong R

Ta cling xét 2 truong hop:

a) Néu p =2 thi QP* , =7Z,®7Z,, trong khi do R’ 5 5
@) (=)

Suyra Q, khong dang cau véi R.

1
N

b) Néu p=2 thi Q, ,22,®7,®Z,, trong khi do R’ , =7
(@) (%)
Suyra Q, khong dang cau véi R.
Két luan: Q, khong dang cau véi R.m
Ung dung 4 (M6 ta nhém céc tw ding cau Q )

Ta c6 nhan xét sau : Truwong R chi ¢é 1 tw dang cau duy nhat la anh xa dong nhat

That vay, gia st f : R——R 1a 1 dang cdu cta truong R. Khi do,
f(l):1:>f(n)=n, VnelZ

:>f(—n)=—n, VneZ

Véim(_)ireQ,r:ﬂ, mnew, n;tOnénf(r):f(ﬂj:f(m):ﬂ:r
n n
Vélyf(r)zr, VreQ.

Tiép theo ta ching minh : néu «, BeR, a<gf thi f(a)<f(ﬂ)

That vay, ta cé



Bay gid ta chiing minh: f(a) =a; VaeR. That vay, gia st nguoc lai ta co f(a) .
Luc do xay ra 2 truong hop sau :

Truong hop 1: f(a) <a

Vi f(a)<a nén ton tai re Q: f(a)<r<a

Do r < a, theo chung minh trén r = f(r) < f(a) . diéu nay mau thuan.

Truong hop 2: f(a) >a

Vi f(a)>a nén ton tai re Q: f(a)>r>a.

Do r > a, theo chung minh trén r = f(r) > f(a) . diéu nay mau thuan.

Vay f(a)za, VaelR.

Nhu vay néu f 12 1 ty dang cau ciia R thi f 1a anh xa dong nhat. Van dé dit ra d6i véi truong

Q, thi két qua nhu thé nao? Ta ciling c6 két qua twong ty. Cu thé ta c6 ménh dé sau :
2.5.6 Dinh ly (M6 ta cac tw ding ciu ciia @p)
Truong Q, chi ¢6 1 tw ding cdu duy nhat la dnh xa dong nhat.
Chirng minh Dé chimg minh dinh 1y niy ta can chirng minh nhan xét sau
Nhan xet Cho u e Q; khi @6 cdc phat biéu sau la twong dwong '
i) u la phan tir kha nghich ciia Z, (u € Zp*)
ii) VneN, néu (np) =1 thi u”" ¢6 can bdc n trong Q,
Chirng minh nhan xét
1) = ii): Giastr ue Z;, ta chiing minh: Vn e N, (n,p) =1 thi "' c6 cin bac n trong Q,.
That vay,
ueZ; thi u=a,+ap+a,p’+... v6i 0<a, <p—1va (ao,p):l
Theo dinh 1y Fecma ta c6: a?™' =1 (mod p), suy ra a = u'= aé’_l =1 (mod p)
Xét f(x)=x"—a.Tacd: f(1)=1-a=0(modp) va f'(1)=n=0(modp).
Theo b6 dé Hensel ton tai duy nhat x,€Z, théa x, =1 (mod p) va

f(xo)zxg—aEO(modp) trcla x) =a=u"".



Vay u”"' ¢6 can bac n trong Q,
i) =i): Gia sir "' 1udn c6 cin bac n 1a x, trong Q voi VneN, (n,p) =1
Taco: x! =u""' suyranord (x,)=(p—1).ord (), dan dénnla udc cia (p—1).ord, (u)
voi moi neN, (n,p)=1,dodé (p—l)ord (u):O hay ord (u):o, Vi vay |u| =1, tc
p p p

AueZ .

p
Bay gio ta ching minh ménh dé:

Gia su [:Q,—Q, la ty dang cdu cua trudng Q, Khi do, f(l):l dan dén

f(m):m, VmeZ.Dodo, voimoi reQ, r=

f(r)=f[ﬁ]=f(m)=%:r,

Tiép theo ta chimg minh néu u e Z, thi f(u) €Z . That vay, néu ue Z', thi theo nhan xét

,mmneZ,n+0 thi

trén, véi moi n e N, (n,p):l thi ™" c6 can bac n trong Q,, nghia la tontai x e Q, dé
u’ =x",suyra f(u”’l)zf(x:)z(f(xn))nma

£)=(r ()
nen (f(u))” =(/(x,)) co nghiala (f(u))" <6 can bic ntrong @, . Vy theo nhan xeét
trén, tacod f(u)eZ’ .
Bay gio, ta chimg minh f 13 4nh xa dang cy tirc 1a
Véi a,peQ, thi ‘f(a)—f(ﬁ)‘p :|a—ﬁ|p
Thét viy, gid sit @ — f=p".u, meZ, ueZ . Khidé |a—ﬁ|p =p™.
Taco f(a)—f(ﬁ):f(a—ﬂ):f(p’".u):f<pm).f(u):p’”.f(u) dan toi
#(@)=£ (), =p" =la=p|, Vi 1 (u) 2.
Vay f 14 anh xa dang cu, do d6 f 14 anh xa lién tuc.

Cudi cung ta chirng minh f 1 4nh xa ddng nhat. That vy, voi moi x e Q, gidsu



_ m k
x-amp +...+akp +...

Dit x, =a,p" +...+a,,p"" cQ thé thi x=lmx . Suyra f(x)=f(limx,) , lai vif lien
Nn—»0

n—>0

tuc nén limf(xn) =limx, = x. Vay fla anh xa ddng nhét.m

n—oo n—>o



KET LUAN

Trong luan vian nay ching toi da trinh bay kha day du vé cach xay dung trudng cac so p-
adic Q  va khao st mot céch chi tiét cc tinh chat cua truong céc s6 p-adic Q. Trong qua
trinh nghién cau chang toi ludn cb ging so sanh su gidng nhau va khac nhau gitta cac
truong so p-adic @ va truong céc so thucR. DEc bigt chung t6i da ching minh Bo dé
Hensel va B6 dé Hensel mé rong va tim toi dwoc kha nhiéu tng dung ciia B6 dé Hensel dé

kho sét, nghién ctru céc tinh chat cua truong céc s6 p-adic Q.
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