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3
MO PAU
1. Li DO CHON PE TAI
Céc bai toanwc tri va nhing Vin dé lién quandén né 1a not phan it
quan tpng aia dai s6, hinh lyc va gai tich toan lc. Cac bai toanue tri co
vi tri dac biét trong toan hc, nhit 1a trong clvong trinh plé théng.
Tuy nhiénday la mét dang toan kho va co néiii cach gii, hon nira, trong
chuong trinh gang chy ¢ bac phd thdng cac piong phap tim ec tri, nht
la cac bai toan timue tri trongdai sb va hinh lac chra dugc trinh bay mt
cach trong minh , trong khité hoc sinh trung hc con héu mo hd vé cuc
tri va con ling tang khi gi cac bai toan lién quadén arc tri.
Do d6 tdi chon dé tai “ Ung dung cia oxc tri vao viéc giai cac bai toan
phé théng’ 1am luan van tt nghiép aia minh.
2. MUC PICH NGHIEN C UU
- Nghién aru thng quan @ cuc tri.
- Nghién @u cécdinh ly v diéu kién cn, diéu kién du dé ham $ c6 arc
tri, dinh ly Lagrange & cuc tri cddiéu kién
- Ung dung céc tinh cht cia arc tri vao vic giai mot sd bai toan trong
chuong trinh toan bc phb théng, cac bai toan thbh sinh gbi cac d@p.
3.POI TUQNG VA PHAM VI NGHIEN C UU
3.1.Péi twong nghién aru
Dé tai nghién ¢u va lam ré cadinh ly ding nhr cac tinh cht cia arc

tri, tir 46 van dung vao véc giai cac bai toan trong along trinh  pld théng,
céac bai toan thidt sinh gbi cac dp.
3.2. Plam vi nghién aru

- Pé tai chi tap trung nghiéneu vé cuc tri cia ham hai kéin, ba bén,

dac biét 1a ar dung diéu kién da cua arc tri (caa ham mt bién & ) dé

tim arc tri cia mdt bidu thic dai s, lugng giac, gii tich vadac biét 1a

céac bai toanwe tri caa hinh ke ¢ bac hoc phb théng.
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- Trongdé tai ch néu nling tng ding dia arc tri vao toan he ph théng,
trong kién trac va nling ang dung khac éa arc tri dé tai khongdé cap
dén.

4. PHUONG PHAP NGHIEN CUU

Dé tai nayda sr dung cac phrong phap sau:

- Phrong phéap nghiént tu liéu gom: Séach giao khoa phthéng trung
hoc, cac tai Bu tham kido danh cho giéo vién, taiéli v& cuc tri co lién
quan, cac taiéu vé bit dang thrc va cac tai Bu vé tim gia ti I6n nhit va
gia tri nho nhat cia ham 8 trong chrong trinh pld théng, ap chi toan he
tudi tré, cac tai léu vé nghién ¢u gido dic ¢ lién quan.

- Phrong phép #p cn lich sr, sru tap, phan tich,dng hop tr liéu va tép
can hg thong.

- Thuc nghém ar pham ¢ truong phb théng, in dung cac kén thic vé cuc
tri dé khao sat @c tri cia ham & vadiéu dac biét cia dé tai ladua cac bai
toan arc tri & bac hoc phd théng & dang khao séat @rc tri cia ham ot bién.
5. Y NGHIA KHOA H OC VA THUC TIEN
5.1. Y ngha khoa hpc
- Dé tai gop pln giai quyét mot I16p bai #ip toan e phd théng nky ung
dung aia arc tri, dua ra plwong phap tim ec tri, pheong phap cting minh
bat dang thic, gop pln gitp hc sinh va gido vién c6 thém wing phap
dé giai quyét cac bai toan&cuc tri.
5.2. Y ngha thyc tién
- Lam tai léu tham klao thém cho niing ngroi yéu thich cac bai toarév
cuc tri.
- Gilp cho céac gido vién cé thém ta#uidé day bdi dudng hoc sinh &
chuyéndé cuc tri, gia tii Ion nhit va kit dang thic.
- Gilp cho ke sinh c6 thém taidu dé tu hoc.
6. CAU TRUC LUAN VAN

Ngoai plAn mo dau va Kt luan, luan van gom céac clvong chinh sau.
Chuong 1. Kén thic chuin bi
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- Chuong nay 8§ trinh bay not 5 kién thic thic ting quan @ cuc tri cin
thiét c6 lién quantén luan van nhr: Trinh bay cadinh ngha \é cuc tri, cac
dinh Iy V& cuc tri, cyc tri cddiéu kién caa cac ham nlu bién, ching minh
cacdinh ly nay:diéu kién cin dé ham c6 gc tri, diéu kién du dé ham co
cuc tri, dinh ly Lagrange & cuc tri c6 diéu kién va fip trung trinh bay hai
van dé lon :

1. Khao séat ac tri cia ham nhu bién s (cuc tri ty do):

2. Khao sét ac tri codiéu kién (arc tri rang béc).

Chuong 2.Ung dung ly thuyt cuc tri dé khio séat ac tri va tim gia ti lon
nhdt va nk nhat ciia ham nhéu bién.

Trong chrong nay #&p trung trinh bay

- Khao sét ac tri dja phrong aia ham hai Kin

- Tim gid ti l6n nhit va gia ti nho nhat cia ham hai Kin trén ndt mién D
xacdinh.

- Dung phrong phap nhanitLagrangedé tim arc tri

Chuong 3.% dung diéu kién du @é ham 8 mgt bién s5 ¢6 arc trj dé tim ra
cac phrong phap gii cac bai toan gc tri ¢ chirong trinh ph thong

Trong chrong naydé tai chi yéu nghién éu tap trung céac bai toan Trong
chuong nay #p trung trinh bay am van dé 16n sau :

- Kién thie ly thuyét (trong chrong trinh pld théng):

- Céc bai toan timue tri trongdai s6 dang phan tic dai sb

- C4c bai toan timue tri trong krgng giac .

- Céc bai toan timue tri khac throng gip trongdai sb, giai tich

- C4c bai toan timuz tri khac throng gip trong hinh be
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Chwong 1: KIEN THUC CHUAN BI

1. 1. Khao sat arc tri cia ham nhiéu bién sb (cuc tri tw do):
1.1.1.Pinh nghia: Cho ip U va hamf :U - [. Piém aOU duoc goi la
diém arc tri dia phrong aia ham f néu ton tai mot b r >0 sao cho hinh
cau B(a,r)dUva wi moi xOB(ar) thi hitu & f(x)- f(a)cé diu
khéngddi.

Neu f(x)— f(a) <0,0x x3 B3 1) thi a ladiém arc dai cia hamf

Neu f(x)— f(a)=0,0x x0 B(a 1 thi a ladiém arc tiéu cia hamf
1.1.2.Pinh ly (Fermat)
1.1.3. Dung toan pheong
1.1.3.1.hinh ngha 1

Gia st A= (qj) la ma thn wvubng ép nxn dbéi xung, ftic
la,a; =g; 0i,j=12,..n
Dang toan phrong ang Wi ma tén nay la hamé:
o:0" - [
SICERECLICE T
Ta c6 cac & qua sauday:
e Néu ¢(x)>0 véi moi xz0 thita ndi¢ la cang toan plrong xac
dinh drong.
e Néu ¢(x)=0 véi moi x#0 thi ta n6i¢ |a dang toan phong nia
xacdinh drong (hay dng toan phrong drong).
e Néu ¢(x) <0 véi moi x# 0thitanéi¢ la cang
toan plong xacdinh am.
e Néu ¢(x)<0vsi moi xz0 thita ndi¢ la chng toan phong nra
xacdinh &m (hay ghg toan plrong am).
e Néutdntai xz0,y# 0 sao chop(x)>0,d(y)< 0 thitandid la
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dang toan plrong co6 du thaydéi. Ta ki héu A,k =1,2,...n ladinh thic

cia ma tn cip kx k tng Wi k hang vak cot dau cia A. Ta c6 cac & qua

sau.

1.1.3.2.hinh ngha 2

1.1.3.3. B d¢ Néu ¢ la mdt dang toan phong xacdinh drong thi Hn tai

sb A >0 sao cho :¢(x)2)\||>4|2,DxDD "

1.1.3.4.pinh ly @éu kién du @é ham cé ec trj)

Cho U 1a tap hop mo trong U ", f OC?(U). Gia st adU 1a diém ding

cua f , tec la Df (a) =0. Khi d6 :

i) Néu d*f(a) la dang toan phong xacdinh drong , thia 1a mt diém

cuc tiéu cua f .

2i) Néu d?f(a) la cang toan phong xacdinh am , thia la mst diém arc

dai cua f .

3i) Néu d*f(a) ddi dau thi hamf khong co ac tri.

Xét truong hyp dac bietn = 2.

kinieu: A= (a),B=91 (g, c=2]
0°Xx 0x0y 0y

) Néu A>0 va AC- B*>0 thi cang toan plrong d?f(a) 1a xacdinh

duong va hamf dat cuc tiéu a.

2i) Néu A<O0 va AC- B*>0 thi dang toan phong d*f(a) la xac am

(9. Khi d6

va hamf dat cyc tiéu a.

3i) Néu AC- B? <0 thi vidinh thrc cip hai (cfin) 1a $ am, theadinh Ii
Sylvester trongfai s, dang toan phong d? f(a) khéng xacdinh diu, do
d6 diém a khong la ac tri cia hamf.

4i) Néu AC- B? =0 thi ta chra thé két luan duoc gi, @n tiép tuc xét thém
1.2. Khao sét arc tri codiéu kién (cwc tri rang budc)

1.2.1.Pinh nghia 1

i) Chofiphop mo U 002 vahamf:U - [ . Ta xét bai toan tim
cuc tri cia hamf khi cac bén x, y thaa man phrong trinh sau
¢(x,y)=0. (1.1)
Ta noi #ing ti diém (x,, ,) U théa mandiéu kién ¢(x,, y,) =0 ham f
dat cuc dai c6 diéu kién (twongrng dat cuc tiéu codiéu kién) voi diéu kién
d(x, y) =0 néu tn tai mdt 1an én V O U caa (X, Y,) sao cho

f(x, y)< (%, y)(twongung f (x,y)= (X, y)) véi moi (X, y)OV thea
mandiéu kién ¢(x, y)=0.

i) Diém (x,,Y,) duoc goi la diém arc ti c6 diéu kign aia ham
f (x, y)condiéu kién ¢(x,y) =0 duoc gi la diéu kién rang bac cia bai
toan. Neu trong ndt 1an din ciadiém (x,, y,) tir hé thic ¢(x, y) =0 ta xac
dinh dugc ham 6 y=y(X thi rd rang f (x,, y(%))la arc tri dia phrong
cia ham nit biéng(x) = f(x W Q). Nhu vay, trong teong hop nay bai
toan tim @c tri rang béc dua W bai toan tim gc tri tw do aia ham
9(¥ = f(x Y(®). Dé minh hya, ta xét bai toan sau
1.2.2. Baitoan 1 Tim auc tri cia ham 6 :

f (X, y):m, X+ y¥<1,véi diéu kien x+y-1=0.

Tu hé thic x+ y—1=0 ta suy ra :y=1- x. Thay vao kiu thac cia f ta

xét:g(x) = f(x Q) =y1- £-(@1- ¥ =J2/ x %.

Vy, viéc tim arc tri cd diéu kién dugc dua & viéc tim arc tri dia phrong
cua ham 6 g(X) =+/2v x— ¥ xacdinh wi x->x* =0 hay0<x<1.

Do d6, khéng phi lic nao bai toanwc tri co didu kién cing dua W duoc
bai toan tim gc tri ty do. Trong teong hyp d6 ta dung phiong phap nhan
tor Lagrangeduoc trinh bay da6i day.

1.2.3. Phrong phép nhéan & Lagrange
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Gia st (X,Y,) la diém arc tri cia ham & f(x,y) voi diéu kien
d(x,y) =0, khido ¢(x,,y,) =0. Ta g thiét thém &ng :
i) Cac hamf (x,y) va ¢(x,y) co caatao ham riéng &p 1 lién tc trong

mot 1&n dén naodo aia (X, Y,) -

i) 500 %)%0

Theodinh ly V& haman trong nét 1an &n naod6 cia diém x, ton tai duy
nhat mot ham ki vi y=y(X) théa man¢(x, y(x))=0 vsi mdi x thusc
lan @n nay vay, = y(%) . Khi d6 ham g(X) = f(x W ¥) xacdinh va c6
dao ham lién gc trong ndt 1an én d6 caa diém x,. Hon nia, i diém x,

ham $ g(x) = f(x Y X) dat cuc tri dia phrong.

. dg, . _df df o
Do do : &(xo)—&(xo, y(>s))+gy(>s, X %) Y %) =0,

of of
hay —(X,, ¥,) dx+—( X, dy=0 1.2
Y 5y (%0 Yo) ay(" %) dy= (1.2)
Mit khéac, ta dng c6 :
fo0) of
dp =—= (%, ¥,) dx+— (%, ¥) dy=0 1.3
¢ =3, (% %) dx ay(>s ¥) dy (1.3)
Nhan hai ¢ cia (1.3) Wi tham $ A (bay giv tam thoi con |a tay y, cha

dugc xacdinh) i cong tng W cacding thrc thudugc voi (1.2) ta ¢6 :

00
ay

Hé thirc nay ttha man i moi A, dodoé réu ta clon A sao cho :

of 29 _
ay(xo,yo)ﬂ ay(xo, Yo)=0 1.9)

10
of
= (%, Yo)
tic lan =—% hita c6% 0, v) #2022 (x, yo) = 0. (L5)
aq)( 0x 1)
(Ty X9 Yo)

S6 A xacdinh nhr trénduoc @i 1a nhan & Lagrange. Nh vay diém arc
tri (%,,Y,) cia ham f phai thoa mandiéu kién rang bdc va cac B thac
(1.4), (1.5). Con trong hop %(xo, Y,) #0, ta ding lam theo cachrbng
tu.Vi vy ta co tié phat béu lai két qua trén dréi dang dinh Ii sau :
1.2.4.Dinh li

1.2.5. Bai toan 2

1.2.6. Phrong phap nhan & Lagrange @i véi ham nhiéu bién)
1.2.6.1.hinh ngha 2

1.2.6.2.binh ly

1.2.6.3Pinh ly

Cho ip hpp mo U O " va cac hamf,,,¢,
cac dao ham riéng & hai lien tc trén U (m<n). Cho
X =(x,%,... )0U, A,...,A, & cac 8 thuc thoa mén cac & phuong

0,(%, %,--,%,)= 0
02(X0 %% )= 0o

..... ¢, U - [ lacachamco

trinh

i(x°) +/11%(x°) +/12%(x°) +...+/1m%(x°)= 0
0% 0% 0X 0%

O o 2 08 0., 0 o 0 (0
i, () FAG O+ ARG+t 2, ()20

O 042 9% 0y4 . 922 9 0y =
ox. (X )+/]16Xn (X)) +4, 6Xn(xo)"'---'*'/‘m ox, (x7)=0
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By (X X000 %)= 08, (6% 5% F Orehry & % 5o F ta
x> =(x,%,...,X) thi ©n tai cac A, A,,...,A,, 00 sao cho :

i(x°) +/11%(x°) +/12%(x°) +...+/1m%(x°)= 0
0% 0% 0X 0%

I 60+ 4 220+ 1,222 (50)++.2, Y ()= 0
2 0%, 0% % :

OX. 0

O 042 9% 0y4 . 922 9 0y =
ox. (X )+/]16Xn (X)) +4, 6Xn(xo)"'---'*'/‘m ox, (x7)=0

Khi do :

+ Néu d’®(x°) la dang toan plrong xacdinh drong thi hamf (x,...,x,)
d, (X, %,...,%,)=0

dat cuc tidu voi didu kign | 9200 X80 o e 0 ey
P (X%, %)= C

+ Néu d*®(x°) la cang toan phrong xacdinh am thi hamf (x;,...,x, ) dat

0., %1%, )= 0
cuc dai voi didu kign {22007 O o 0 0 0y

1.2.6.4. Chi yNéu f:A - [ la ham liéndc trén p hop compactA
trongl] ". Khi do, f dat duoc gia ti nho nhit va gid ti I6n nhit trén A.
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Chwong 2

UNG DUNG LY THUY ET CUC TRI PE KHAO SAT CUC TRI &
TiIM GIA TR TLON NHAT VA NH O NHAT CUA HAM NHI EU BIEN
2.1. Khao sét arc tri cia ham hai bién

2.1.1. Tim @c tri dia phwong cia ham hai bén

Cho U la tip hop mo trong 0 2. Xét ham f:02 - [, gia sir adU la
diém ding aia f , tac Iaﬂ(a) =O,ﬂ (a)=0.
ox oy

2 2 2
T B g A C

i) Néu A>0 va AC- B*>0 thi cang toan phrong d?f(a) la xacdinh
duong va hamf dat cuc tiéu tai a.

2i) Néu A<0 va AC- B*>0 thi cang toan phong d? f(a) la xacdinh
am va hamf dat cuc dai tai a.

3i) Néu AC- B? <0 thi vidinh thic cip hai (cfin) 1a $ am, theatinh Ii
Sylvester trongfai sb, dang toan phong d? f(a) khéng xacdinh diu, do

Kihiéu: A=

(9. Khi do :

d6 diém a khong ladiém arc tri cia hamf.

4i) Néu AC- B’ =0 thi ta clwra Kt luan dugc gi, @n tiép tuc xét thém.

2.1.1.1.Baitoan 1

Timarc tri cia ham 8 f(x, y) = 4(x- y)- ¥ - ¥, O( x Yoo 2.

2.1.1.2. Baitoan 2

Timorctriciaham 8 : f(x,y) = X + xy+ ¥+ x y1.

2.1.1.3. Bai toan 3Tim oc trj cia ham 8 : f (X, y) = x+ y— xé

2.1.1.4. Bai toan 4Tim arc tri cia ham 8 f(x,y)=2xX' + y' — ¥ - 2 /.
Bai gidl

Ham $ xacdinh wi O(x, y)O0 2. Ta c6:
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(;_f =8x> - 2x= 2x(4X - 1= 2x(2x- 1)(2¢ 1

X

of 4 _ _ .

% =4y’ -4y =4y(y - 1)= 4y(y- 1)(y+ 1

Giai hé ﬂ =0, ﬂ =0, taduogc cac nghim
0x ay

oo ora(} (332} 492 2

Taduoc 9diém ding:

M, (0:0)M, ()M, (O 1)M{§ ;@ M(—; ;3

RERTIEP R e

2 2 2

62f =24x2—2,a f =Og= 127 - ¢
0°X 0x0y 0y

Tai M,(0;0) tac6é:A=-2,B=0,C=-4

AC- B =8>0vay M, lamptdiém arcdai f__ =f(0;0)=0

Tai cac diém M, (0;1) va M,(0;-1) lic d6 AC-B* <0 vay M M,
khong phai diém arc tri cia hamf

Tai cacdiém M,,M, ta cOAC- B =-8<0, dod6f khdngdat cuc trj tai
M, M.

Tai cacdiém M,,M_,M_,M ta c6 AC—- B* =32> 0 dod6 cacdiém do 1a

diém arc tri tai d6 A=4> 0. Vay tai cacdiém d6 ladiém arc tiéu

e (g (393

2.1.1.5. Bai toan 5Tim ayc tri cia ham 8 f (X, y) = xyin( X + ¥)
2.1.1.6. Bai toan 6

14

2 2
Tim arc tri cia ham 8 f (X, y) = xy, 1—%—% .(ab>0
2.1.1.7. Bai toan 7Tim arc tri cia ham & f(x,y) =(x— y)* +( x+ )’
2.1.1.8. Bai toan 8Tim arc tri cia ham 8 f(x,y) = ¥ (x+1)+ y

2.1.1.9. Bai toan 9Tim arc tri ciaham 8 f(x,y)= X + y* —2(x- )?

Bai giai
Ham $ f(x y)= ¥+ y' - 2(x- y)? x&cdinh O(x, y) 00 2.
Giai hé: 6;( , taduogc cac nghim: (0, 0) (\/5—\/_2) va (—\/E\/E)
a_y =

TOm lai ta c6 3diém tsi han M, (0,0); Ml(\/TZ,—x/—Z) ;MZ(—\/—Z,\/_%.

0 f
9°x
Taco ng =4 .Tai cacdiém Ml(\/i,—\/—Z); Mz(—\/TZ,\/_Z),
X0y

2f
%y

=12x* -4

12y* - 4

—_ 2 = —_
ta c6 :A=20,B= 4,C= 201/ \C~ B =400-16>C
A=20>0
Dod6 ham 8 dat cc tiéu tai M, (v2,~v2); M, (V242 va:
fon = £ (V2,-V2) = £ (V24 2) = - ¢
Tai diém M,, ta c6 A=-4,B=4,C=-4, AC- B = (. Ta chra Kt luan
ngayduoc. Ta cof (0,0)= 0
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Ta xét du aia higu f(x,y)- (0,00 khi M chay trong nét lan @n cia
diém M, .

Tacé :f (x,—x):2>(‘—8x2=—2x2(4— >€)< 0= (0,0 I x:6&| k< !
f(x,x)=2x >0= f(0,0 Oxz C

Vay dau aia f (x,y)- f(0,0) thaydoi khi M chay trong lan én cia M, .
Ham $ khongdat cuc tri tai M,

2.1.1.10. Bai toan 107im arc tri cia ham 8 f(x,y) = ¥ Y*(3x+ 2 y+ 1)
2.1.2.1. Bai toan 11

Tim gia ti 16n nhit va nk nhit cia ham & : f (x,y) =X - y’, trén mén
D xacdinh vi : x>+ y*<4

2.1.2.2. Bai toan 12

Tim gia ti 16n nhit va nk nhit cia ham & : f (x,y) =X + y’, trén mén
D xacdinh hoi : (x—\/é)2 +(y—\/§)2 <9

2.1.2.3. Bai toan 13

Tim gia ti Ion nhit va nk nhit cia ham & : f (x,y)= X y(4- x- ), trén
mién déng D gbi han boi cacduong x=0,y= 0,x+ y- 6= C

2.1.2.4. Bai toan 14

Tim gia ti 16n nhit va nk nhit cia ham & : f (x,y) = X +2xy- 4 x+ 8,
trén mén dong D gbi han boi cacduong x=0,x=1,y= 0,y= 2

2.1.2.5. Bai toan 15

Tim gi ti lon nhit va nto nhét cia ham 6 :  (x, y)= &) (2% + 3 ),
trén mén D xacdinh bvi: x>+ y?<1

2.1.2.6. Bai toan 16

Tim gid ti 16n nhit va nko nhat caa ham 6 :

16
f (X, y) =sinx+ siny+ sin(x+ y,
gioi han bdi cacduong x:O,x:Z—ZT, y= O,y:7—2T
2.1.2.7. Bai toan 17
Tim gid ti [6n nhat va nk nhat cia ham é :
f(xy)=(& - E)%+(F- &) ¥+ é-[(a (b ) ¥ L
véi(a>b> c), trong mén D dinh ki : x* + y* <1
2.1.3. Dung plrong phap nhan i Lagrangedé tim ac trj
2.1.3.1. Bai toan 18
Tim ayc tri cia ham :f(x,y, 2) = yz véi diéu kien x* + y* =1, y+ z=0.
Bai gidl
Buoc 1 .Ta &p ham Lagrange
D(x,y,2)= yztA( X+ §-1)+p( y+ )trongdd A,p la cac Bng .
Tacd: @, =2Ax, O =z+2Ay+u, ®,= y+yu
Budéc 2. Gii hé phuong trinh

¢, =0 2Ax=0
®' =0 Z+2\y+u=0
®' =0 o Jy+u=0
X¥+y?-1=0 |[X*+y*-1=0
y+z=0 y+2z=0

ta timduoc cac b (X,, ¥y, 2,) tng Wi Ay, 44, nhr sau

(%1 Yor iAoM) = (0,1- 11 1
(%01 Yor ZiA oM o) = (0,-1,11,)
(%01 Yor ZiA oM ) = (1,0,0;0,0)
(%o: Yor Z;A 0:H o) = (=1,0,0;0,0)

Budc 3. Tinh d*®(x Y, 2 :
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d’®(x y, )=, & xr® & ywo,, d 220 dxdy2d , dxdzZb , dy
Vo A1 tuongtng.
Do X’ +y*-1=0= d(x2+ yz—])z 0= 2xdx 2ydy 0 (2.4)
o Xétho (%, Yo %) =(0,1-1 thi (2.4) = 2ydy= 0= dy= C
Do y+z=0= d( y+ 3=0= dy dz0= dz O (vi dy=0).
Suy rad’®(x, y, = Fx22A d x2d %0
Vay tai diém M, (0,1-)ham $ f(x,y, 2) dat cuc tiéu dia phrong
o Xétho (%, Yo %) =(0,-1,]) thi (2.4) = 2ydy= 0= dy= C
Do y+z=0= d( y+ 3=0= dy- dz 0= dz O (vi dy=0).
Suy rad’®(x, y, =0 Fx2A d x2d » 0
Vay tai diém M, (0,-1,] ham $ f(x,y, 2) dat curc tiéu dia phrong
o Xétho (%, Yo%) =(1,0,0 ung Wi A=0,u=0
Do X’ +y*-1=0= d( X+ Y -1) = 0= 2xdx 2ydy 0 (2.5)
Vi x=1,y=0;(2.9= dx=C
Do y+z=0= d( y+ 3=0= dy dz0= dy- c.
Suy rad’®(x, y, =20, dydz 2 dydz-2 d <C
Vay tai diém M;(1,0,0 ham $ f (x,y, 2) dat cuc dai dia phrong
o Xéth (%, Yo %)=(-1,0,0 tng Wi A=0,u=0
Do x*+y*~1=0= d( ¥+ Y~ 1) = 0= 2xdx- 2ydy O (2.6)
Vi x=-1y=0;(2.§=dx=C
Do y+z=0= d( y+ 3=0= dy dz0= dy- c.
Suy rad’®(x, y, =20, dydz 2 dydz-2 d <2 C
Vay tai diém M, (1,0,0 ham $ f(x,y,2) dat cuc dai dia phrong

18

Cui cung ta én cha y &ng @p {(x, y, 200 3‘ X + le} la mit try
(day la dudong tron ban kinh #mg 1, tdm la §c toa do), con #p
{(x, y, 2003 y+ z=]} la mat phéng. Giao @a hai ip nay laduong elipse
(E). PO 1a tip compact. T cac Kt qua trén taduoc

max{yz| (x,y, 20( E)} = O,mir{ ye(x y 3( #:— :
2.1.3.2. Bai toan 19
Tim gia ti I6n nhit va bé nfit cia f (x, y)= X+ y* +3Xxy, trong mén :
D={(x, y) 00 2[ % + y?s8} :

2.1.3.3 Bai toan 20
Cho hinh &u ban kinh R. Hinhdp chir nhat nao i tiép trong hinh au ay
c6 the tich Ibn nhat
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Chwong 3

SU DUNG PIEU KIEN PU PE HAM SO MOQT BIEN SO CO CUC
TRI VA TIM PH UONG PHAP GIAlI CAC BAI TOAN C UC TRI O
CHUONG TRINH TRUNG H QC PHO THONG

Trong chrong nay chra not 6 phuong phap, dii quyét mot sb bai
toand phd théng va gii mot s bai toan thi he sinh gbi .
3.1. Kién thirc ly thuyét (trong chwoeng trinh phé théng)
3.1.1.Pinh nghia 1 (Pinh nghia dgo ham aia ham ndt bién)
3.1.2.Pinh nghia 2 (Pinh nghia ac tri dia phwong cia ham n@t bién)
3.1.3.Piéu kién du (ddu higu) @é ham & co arc trj
3.1.3.1. Diu hiéu 1
3.1.3.2. @iu higu 2
3.1.4.Dinh ly (Fermat)
3.1.5.Pinh ly (Cauchy)
3.1.6.9inh Iy (Roll)
3.2. Bai toan vin dung
Dé giai loai toan nay ta thong lam nhr sau:
Budéc 1: Lap dugc ham 6 dang y = f(X) .
Budc 2: Timdiéu kién caa x, tim mén khao sat D
Budc 3: Kho sat ham&lap bang bén thién @a ham 6 y= f(x) trén
mién D, tir bang bén thién ta suy rad qua.
3.2.1. C4c bai toan tim wuc trj trong dai 6 dang phan thic dai sb
3.2.1.1. Bai toan Tim gié ti lén nhit, nhd nhit caa biéu thic:

_ X2 =2x+2

3.2.1.2. Bai toan 2Tim gia ti 16n nhit, nho nhit caa béu thic:

— f(X):g\/X+3+4\/1_X+1
Y AXx+3+3/1-x+1

xao .
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3.2.1.3. Bai toan 3Cho x* + y* + xy=1 Tim gia ti lon nhit va gia ti nho
nhat cia biéu thic : A= X% — xy+ 2y
3.2.1.4. Baitoan 4
Cho 2x? + y* + xy=1. Tim gia ti nho nhat caa béu thic : A= X2 + y?
3.2.1.5. Bai toan 5Cho x* + y* - xy=1 Tim gia ti lon nhit va gia ti nho
nhat cia biéu thac : A= x* + y* = ¥ y?
3.2.1.6. Bai toan 6 Choa? + b? =1. Tim gia ti I6n nhit va gia ti nho nhat
2(&12 + 6ab)
1+ 2ab+ I
3.2.2. Cac bai toan timuec tri trong lwong giac
3.2.2.1. Bai toan 1Tim giéa ti nho nhit cia aia ham 6 :

y= f(x): cosx+ 2sinx+ 3

2cosx— sinx+ 4
3.2.2.2. Bai toan 2 Tim gié ti nho nhit cia aia ham 6 :
y=f(x)=+v1+2cosx+y ¥ 2sin
3.2.2.3. Bai toan 3Tim gié ti I6n nhit, gia ti nho nhit cia ham 6 :
y=— L+
A/SinX ++/ coSx
3.2.2.4. Bai toan 4Cho0< a < 77.Tim gia ti nhd nhit caa biéu thic:
A=+1+sin2 ++/ 1+ cos@

3.2.2.5. Bai toan 5 Tim gia ti lén nhat, nho nhit caa ham é:

cua béu thic : A=

V6i X<

y =sin 2x+ 3co$ x- sif x
3.2.2.6. Bai toan 6 Tim gia ti |6n nhit, nhd nhit caa ham é:

_ 2+ sinx— cox
2-sinx+ cox
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3.2.2.7. Bai toan 7A,B,C la ba goc & nmbt tam giac. Tim gia tlén nhit

cua biéu thic M =3cosA+ { co8+ co€)

3.2.3. Céc bai toan tim uc tri khac theong gip trongdai so, gidi tich

3.2.3.1. Baitoan 1

X* + (sinar)x+|sina| -
x+1

c6 arc dai cuc tiéu va khang cach gia cacdiém nay bn nhit.

3.2.3.2. Baitoan 2

. 1 .
Cho ham &:y= f(x)= (C,). Tima & (C,)

Cho phrong trinh x? —%mx+1—12 nt ——2+F12 =0, (m 0) (2.9
c6 nghém x, x,. Tim GTLN, GTNN @éa béuthic: T=xX+X.
3.2.3.3. Baitoan 3 Tim gia tr nho nhit cua biéu thic :

a' b _[ & b

At et R

J+—a+—b voi a,b#0
b a
3.2.3.4. Bai toan 4Tim gia ti nho nhat cua biéu thic T = xy+i Vo
Xy

X, y>0 vax+y=1
3.2.3.5. Bai toan 5Xét cac 6 thuc duong a,b,c thoa mandiéu kién
12> 21ab+ 2bc+ 8ca ( 5.).

Tim gid ti nho nhit caa biéu thic A—£+ 2+_3
a b c
Bai giai
T (5.1) ta suy ra2 p 200t Der &a_,, 111 5 Lot g
abc abc abec c a |

pat x=2, y=2 2= bai toan chuén thanh :
a b C

Xét cac $ thuc duongx,y,zthoa manl2xyz= 2 x+ 8y+ 21..
Tim gia ti nho nhit cia biéu thic A(x, y, 2= x+ 2 y+ 3.

22
Tu gia thiét 12xyz= 2x+ 8y+ 21z ZAl2xy 21y 2% 8y
2x+ 8y
4xy -7

Suyra x>4l (5.2). Dodd A(x Y, 2= x+2y+ (5.3)
y

Xét ham 6 :
2x+8y _ 4¥ y- 5x+ 8y
4xy—7 4xy—- 7

f(x)=x+ , V6i bién x>4l vay la tham é thuc
y

2\,2 _ _ .
duong ta co: f ‘(x):16x y? — 56xy— 32y* + 3F

(4xy=7y
[ 2
Trén khang l;+oo thi f'(X)=0«< x=x% =1+M va qua
4y 4y 4y

%, thi f '(x) doi dau tir &m sang dong nénf (x) dat cuc tiéu dai x,. Suy ra:

f(X)Zf(X))zz%_Ll—Syip(xyjz (3429 (Q+2y (54

DAt g()= f(x) +2y=2y+ L+ \[327 + 14, =(0ms) (5}
Xét ham $

a(y) = 2y+—+—\/32f+14 D, =( Os).
Tacé:g'(y)=2—4—£;2 Zizjmuﬁ_
 (8y*-9)/32y* + 14- 2¢

g'(y) = 4y o2y T 14

g(y)=0 = (8y" - 9)/32+ 14 28& | Patt=,/32y’+14,t> 0

Phuong trinh trén & thanht® -50t — 112= 0= (t- %)(t2 + 8+ 1)1= <

Phrong trinh nay c6 duy rih mot nghigm duong t=8=y =y, =%.
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Vay g(%) =0.Véi y>0vaquay, thi g'(y) doi dau tir &m sang dong

néng(y) dat cuc tiéu tai y,.LGcdo g(y,)= g(gjzl—;
Kéthop vsi (5.3) (5.4 ( 5.5 suyraA(x y, 2= o y= d y):l_zs_
Ding thrc xay ra i : y:§;x=3; z=3:> a:—l; b:—4; c:—3.

4 3 3 5 2

3.2.3.6. Baitoan 6

sina sing

Cho phrong trinh x* + 2(i - 3) X+t _13= 0,0ka 57—72. (Voi x la
an ). Tim a @ nghiém lén caa phrong trinh nfan gia ti lén nhit.
3.2.3.7. Bai toan 7 Tim $ hang I6n nhit cia day(x,):
X, =-n*+20r’ - 0,5 + 13 ( rJ0 ,r> 0.

3.2.3.8. Bai toan 8
Gia s choda thic f(x) = X'+ axX + bX + cx1 c6 nghém x,. Tim gia ti
nho nhat ciaong A=a? +b* + &
3.2.3.9. Baitoan 9
Cho x,y, z tO0 vals<x<y< z< t<50. Tim gia ti nhd nhit cua biéu
thic : A=Z+2

y t
3.2.3.10. Bai toan 10
Chox, y,zthéa mandiéu kién : x,y,z>0; X%+ ¥+ Z=1.
X y z

VA7 Z+ R Rty

Tim arc tiéu cia biéu thic : A=
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3.2.3.11. Bai toan 11Xétda thic vsi hé 5 thuc f (x)=ax’ + bxX + cxt ¢
thoa méandiéu kién | f () <a,0x0[-11 > 0 cho tuéc 0 . Tim gia tr

l6n nhit cia [a],[b][ ¢,

3.2.4. Céc bai toan tim ue trj khac thwong gip trong hinh hpc
3.2.4.1. Bai toan 1 Chrng minh tf tichV caa mbt khéi nén tron xoay
va dén tich xung quants cia hinh nénd6 thoa man Bt ding thic :
3 2
(ﬁj —(ﬂ/j >0. Dau bing xay ra khi nao ?
w3 m
3.2.4.2. Bai toan 2 Nguoi thg han ding it tam téndé han nét cai thing
hinh tu tron xoay c6 th tich V d& dinh €in trudc. Néu goi S 1a dién tich
toan pln aia hinh tp tron xoaydo6. Khi dé ta ludn c6 Bt diang thic sau:

21V 2 —%S‘? < 0. Tim diu bang xay ra aia kit dang thic do.

3.2.4.3. Bai toan 3
Trong ndt hinh & dién, d6 dai aia mbt va ch mot canh 16n hon 1. Chirng

minh rang tké tich aia tr dién nay khdng wot qué%

3.2.4.4. Bai toan 4
Cho hinh nén tron xoay (T), erong sinhl khéngddi. Goi thé tich khbi
néndo 1aV va dén tich xung quanhi@ hinh nén tron xoagd 1aS

3 2
Tim ayc tiéu cia M biét: M =(§j —(ﬂ/) .

Tt Tt
3.2.4.5.Baitoan 5
1

sin? A(l— sirf A) '

Cho tam gia@BC. Tim arc tiéu cia biéu thic : M =

3.2.4.6. Baitoan 6
Tim tam giac i tiép mot duong tron ban kintR cho tréc ma dén tich
tam giac bn nHit
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3.2.4.7. Baitoan 7

Tim chiéu cao hinh néndi tiép trong hinh &u ban kinh R ma hinh ndfo
c6 thé tich I6n nhit.

3.2.4.8. Bai toan 8

Cho hinh ch6s.ABCDv6i day ABCD la hinh clir nhat vaAB = a, AD = b,
SA = 2a, SAudng goc vi day. Liy M OAS, dat AM = x,0< x< 2a. Mat
phing MBC) cit hinh chép theo 61 thiét dién cé dén tich 1aS Tim gia ti
lon nhit caa aia Skhi x thaydoi

3.2.4.9. Baitoan 9

Cho hinh chép tam giatéu S.ABCVéi canh day king a khéngddi, duong
caoSH = hthaydéi . Goi r, R1a cac ban kinh hinrig noi tiép, ngaii tiép

ctia hinh chép . Xadinh h dé ti s LR dat cuc dai.
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KET LUAN
Pé tai da trinh bayduoc khai ném \é cuc tri (tu do) va ac tri (codiéu
kién), cacdinh ly 8 diéu kién cin, diéu kién du dé ham cé ac tri, sr dung
phuong phap nhanitLagrange ¢6i véi ham nhéu bién) dé

- Kho sét gc tri dia phrong aia ham hai kin.

- Tim gia irlén nhit va gia ti nho nhat cia ham hai Hin trén nét
mién D xacdinh.

- Dung phong phap nhanut Lagrangedé tim arc tri ddi véi ham
nhiéu bién.

Ghi cac bai toan tim v tri dang phan thc dai sd
Gai cac bai toan tim wx tri trong krong giac .
Ghi cac bai toan tim ux tri khac throng gip trongdai so, giai tich
Gai cac bai toan tim wx tri khac throng daip trong hinh he

Tur nhitng Van dé d6, tdi hoan thanh An van nay Wi hi vong day < 1a
mot tai liéu tham ko tt cho nhing ai mén nghién éu vé cuc tri, nhit
la cho ngoi day va hoc sinh plo théng.

Do hn ck vé mat thoi gian va khudn k& luan van duoc 4n dinh nén
mot sb van d& ciia chrong trinh plé théng chra dugc dua vao ldn van
thé la cac bai toan tim thané #é ham $ dat cyc tri, diém arc trj trong tam
giac, 1 giac, bai toan lién quatén arc tri,... Toi hy wng  tiép tuc nghién
ciru va phét tén dé tai nay trong qué trinhagl hoc phb théng.



