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LOI CAM ON

T6i xin chan thanh cam on tap thé quy thdy c6 da tham gia giang day 16p cao hoc Toan
Giai Tich Khoa 18. Thay c6 d¢a mang dén cho toi nhiing kién thirc Toan hoc bo ich va thu vi.

T6i xin bay to long biét on sau sic dén PGS.TS Nguyén Bich Huy. Thay da tao trong
t6i y thire tham hoc hoi va long say mé nghién ciru khoa hoc. Thay ciing da tan tinh gitp d& t6i

trong sudt qua trinh thyc hién ludn van nay.

TP.HCM, thang 6 nam 2010

Hoc vién

KOULAVONG Soukanh



MO DAU

Quan hé tht tu c¢6 nhiéu tng dung trong nhing linh virc khac nhau ctia Toan hoc nhu Ly
thuyét tap hop, Pai sb, Giai tich. Ngay ca khi van dé dugc nghién ctiru khong lién quan dén thir
tu thi vieéc dua vao mot thir ty thich hop s€ lam cho viéc trinh bay tr¢ nén rd rang, nge"m gon
hon (nhu viéc chimg minh cac dinh Iy Tychonoff, Hahn-Banach, Caristi, nguyén 1y bién phan
Ekeland ) hodc cho phép 1am nhe cac gia thiét (nhu gia thiét vé dy lién tuc cua anh xa khi xét
bai toan diém bat dong trong khong gian c6 thur tu ).

Trong luan vin nay ching t6i trinh bay 2 dinh 1y co ban vé tap hop cé thir tw, d6 1a bo dé
Zorn cung cic dang twong duong cua nd va nguyén ly Entropy triru tugng. Trinh bay cac tng
dung khéac nhau cua hai dinh ly trén trong Gidi tich nhu Ung dung vao bai toan so sanh luc

lwong tap hop, vao T6 pd va Giai tich ham, vao 1y thuyét Do do, vao bai toan diém bat dong.

Luan vin gom 5 chuong:
Chuong 1:Ching t61 néu mot sb dinh nghia, dinh Iy co ban ve tap hop co thu tu.
Chuong 2: Céac tng dung vao bai toan so sanh luc lugng tap hop.
Chuong 3: Ung dung vao T pd, Giai tich ham.
Chuong 4: Ung dung trong Ly thuyét do do.

Chuong 5:Ung dung trong Giai tich phi tuyén va mot s6 bai toan diém bat dong.



Chuong 1. CAC PINHLY CO BAN VE TAP CO THU TU

1.1 CAC PINH NGHIA:
+* DPinh nghia 1
Ta noi1 tap X duogc sép bd phén néu gitta mot $6 cap phén tor x,y € X ¢6 dinh nghia quan h¢
“x < y” sao cho:
1) x<x VxeX
1) (x<y,y<x)=>x=y
) (x<y,y<z)=>x<z
+ DPinh nghia 2
Cho tap duogc sip X . Ta noi:
1) Ac.xla motxich (tap sip thang, tap duoc sip hoan toan) néu :

x<y
yzx

Vx,ye A= {

2) aeX lamoOtcantréncua Ac X néu x <a Vxe4

3)  aeX 1a mot phan tir toi dai cua Xnéu:
(xeX,asx)y=>x=a

Khai niém can duc'vi,phﬁn tr toi tiéu duoc dinh nghia tuong tu.
Ghi chii: Trong mdt sé tai liéu ngudi ta dinh nghia:

1) Tap X goi la dugc xép néu quan hé “<” chi co tinh chat iii)
2) Khi dé A goi la xich néu:

1) (x,yeAdx<y,y<x)=>x=y

.. x<
1) Vx,yeA:{ 4
y<x

X s Ca LA . Z x<a
3) Phan tr a goi la t61 dai trong X néu Vxe X :{ -
asXx

+ Dinh nghia 3
Mot ddy cac phan tir X (neN)cua (X, <) goi la ddy tang (ting ngat ) néu:
x <x (x,<x,) mdi khima n<m.
Tuong tu ta c6 diy giam (giam ngit) néu thay n<m bang n>m. Diy don diéu 1a ddy ting hoic

giam.



Dinh nghia 4
Anh xa S:X—X goi 1a ting (giam ) néu S(x)<S(y) (S(x)=S(y)) mdi khi x,ye X va x<y.
1.2 TIEN PE CHON

Cho tap 1= ¢ va ho cac tip X, = ¢ Vie 1.Khi d6 ton tai anh xa £1— | JX, théa man f(i)e X,

Viel.

PHAT BIEU KHAC

Cho X#¢ thiton tai anhxa £:2*/{¢} > X thoa f(A)ed V=4
(f goi 1a ham chon cua tap X).

1.3 BO PE CO BAN

Cho X # ¢ ,ta xét thir ty “<” trén X theo: A<B< Ac B

Chog= F <2"/{¢pjva g:F — F thoa man:

1)Néu F' lamot xichcta F thi |JAeF

2)VAe F thi Ac g(A)va g(A)\A chitra khong qua mot phan tir.
Khi d6 tdn tai A, e F thoa g(A,)=A.,

» Chirng minh

Codinh A, e F

Motho puc F goila “tot”” néu A, e u vathoa:

a)Néug' ey 1a xichthi |Jeu

Azu
b)Vde u= gA)eyu .

LHo :{deu:Ac 4,} latbt.

Goi x la giao cua tat ca ho tot.

Néu ¢ g, 1a xich thi cn tim vi khi dé:

A.e u do u, laxich vatdt)

= g(A.)e 4.

= g(4,) c 4, (dodinh nghia A,) hay g(A,)=A,

Bc A

Tap ,ul={Be,uO :VA e, :>|:ACB} la xich.

Néucoy latétthi u =, (do dinh nghia g ) va dodd u, laxich.



» Chung minh 4 t6t :
Dé thay A, € i c6 tinh chét a).that vay:

Néu 4 la xich trong p, , dit B= UA’,cén ching minh Be 4

Aey'

AcA:NVA ey —=BcA

Taco:VAdepuy=|_ , | ,
A'ey:AcA=B>4

Vay u thoéa tinh chét a)

Xét Bey,.

Ta ching minhho 41, = { deu {g(B) < A)

14 tt va do d6 s, =
Ac B(2) } o = Hy
a) Néu ucu la xich ta co:

A=JAeu (do utot )

A =gB) néu JAe u:A>g(B)
AcBnéu AcB:VAeyu
b) Xéttuy Ae u C6 thé co cac kha nang:
(eg(B)c 4
(2)A=B .
(3)AcB,A#B
Néu(1),(2)dtng thi g(A)> g(B) nén g(A)e u
Gia sut(3) dung.
Do Bepuvag(A)e utaco:

{B 2 8= s 4 va hon mot phin tir(vo 1),

Bc g(A)= g(A)\A
» Chung minh g(B)e 1, :VAe u = Ae u

{ g(B)c A
=
Ac B=> Ac g(B)

1.4 PINH LY HAUSDORFF VE XiCH CUC PAI
MBOi tap duoc xép chira it nhat mot xich cuc dai (khong 14 tap con thyc su cua xich nao).
» Chirng minh

Gia sir (X,<) latap da cho ;trong 2* xétthortw:4A<b=AcB .



Goi f 13 ho tat ca cac xich ctia X; F =¢ (do tap 1diém la xich).
Véimdi Ae F ta dat A"={xe X\ 4: 40 {x}e F}

Néu A" = ¢ thi A cin tim :

Goi f 1a ham chon cua X, ta dinh nghia g: F — F boi:

p A nu A" =g
g(A)= AV{f(A)]  nEuA =D

Anh xa thoa tinh chit 2) cua bd dé.
Tap F thoa tinh chat 1) cia bd dé vi:

Néu F'c F 1a mdt xich(ddi viii tht tw=<)thi 4 = J41a xich cta(X,<) hay A,e F Do d6 tap

AeF

Ac Fthoa g(A)=A 14 tip can tim.

1.5 BO DE ZORN
(14 st trong tap dugc Xép X mbi xich déu ¢6 can trén .Khi d6 X ¢6 phﬁn tir toi dai.
» Chirng minh:
Gia st M 1a xich cuc dai cia x va a 1a mot can trén cia M. Khi d6 « 1a phﬁn tir toi dai cua

X.
1.6 LIEN HE GIUA CAC PINH LY CO BAN
Céac khang dinh sau twong dwong theo nghia c6 thé ding mot khiang dinh dé ching minh cac
khing dinh con lai.

1)Tién dé chon

2)Pinh Iy Hausdorff vé xich cuc dai

3)B6 d& Zorn

» Chirng minh
Tadaco 1)=2)=23).
3)=1).Ky hiéu Yla tip céac cap (J,g)véi:

Jclg:J—-| )X =Xxthoa gli)eXVieJ

iel
Trong Y xét thir tu:

JcJ

J,g2)<(J',g) e
J,29)<(J,g") {g'/ng

Néu (J,.g,),., 1a mot xich trong Y,ta dinh nghia:.



J={JJ,.g:7> x1a mdt xama g/j =g, .

aeA
Khi d6 g xac dinh dingva (J,_,g,)<(.,g) VaeA4.
Goi (J,,g,) la phﬁn tir tbi daicua Y thi J =I .f=g, can tim .
1.7 NGUYEN LY ENTROPY TRUU TUQNG
1.7.1 Pinh ly ( BREZIS, BROWDER )
Gia su:
(1) X 1a mot tap sap thir tw sao cho mdi ddy don diéu ting trong X c6 mdt can trén,nghia 1a
tr u <u,, véimoineN, ludn suy ra ton tai ve X sao cho u, <v,véi moine N
2) SX- [—oo,+oo) la mgt ham don di¢u tang va bi chan trén,nghia 1a tr u<v, luén luon suy
ra S(u)<S(v) va ton tai 1 s6 thuc ¢ sao cho S(u)<c,véi moi ue X. Thé thi ton tai ue X sao cho:
(3)vo1 moi ve X ,v>u thi S(u)=S(v).
» Chirng minh

Chon mdt phan tir ¢d dinh tiy ¥ u, € X r6i dung theo qui nap ddy (u,) don diéu ting nhu

sau:
Gi1d st u, da chon,ching ta dat:

M,={ueX:u <ufvd B, =supS.
Mn

- Néu B, =S(u,) thi(3) thoa voi u =u, va ching ta ching minh xong .
- Néu khong, taco B, >S(u,) vacod thé chon mot u, €M saocho:
4B, —su,.)<27'[B,—Su,)]
Bang cach nay ta thu duoc mot diy (u,) don didu ting Ma theo (1) thi nd c6 mot can trén la
u.Nghia la ;
(5) u,<u v61imoi n .
Ta chimg minh « 13 phan tir cn tim .
Gia st u khong thoa (3) thi ton tai ve X sao cho u<v ma S(u) < S(v).
Day (S(u,)),don di€u tdng va bi chan trén theo (2) nén n6 hoi tu .Tur (5) va tinh don diéu ting
cuaS tasuyra:

(6) %iilgoS(un) <Su).

Viv>y ma u>u, v6imoi n(do (5))nén v>u, voGimoin.



Vayve M, voimoi n.
Do do6 tir (4) ta suy ra:2S(u,,,)—S(u,) > B, > S(v) vé1 moi n cho n — o ta co:

(7) lim S(u,)> s(v)

Tir (6) va (7) ta suy raS(u) > S(v) mau thuln voi gia thiét cua phan ching.
Vay dinh ly dugc chirng minh.
1.7.2 H¢ qua
Gi1d su:
i) X 1a mot sap tha tu sao cho mdi ddy giam trong X c¢6 can dudi.
ii) S:X —> (- o0,4+o0]1d mot phiém ham ting va bi chan dudi.
Thé thi: ton tai phdn tr u € X sao cho:
111) Voimoi ve X,v<u thi Sw)=5(©).
» Chirng minh
Ta dinh nghia X trong quan hé thr tu méi “<” nhu sau: x<y < x>y
Thé thi tap sap tha ty (X,< ) va phiém ham (-S) théa méin cac diéu kién cua dinh Iy 1.1. That
vay:
Ta kiém tra ddy tang {x,} < X c6 mot can trén.
Ta co:
x <x voimoineN nén x >x .Do d6 theo gia thiét{x } c6 mot can
dudi 1a u,nghia 1a: x, >u vé1 moi n.
Tré lai quan hé “ < trong X ta co:
x, <u voimoi ne N,
Vay{x, } ¢ X ¢6 mot can trén.
Ap dung nguyén Iy Entropy (X,<) va phiém ham (-S) ta c6:
Tdn tai u e X sao cho:
Véimoive X:v>u=-Su)=-S)

Hay v6i moi v e X,v<u = S(u) =S(v).



Chuong 2. UNG DUNG VAO LY THUYET TAP HQP
2.1 MOT SO KET QUA VE PIEM BAT PONG TRONG TAP CO
THU TU
2.1.1. Pinhly
Gia su(X,<) la tap co tht ty va £:X — X thod man:
a) Moi xich thudc X c6 can trén.
b) x<f(x),v6i moixeX.
Khi d6 f c6 diém bat dong.
» Chirng minh
Ta c6 X 1a tap co thu ty va mdi xich thudc X co can trén nén theo bd dé Zorn X Co6 phﬁn tr
toi dai, Goi x,1a phan tir t6i dai.
Ta co:

{xlﬁf(xl)

x, toidai

Suyra x,=f(x,)

Vay f co diém bt dong.
2.1.2 Dinhly

Cho tip duoge sip (X.<) va anh xa £:X — X thoa mén:
a) MJdi xich thudéc X c6 can trén dung.
b) fla anh xa tang.
C) Ix,eX:x,< f(x,)

Khi d6 f c6 diém bat dong.

» Chirng minh

Piat X, ={xe X :x<f(x)}

Taco x,eX Dofla anhxatangnén f(X,)c X,

That vy, vOixe X, tacd x< f(x) nén do fla anh xa tang ta co
fO<f(f(x)) hay f(x)eX,.

Do dinh nghia cia tap X ,, ta thiy X, thoa diéu kién b) cua dinh 1y 2.1.1
Ta sé& chirng minh thoa diéu kién a)ctia dinh 1y 2.1.1.

That viy Ac X, 1a mot xich thi theo gia thiét a) ctia dinh Iy 2.1.2 ton tai



a=sup 4. Ta phai ching minha € X,.That vay,v61i moix e 4 ,ta co:
x<a= f(x)< f(a)
Max< f(x) vOIimol1 xe 4.
Vay f(a) 12 mdt can trén cua A trong X, do d6 a< f(a).
Vay ae X, vala mdt can trén cua A trong X
Ap dung dinh 1y 2.1.1. cho tap X, va anh xa fta suy ra f c6 diém bt dong trong X ,.
2.1.3 Bo @é
Chocactap X,Y vacacanhxa f: X >VY,g:Y > X.
Khi d6 ta c6 thé phan tich X =X, UX,,Y=Y UY, sao cho:
XinX,=¢9.YnY,=¢,f(X)=1,g(},)=X,.
» Chirng minh
Taxétanhxa ¢:2° =25 p(A)=X\g(¥'\ f(A)véi 2" 1a tap tat ca céac tap con cua X.
Trong 2" ta xét quan hé: A<B < Ac B
Ta ching minh mdi xich thudc 2* c6 can trén ding.

Ta xét xich{A } <2 thi [ J4 Ia can trén dung cia {4},

Ta can chimg minh JAe2¥ sao cho A<g@(A4).That vy ta chon 4=¢

PP =X\g(X\f(@)=X\g(¥)> ¢

Ta chiing minh ¢ 1a anh xa tang:

Gi1d sit 4 < B, ta chiing minh ¢(A) < ¢(B)

Ta co:

AcB= f(Acf(B)y=Y\f(A)cY\f(B)

=X \g(¥\ f(4))og¥\ f(B))

=X \g(¥\ f(4)c X\g(¥\ f(B))

= ¢(4) c p(B).

Viayg la anh xa tang.

Ap dung dinhly2.1.2 tacd ¢ diém bat dong.
Bay gio ta chirng minh ton tai

X=X, VX, Y=Y U, X,nX,=¢,f(X)=1,8(Y)) = X,.

That vay, iy X, c X thoa X, =p(X,) Vadat

suy ra:



X,=X\X.Y =f(X).Y,=Y\Y,.

Taco:

Pp(X)=X, =X, =X\g\ f(X)= g\ f(X)=X,=g(¥,)=X,.

ROorang X, nX,=¢.Y,NY,=¢ .

2.2 PINHLY BERSTEIN

Gia sit X = 4,Y #¢ va ton tai cic don anh £ X—Y,g:Y —»X. Khi d6 ton tai song anh giira X,Y.
» Chirng minh

Goi X,,X,.Y.Y, l4 cac tap thoa min bd dé 2.1.3.

DO g:Y,—>X, lasonganhnén co anh xa nguoc.

Xétanhxa h:X—Y nhusau:

f(x)
g ' (x),

h09=
Thi h 1a song anh tr X vao Y.
2.3. UNG DUNG VAO BAI TOAN LUC LUQNG CUA TAP HQP
2.3.1. Ménh dé
Cho cac tap X, Y Khi do ton tai it nhat 1 trong 2 kha nang sau :
1) C6 mot don anhtr X vao Y
2) C6 mot don anh tr X vao Y
» Chirng minh
Xeéttap A cac tap (A,f) trong do :
AcX, fA—>Y la don 4nh
Trong A4 ta xét thir tu:
(A, )< (A, f,) NUA < A, f(x)=f,(x) vOi moi X A |.

Ta chimg minh A ¢6 phan tir t6i dai .Xét mot xich{(A,. f)} .Dat A =UA,.

f,: A, — Y thod f(x)=f(x) néux €A .
Ta co:

xed =f(x)=f(x)
xed, = f,(x)=f,(x)

Mit khac,do {4} _, 1a xich thuéc 4 nén 4, c 4, hodc 4, c 4.

Vay fi(x)=f,(x).



Suyra f,xac dinh dung,va (A ,f) lacantréncua (A,f). .
Theo b6 & Zorn thi 4 c¢6 phan tir tbi dai 1a cap (M,F).

Ta s& ching minh M=X hodc fiM)=Y ,vi néu M=X thi X — Y la don 4nh
Néu fiM)=Y thi f':Y — M < X 1a don anh.

G1d st M = X, ta s€ chirng minh f(M)=Y.

Néu f(M)=Y thi ta xét M, =M U {a).

Véi aeX\M va be Y\f(M).

f(x) xeM

bat F(x)= { _
;  x=a

Thi F 1a don anh trén M.

Vay ménh dé ching minh.

2.3.2. Dinh nghia

1) Ta ndi hai tap hop X,Y c¢6 cung luc luong hay twong duong va viét

cardX=cardY néu ton tai mot song anh giita X va Y.

2) Ta noi lyc lugng cua X khong 16n hon lyc luong cua Y va viét cardX <card Y néu ton tai

mot don anh tir X vao Y.

2.3.3. Pinh ly

1) Véi hai tap X,Y tiy ¥,ludn xay ra it nhat mot trong cac kha ning:

card X<card Y hoac card Y <card X.

2)Néu card X<card Y va card Y<card X thi card X=cardY.

» Chirng minh
1)Suy ra tir ménh dé 2.3.1.
2) Suy ra tur dinh ly Berstein .



Chuong3.UNG DUNG VAO TO PO GIAI TICH HAM

3.1.TON TAI TAP BAT BIEN COM PAC CUA MOT ANH XA

< Ménh dé
Cho X 1a T,khong gian com pic,f X — X 13 anh xa lién tyc, Khi d6 ton tai tdp com
pac X, = #sao cho f(X,)=X,

» Chirng minh
Pat Y={dc X:A#¢,4 dong, f(A)c 4}
Trong Y taxétthity:4 <4, < 4, c 4,.
Xét anh xa F:Y — 2 xac dinh bai F(A)=f(A).
Ta kiém tra F 14 anh xa tir Y vao Y. that viy,néu AeY thi A dong nén A
14 tap com pic.
Do d6 f(A) 1a tdp com pic trong X,ma X 1a T, -khong gian nén f(A)
la tap dong.
Ngoaira ta co f(A)c 4 nén f(f(A)) = f(4).
Vay tap f(A)eY.
Ta kiém tra réng f thoa cac diéu kién cia dinh 1y 2.1.1 trén tap Y.
Xét xich {4,}_, c¥,vGi 4 # ¢, 4, dong.

Dit 4 =4, thi A dong,ta s& ching minh A= ¢.

iel
That vy, do {4,}_,1a xich nén véi moi 1i,je Ithi 4 = 4, hodc 4, c 4
nén{4}_1a ho c6 tim cic tip dong trong khong gian com pac X.

Do doA=(4 #¢.

jel
Ta co:
Ac Avoimoliel
= f(4)c f(4)c Avéimoi iel.
= f(4)c 4
Vay AeY.
Do A=(4,c 4 nén A=A,

iel

Vay{4,}_, c6 cantrénla A.



Ta can ching minh voi moi AeY thi A<F(A).

Taco AeY nén f(A)c 4 hay A<F(A).

Vay ap dung dinh 1y2.1.1thi F ¢6 diém bat dong 1a X, eY hay f(X,)=X,.

3.2 PINH LY TYCHONOFF

Tich t6 po ctia cac khong gian t6 pd com péic 1a khong gian com péc, tic 1a X ,ael com péc

thi x=]]x, compic.

ael
» Chirng minh
Gia sir ,voi moi « <1,X, 1a khong gian com pac. cho F 1a mot ho c¢6 tm céc tap dong trong X.
Ta ching minh rang F c6 giao khac rong, That vay, ding bd dé Zom, ta ¢ thé coi 1a ho F

co tam t61 dai gom céc tap con cua X sao cho

F, o F. Vi
N4=d> N4
AeF AeF AeF,

Nén dé chimg minh ho F ¢6 giao khac rdng, ta chi can chung minh rang

ﬂZ;&qﬁ

AeF,

Do tinh t6i dai cua F, ta co:

aNEu A ,....... A, thi( 4, €F,.

i=/
b)Néu A, c Xva A, nA=¢voimoi Ae Fthi 4, < F,.

Vi F, la mot ho cac tdm nén v61 moi e el , ho (P,(4)) cling 1a mot ho tam tap con cua

AeF,

X

a

ViXacompéc nén ﬂ P(A)#¢ vOimoi ael.
AeF,

Trong mdi tap ﬂ P (A) ta chon mot phﬁn tor x,,.
AeF,
Ta s& ching minh X = (x,) e 4 v6i mdi Ae F,.
Néu V 1a mot lan can tiy ¥ cua x, theo dinh nghia khong gian tich, ton tai cac Lan can

W,eeeennn. ;Wi cua cac di€m. x, ,............. x, trong cac khong gian X, ,........ X,



Sao cho:ﬁPc;‘(Wi)cV.

i=I

Vix, e (|P(4) nén W,NP,=¢voimoi Ae Fvai=I,....,m.

AeF,
Theo tinh chit b) ciia Ftacd P;'( W)eF,i=1,.......m.
Theo a) ta cO(\P,( W) e F,.
i=1
Nhu vay voi moi Ae F thi VA A= ¢

Nhu thé x € Avéimoi Ac F hay () A#¢ Vay X com pac.

AeF,
3.3 PINHLY HAHN-BANACH
Cho p,q 14 hai s6 thuc “md rong”(tirc 13 c6 thé bangT ). Ta gia thiét p<q va P< +ow, g¢> +oo.
V&i mbi s6 thyuc y ta ky hiéu:
0 néu y=0

<p,q,y>=<p.q néu y<O0.
gy néu y>0

Nhu vy <p,q,y> c6 thé bang + o , nhung khong bao gio bang -

3.3.1 Bo dé

Cho X 1a khong gian tuyén tinh, C < X x R1a tap 16i va hamh: C — R thoa
min céc diéu kién sau:

i) Céc tap sau khong trong.

C* ={(x,y)e(C:y>O},(C’ ={(x,y)e(C:y<O}.

11) Véimoi z=(x,y)eC:<p,q,y>+h(z)=0 (1)
Khi d6 phai c6 mot sb thuc t sao cho p<t<g vavoi moi
z=(x,y)e C:t.y+th(z)>0 (2)
» Chirng minh
Véimoi zeC"UC ta dat:
u(z) = —+h(z) (voi z=(x,y)).
Do (1)taco:



(VzeC") u(z)<q:VzeC u(z)2p.
Cho nén supu(z)=u<gq;infu(z)=v>p 3)
Mat khac, véimoi z=(x,y) e C", 7' =(x",y")eC" tacd:
z, =%z-47 €C,v6i =22 >0(vi C 1a thp hop 10i).
Do d6, vi h 1a ham 16 (gia thiét) : i(z)) < 2 h(z) - % h(2") .
Nhung véi z, = (x, — y,) vo1 y,=0 ,cho nén theo (1) h(z,)>0
Vay voimoi ze C',7' € C iu(z) =2 h(z) <-4 h(Z) =u(2)) .
Dodbtasuyra u<+wo,v<—oova u<v (4).
Tu (3) va (4) ta ¢6 : max {u, p}<minfy, p} .
Pong thoi ca 2 vé bén trai va bén phai khong thé ciing bang — o hodc bang+w.
Vay phai c6 mot s6 thuc t sao cho p<r<qu<t<v .
Do u<t<vnénvéimoi z=(x,y) e C"UC tacd:
ty+h(z)>2u(z).y+h(z)=0.
B6 dé di dugc chimg minh .
3.3.2 Dinh nghia
MGt ham thyc ¢(x) trén mot khong gian tuyén tinh X dugc goi la dudi tuyén tinh, Néu :
a) o(x,+x,)<p(x)+e(x,), voimoi x,x, € X .
b) ¢(ax)=ap(x) v6 i mol xe X, moi a>0.
Tinh chét a)goi 1a dudi cong tinh, con tinh chat b)goi 14 tinh thuan nhat duwong. Hién nhién la
dudi tuyén tinh ciing 1 ham 16i.
3.3.3 Dinh ly ( Hahn-Banach )
Cho mot phiém ham tuyén tinh f xac dinh trong mot khong gian con M ctia mot khong gian
tuyén tinh thuc X.
Gia st c6 mot ham dudi tuyén tinh ¢ xac dinh trong X sao cho :
V6imoi xeM thi f(x)<p(x).
Khi d6 phai c6 mot phiém ham tuyén tinh F(x) xac dinh trong toan thé, sao cho:
1) F 1a khuéch cua f, nghia 1a :
V61 moi xe M :F(x)=f(x) .
2) V61 moi xe X : F(X)< p( x).



» Chirng minh
Xét tap 4 cac cap (N,g) .Véi N 1a khong gian con chira M, g 13 phiém ham tuyén tinh trén
N thoa :
g(x)=f(x),g(x)<p(x) VxeX.
Trong A4 ta xét thir tu :
(N,g) < (N,,g,)néu N, < N,,g,(x) = g,(x) v6i moi
xeN,g,(x)<@d(x) v6imoi xe N, .
Ta can ching minh sy tdn tal mot phiém ham tuyén tinh F xac dinh trén toan X.
Sao cho f<F.
Trudc hét ta chimg minh 4 ¢6 phan tir ti dai .
Ta xét 4 1a tap hop tit ca phiém ham tuyén tinh g sao cho £ < g. tdp hop d6 khong tréng (vi
f e 4) va dugc sip mot phin bsi lién hé “ < .

Néu P 1a mét tap con duoc sép tuyén tinh cta 4 thi can trén cia P a phiém ham ¢c6 mién
xac dinh bang hop tat ca cac mién xac dinh cua cac phiém ham geP va co gia tri timg phiém
ham g Ay trén mién xac dinh cia g. Vay theo bd dé Zorn , 4 phai c6 phan tir tbi dai F.

Ta chirng minh mién xac dinh cua F 14 toan khong gian (M= X)) .
Gia sir trai lai ring c6 mot phAn tir  x, e X = M .
Taxéttap C=Mx R dat P=-o0,q=+0 .
Voimoi z=(x,y)eC (xeM,yeR) tacd ¢(x)=F(x).
Do d6 v61i moi z=(x,y)eC<p,q,y>-F(x)+¢(z2)>20(6 day ta déng nhit mdi
z=(x,y)e M xR voi diém x+y.x, e X1nén o(z) = p(x + y.x,)).
Ma h(z)=-F(x)+¢(z) la ham léi,vaiy theo bd dé 1 ta c6 mot sb thuc t nghiém dang :
Véimotl z=(x,y)eC:t.y—F(x)+¢(z)>0.
bat F(x)=F(x)-ty ,v61moi z=x+y.x,(yeR) ta s€ cO mot phiém ham tuyén tinh F,
xac dinh trén khong gian con M, sinh béi M U {x,}va nghiém ding v&i moi ze M, : F(z) < (z2) .
Nhu thé F, = Fva F < F trai véi inh t6i dai cta F .

Suy ra diéu phai chimg minh .



3.4 NGUYEN LY BIEN PHAN EKELAND
3.4.1 Dinh nghia

Mot dnh xa F:X — R goi 14 nira lién tuc dudi néufu e X : F(u) > o}l tip mo véi moi o e R .

Anh xa nira lién tuc dudi co tinh chét :

Néu limu =u thi limF(u )> F(u)

n—%0 n—>o0

3.4.2 Nguyén Iy bién phan Ekeland
Gia su:
i)  (X.,d) 1a khong gian metric day du .
11) F:X - R ntra lién tuc dudi va bi chan dudi .
Choe,2>0va x, € X thoa man :

F(x,)<inf F(v)+&

Khi d6 t6n tai phan tir u_sao cho :
DFu,)<F(x,)

2) d(u,,x,)< A
IHF(v)= F(ug)—e.@, voimol ve X,v#u,

» Chirng minh
Coi 4 =1( néu khong xét metric d'=4)
Pat Y ={ue X : Fu) < F(x,),d(u,x,) <1}
Piat ¥ ={ue X :Fu)<F(x)LY,={ue X :d(u,x,) <1}
Taco:
Y=Y,nY, maY,Y, dongnén Y dong .

Suy ra (Y,d) day du .
Trong Y ta xét thir tu :

usve FW)LFu)-ed(u,v) .
Ta kiém tra “<” 1a quan hé thatu Y .
Hiénnhiéntacd u<u VueY.

Taco:
us<v,v<u

=>FW)<Fu)—-edu,v),Fu)<FWv)-¢cdu,v)



=du,v)=0
S u=yv
Néu u <vov<wthi FOW)<Fw)-edu,v),F(w)<F(v)—ed(v,w)

F@=S0) 40,y FO=FD
&

Suyra d(u,v)< w) <

Ap dung bat ding thirc tam giac ta c6 :

Fu)-FW)+FW)—F(w) =F(u)—F(w)
£ £

du,w)<du,v)+d(v,w) <

Suy ra F(w) < F(u)—&.d(u,w)
Hay u<w
Ta s& ap dung nguyén 1y Entropy cho Y va phiém ham S(u)=-F(u)
T dinh nghia thi tu trong Y ta c6 néu u <y thi:
— F(u)<-F(v)nén (-F) tang,bi chan trén.
Ta can kiém tra moi ddy ting trong Y déu c6 mdt can trén.
Taco:

u,<u

n+l

vomoi neN< F(u )< F(u)—-¢sdu ,u

net
<0<edu,u, )<F(u,)-F(u,) (1)
= F(u, )< F(u,)
Suy ra ddy {F(u,)} la ddy giam va bi chan dudi nén {F(u,)} hoi tu. (2)
Ta ching minh ddy hoi tu bang cach ching minh {u, }1a ddy Cauchy:
Coi n<mva u, <u, ta co theo (1) thi:

d(lxl u )< F(un)_F(um)
n>"m/ — £

3)

Suy ra ddy lim d(uu )< lim ) ~0(do diy {F(u)} hoitu(2)

n,m—»w

Fu,)-F(u,
£

Vay lim d(u,,u,)=0 hay {u } 1a diy Cauchy trongY ma Y diy dii nén {u_}hoi tu.

n,m—»o

Gid st u=limu, ,ta ching minh u, <u.

n—»0

Ta(3)taco:
Fu,)<F(u,)-¢d(u,,u,) 4)

Do F lantra lién tyc dudi va limu, =u nénta co :

n—»0



lim F(u,) > F(u)

n—»0

cho m — oo trong (4) ta c6:
Fu)<F(u,)—&d(u,,u)

F(u)< F(u)—ed(u,,u) .
Nén u, <u v6imoi neN .
Ap dung nguyén 1y Entropy cho Y va phiém ham S(u)= -F(u),ta c6 :
Tontai u e¥ :u>u = Su)=Su,) hay Fu)=F(u,) .

Do u_<Y nén thoa min tinh chit 1) ,2) .
Béy gio ta ching minh tinh chat 3).
Gia st tréi lai 3). Khong ding, ta co ton tai v, =u_: F(v,) < Fu,)—ed(u_v,) (5)
Khi do :

v, 2u nén F(v,)=F(u,) thay vao (5) ta co:

0<-ed(u_v,), VO 1y .

Vay ta c6 diéu phai chimg minh.



Chuong 4. UNG DUNG VAO LY THUYET PO PO
4.1 Dinh nghia
Cho khong gian do do (X,F,u). Ta noi tap Ae Fla mdt nguyén ti néu u(4)>0va voi
moiBe F ma BcA thi hoac u(B)= u(A4)hoac u(B)=0
4.2 DPinh ly
Cho khong gian d6 do (X,F,u). Néu Fkhong chia nguyén tir nao thi voi
moi ae(0,u (X)) tdn tai tap Ae F saocho u(4)=«a.
» Chirng minh
Ta dat :
F={4eF: u(A<a}
S(A)= pu(A4),vo1moi Ae F.
-Trong F, ta xét thir tu nhu sau: A<B< AcB.
-Ta c¢6 S(A) bi chan trén boi o, vO1i moi Ae F.
-Ta can chimg minh S 13 phiém ham ting,that vay:
A<B < Ac B= u(A)< u(B)= S(A) < S(B).
Vay S tang .

Gia str{4,}< F 1a day ting . Ta dat 4=| )4, thi x(A)=lim (A )

n=1

Do u(A)<a nén u(d)<c.
Viy Ae Fva A>A v61moi neN.
Ap dung nguyén 1y Entropy cho F va phiém ham S(A) = u(A).
Taco:
Tdn tai tap A, € F, sao cho :
V6imoi AcF ,Ac 4, = u(4) = u(A).
bit F,={ Be F:B> 4,a < u(B)<w }
Trong F, ta xét thir tw nhir sau : A< B < 4> B.
bit S(B)= u(B).

Ta can kiém tra ddy ting{B,} trong F, c6 mot can trén.



cB, v6imoi neN.

n+l

That vay, dat B=()B,taco B

nei
H(B))<oonen u(B)= lim 4(B,) .
Ma w(B)>avéimoi neN nén u(B)>a.
Hién nhién x(B)<» vaB c B do d6 Be F,va B>B véimoineN.
Vay {B,} bichan trén
Ta chirmg minh S 13 phiém ham giam .
Taco:
A<B < A> B= u(A)> u(B)= S(4) > S(B).
Suyra S la phiém ham giam .
Ap dung he qua 1.6.2 cho va phiém ham S(B)= u(B).
Ta co:
Ton tai tdp B, € F, thoa :
V61 moitdp BeF,,Bc B,= u(B)= u(B,).
Bay gio ta chi viéc chirng minh : u(B,) = u(4,) =« .
Theo tinh chit ctia A,va B, ta cd u(4,)<a < u(B,) Va 4, < B,
Gia su trai lai: (B,) > pu(A))thi w(B,\ 4,)>0.
Ta chimg minh C,=B,\ 4, la nguyén ttr.
That vay ta da c6 u(C,)=u(B, \ 4,)>0.
Taldy DcC,=B,\ 4, va gia sit u(D)>0,ta ching minh
H(D) = (B, \ 4,) .
Taco:

(A4, U D) > avinéu u(4, U D) <a Thi4, U D e Fnén theo tinh chat ciia A ta c6

(A4, 9 D)= pu(4,) .
= u(4,) + (D) = p(B,) .
= (D) = u(B,\ 4,)
Vay véimoi D < B, \ 4,thi hoac u(D)=0hodc wu(D)= u(D,\ 4,)nén

B, \ 4, 1a tuyén tir, ta gdp mau thuin. Pinh Iy dugc chimg minh.



Chuong 5. UNG DUNG VAO BAI TOAN PIEM BAT PONG
5.1. PINH LY CARISTI
Cho (X,d) 1a khong gian metric day du.
@ :(X,d)— [0,+0) ntra lién tuc dudi.
f :X—>X la anhxathda d(x,f(x)<@(x)—o(f(x)).
Khi d6 f c6 diém bat dong .
» Chirng minh
Trong X ta xét thir ty : x< y < d(x,y) < 0(y) — p(x) (1)
Ta kiém tra “<” ding 1 quan hé thir ty trong X .
Hién nhiénta c6 x<x véimoi xe X .
Taco:
X<y, y<x
= d(x,y) <(y) = (x),d(x,y) < o(y) - p(x)
= d(x,7)=0
= x=y
Neu x <y, y<zthi d(x,y)< () - 0(x),d(1,2) < p(2) - p()
Ap dung bat thirc tam gidc,ta o :
d(x,z) < p(z) — p(x) hay x <z
-Ta s€ &p dung nguyén ly Entropy cho S(x)=g¢(x) .
-Trudc hét ta kiém tra 1a ¢ phiém ham ting .
That vay ta c6 :
Véimoi u<v < du,v) <o) - o).
Do d(u,v)>0 nén 0<¢(v)— o) hay ¢u)<p®©).
Viy ¢ 1a phiém ham ting va bi chin dudi.
Ap dyng hé qua 1.7.2 ciia nguyén ly Entropy cho S(X)=g(x).
Ta cod x,e X thoa:
Véimoi x<x, = S(x)=S(x,) hay o(x)=p(x,).
Bay gio ta chimg minh x, 13 diém bat dong cua f.
Ta co ;

d (x5 1 (%)) < @(x) = p(f (x,) 2)



Nén theo dinh nghia thtr ty “<” ta co :
X, = f(x,).
Do do :
o(x,) =o(f(x,)) , thay vao (2)taco :
d(xy, f(x,)) =0 hay x, = f(x,) .

5.2 CAC PINH LY KIEM BAT PONG TRONG KHONG GIAN BANACH CO THU TU
5.2.1 PINH NGHIA
Cho X 1a khong gian Banach trén truong sd thue R va K 14 tap con cia X .
Khi do K dugc goi la ndén néu né théa méin cac diéu kién sau :
i) K déng , khac rong , va K= {0} ,
1) Néu a,peR, a,b>0, x,yeK thi ax+byek .
iii) NéuxeKk vi —xek thi x=0.
Vi du:
Cho X=R".K :{(x X xn):xi 20},1':1,_11 thi K 1a n6n trong R”.

A SR
5.2.2 Dinh nghia

Cho X 1a khong gian Banach v61 ndn K . thtr tu sinh boi K dugc dinh nghia nhu sau:

x,yeX,x<y<s y—xek.
5.2.3 Mot so tinh chét ciia thi tu sinh b&i nén
< Ménh dé:
Gia su “<” la thtr ty trong X sinh bé1 ndn K.
Khi do :
1) Néu x<y thi;
Ax < Ay VA20,

X+z<y+z Vze X

1) Néu x, <y, (meN)va limx =x,limy =y thi x<y.

iiiy Néu {x !1a day ting va hoituvé X thi x, <x , neN.
» Chirng minh
1) Taco:

(y+z2)-(xtz)=y-xe K nén x+z<y+z.



Ay-Ax=Ay—-x)eK nén Ax<ly .
i1) Taco :
yo—x, €K (neN),lim(y, -x,)=y-x, K dong nén
y—-xeK hay x<y.
iii) Giasu {x,} la day tang .khidox <x (mneN).Cho m—
Tadugc x, <x (neN)
5.2.4.Diém bit dong anh xa ting
s Pinhly1
Gi1d st (X,<) 1a khong gian Banach c6 thir ty sinh béi non, M < X 1a tap dong,
F:M — M 14 4nh xa thoa min diéu kién :
i) F 13 4nh xa ting va ton tai x, e M : x, < F(x,) .
ii) Néu {x } = M 1a day tang thi{F(x,)} hoi tu .
Khi d6 F c6 diém bat dong trong M.
» Chirng minh
Pit M,={xeM:x<F(x)}.
Xét phiém ham S : M, — [0,+] nhu sau :
S(x) = sup{|F(u)— FOv)|:u,v € My,u>v>x}.
Ta chimg minh S 1a phiém ham giam .
bat 4, ={w,v):u,yeMyu>v>x}.
Khi d6 :

S(x)= sup |F(u) - F(v)

(u,v)ed,

S0)= s [F)-FO).

Ta s€ chirng minh x<y thi 4, 54, .

That vay, ldy (u,v)e 4, thi u>v>y nén u>v>x (do y>x).
Suyra (u,v)e A, .

Do d6 nén x<y thi S(x)>S(y)hay phiém ham S giam .

Vay (-S) ting va bi chan trén .

Ap dyng nguyén Iy Entropy cho (-S) ta tim duoc a M, thoa :
V61 moi x>a= S(x)=5(a)

Ta can chimg minh S(a)=0



Gia st trailai 3a>0:S(a)>a>0.

Do S(a)>«a nén ton tai u,,u, e M, :u, >u, > a,

F(u,)—F(u)|>a.
Do u,>a nén S(u,)=S(a) hay S(u,)>«a.
Do do6 :

Ton tat u,,u, e M :u, >u, >a,

F(u))-Fu,)|>a,.......
Tiép tuc qua trinh trén ta xdy dung duogc diy :

asu, <u, <

= teecenes )

F(uy,) = F(uy, )| >a .
Suy ra day {F(u )jkhong h¢i tu, tréi gia thiét .
Vay S(a)=0 hay F(u)=F(v),V(u,v)e 4,.
Do (F(a),a)e 4, nén F(F(a))=F(a).
Vay F(a) 1a diém bat dong .
< Pinhly 2
Cho (X,<) 1a khong gian Banach c¢6 thir ty sinh béi non, M dong ,
F:M — M la anh xa tang thoa :
1) Tontai x, e M :x, <F(x,).
2) Moi diy ting {F"(x,)}(x, e M) hoi tu .
Khi d6 F ¢6 diém bat dong trén M .
» Chirng minh
it M,={xeM :x<F(x)}ta dé thay F 1 4nhxati M, vao M,.

D3ts, (x) = sup|

F"(u) = F"0)| -,y € M, F"(w) 2 F" (v) 2 x| S(x) = lim S, (x)..
Ta ching minh S(x) ton tai .

That vay ,ta dat

A, ={w,v)e M, : F'(u)> F"(v) > x}

A, ={w,v)e My: F"(u)> F'(v) > y|

Khi do :

S,(x)= sup |F"(u)—F"(v)

(u,v)ed,

S, = swp [Fra-Fo)
Ta s& chirng minh{S, (x)} 1a day giam .

Trudc hét ta ching minh  x<y thid, >4, .



Thatvay,lay (u,v) € 4, thé thi F" (u) > F"(v)> ynén F"(u)> F"(v)>x (do y>x)
Suyra (u,v)e A, .
Vay theo dinh nghia cia S (x) taco ngay S, (x)>S ().
Ta ching minh S, (x)< S, (x).That vay,xéttuy y u,ve M,.
Ma F"'(u)>F, (v)>x.
Taco:

F'"(Fu)2F"(Fv)zx,Fue M, FveM,.

= |F"(Fu) - F"(Fv)|<S,(x)  (do dinh nghia S, (x) ).

= |[F (Fu) - F™ ()] < 8,(x).
Do do:

S . (x)= supiF”“(u) —F" (V)H cu,ve My, F"™'(u)> F"™'(v) > x}é S (x)

Diay{S (x)} giam,bi chin dudi nén lim S, (x) ton tai .
Tiép theo ta chimg minh S giam .
Néu x<y thi S(x)=1lim S, (x)>1lmS,(y)=S().
Vay S gidm .
-Ta s€ ap dung nguyén ly Entropy cho (-S) trén M,
-Ta can phai ching minh néu {x } 1a ddy tang trong M, thi{x }c6

can trén thugoc M, Ta xét bang sau :

F(x)) F(x))....... F(x)........
F*(x) F*(x)...... F2(x,).en...
F'(x)) F"(x)...... F'(x).ooeun...

Do {x,}1a ddy ting va F ting nén cic phan tir thudc mot hang tao thanh diy ting .
Do x, <F(x,) (Vi x, = M,) nén cac phan tir thudc mot cot ciing tao thanh diy ting.
Suy ra day “dudng chéo” {F"(x,)} 14 ddy tang va do gia thiét 2)n6 hoi tu.

Dat x, =lim F"(x,) ,ta s€ chirng minhx, e M va x, <x,v&1 moi n=1,2,..

n—>0

That vay do {F”(xn)} taing nén F"(x,)<x, voimoi n=12,.....



Ma x, <F"(x,) nén x, <x, v6i moi ne N’
Mat khac F"'(x,)<F"(x,) nén F"'(x,)<x,
= F"(x,)< f(x,) vO1 moi ne N’
Chon —otacd x, <F(x,) hay x, e M,.
Vay ddy ting {x }c6 can trén trong M, 1a x,.Ap dung nghuyén ly Entropy cho (—S) trén ta tim
dugc ae M thoa :
V61 moi x> a = S(x)=S(a).
Ta can chimg minh S(a)=0.
Gia sir trailaitontai a>0:S(a)>a>0.
Do S(a)>anén S (A)>a do do tdn tai

u,v,eM F(u)=F(v)=a,

F(u)-F(v)|>a.
Do tinh chat cia a ta co :

S(Fu,)=S(a)>a do d0S,(Fu,)>
Suy ra ton tai

u,v,eM, CF(uy) > F?(v,) > F(u) > a,

F(1,) - F*(%,)| > ...
Tiép tuc qua trinh trén ta xay dung duoc diy

a<Fu)<F*u)<....., >a

F(u,) = F"(v,)

Suy ra ddy {F"(u,)} khong hoi tu,trai gia thiét.
Vay S(a) =0 hay lim S, (a)=0 (1)
Ta ching minh F ¢6 diém bat dong.
Do aeM, néntaco:
a<F(a)<F*(a)<....

Do gia thiét 2) ton tai phan tir b= lim F (a).

Vi F"'(a)<bnén F"(a)<F(b) voimoi ne N".
Cho n— o tadugc b<F(b) hay be M,.
Mat khac, ta ¢6 :
F"(a)<b< F(b)<.....<F"(b) véimoineN

Do do:



0< F(b)—b < F"(h)- F"(a) )

Mavi a<F"(a)<F,(b) nén

F'(a)-F"(b)| <S,(a) ).

To (1)va(3)taco:

F"(b)—F"(a)| =0 4).

lim
n—000

TU (2) va (4) Tacd F(b)—b=0 hay b la diém bat dong cua F.



KET LUAN

Trong luan vin chung t6i da trinh bay hai dinh 1y co ban vé tap hop c6 tha tu, d6 1a bo dé
Zorn cung cac dang tuong cua nd va nguyén ly Entropy triru tuwong va trinh bay cac ting dung
khéc nhau cua hai dinh 1y trén trong giai tich.
Qua qua trinh 1am luan van, t6i d3 thdy dugc phan nao méi lién hé giira 1y thuyét va ung
dung trong cac hoc phﬁn cua giai tich nhu: Giai tich ¢ dién,To po, P9 do tich phan.
Budc dau, t6i ciing hoc duge phuwong phép tu hoc va nghién ctru.
Vi kha nang va thoi gian han thé nén chua tim duoc nhiéu ung dung trong cac linh vuc

cua giai tich . T6i hy vong s& dugc hoc tap va nhgién ciru thém vé dé tai nay trong thoi gian toi
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