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LOI CAM ON

Loi dau tién, toi xin kinh guri dén Thay PGS. TS Lé Hoan Hoéa 101 cam
on sau sac va chan thanh nhét vi sy tan tinh gitp d& va chi bao ctia Thay danh
cho toi trong subt thoi gian lam luan vian.

To1 cling xin chan thanh cam on Qui Thﬁy Co truong Dai hoc Su Pham
Thanh phdé H Chi Minh, truong Pai hoc Khoa Hoc Tu Nhién Thanh phd Ho
Chi Minh va trudng Pai hoc Qubc Té di tan tinh giang day va huéng dan t6i
trong sudt khoa hoc.

To1 xin chan thanh cam on Qui Thﬁy Co6 Phong Khoa hoc Cong nghé
va Sau Pai hoc truong Pai hoc Su pham Thanh phé Hb Chi Minh d3 tao moi
diéu kién thudn loi cho t6i trong sudt qua trinh hoc tdp va hoan thanh luan
van.

T6i xin kinh gtri dén UBND tinh Tinh Ba Ria — Viing Tau, S& Noi vu,
S¢ Gido Duc va Bao Tao Ba Ria — Viing Tau , Ban Giam Hiéu truong THPT
Ngb Quyén 161 cdm on chan thanh vi da giup do va tao moi diéu kién thuan
tién dé toi hoc tap va nghién cuu.

T6i cling xin chan thanh cam on Qui Thiy C6 trudong THPT Ngb
Quyén va dac biét 1a cac Thﬁy trong Tb Toan; cac ban hoc vién cao hoc Toan
K19 di luon dong vién, khuyén khich va giup d& toi trong thdi gian hoc tap
va lam luan van.

Sau cung toi xin kinh giri dén gia dinh t6i cing nhirg ngudi than tat ca
tinh cam yéu thuong nhat va long tri on sau sic nhat, noi di tao cho toi niém

tin va nghi luc va 1a chd dua vitng chic nhat giup toi hoan thanh luan vin nay.
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Vi kién thirc ban than con han ché nén luan van s€ kho tranh khoéi
nhirng thiéu s6t. Rat mong dugc sy nhan xét va chi bdo cua Qui Thay Co6 va

su gop ¥ chan thanh ctia cac ban dong nghiép.
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LOI CAM POAN

Mic du trong qua trinh 1am luan vin nay, t6i d3 nghién ctru, tim hiéu va
tham khao & sach v&, cac bai bio toan hoc cua cac tac gia va ludn van cua cac
khoa trude, t6i ¢6 str dung mot sd két qua da duoc chimg minh dé hoan thanh
ludn van cua minh nhung t61 xin cam doan khong sao chép cac luan van da co

va to1 xin hoan toan chiu moi trach nhi€ém vaéi 161 cam doan cuia minh.
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MO DAU

Luan van chirng minh sy ton tai nghi¢ém cua phuong trinh vi phan dang

X = (t,x), x(t) =X 1)
Trong d6 E 1a khong gian Banach, f eC[j , xE,E] va f(t,x) la ham tya don
di¢u khong giam theo x v6i mdi te i , lién quan dén nén K hodc f (t,x) c6
tinh chit tya don diéu hdn tap.

Noi dung ludn vin st dung nim phuong phéap chimg minh ton tai
nghiém cua phuong trinh (1).

1. Bat phuong trinh vi phan.

2. Tap hop bt bién dong.

3. Phuong phap nghiém trén va nghiém dudi.

4. K¥ thuat 1ap don diéu.

5. Phuong phép tua nghi€ém trén va tya nghiém dudi.

Cac phuong phap nay thuong dugc dung chiing minh su ton tai diém
bat dong trong khong gian c6 thu ty.

No61 dung luan van duoc trinh bay lai trong tai li¢u:
Dajun Guo, V. lakshmikantham, Nonlinear Problems in Abstract Cones,
Acadamic Press, INC, London 1988.

Luan van duoc trinh bay thanh ba chuong.

Chuong I: Trinh bay vé non va cac tinh chit ctia non.

Chuong II: Trinh bay vé diém bat dong cua anh xa don diéu.

Chuong I1I: Ap dung phuong phép nghién ciru su ton tai diém bat dong
trong khong gian c6 tht ty vao phuong trinh vi phan phi tuyén.
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Chuong 1. NON VA CAC TINH CHAT CUA NON

1.1 N6n va thir ty sinh béi non

Dinh nghia 1.1.1

1/ Tap K trong khong gian Banach thyc E goi 1a nén néu:
1) K 1a tap dong
i) K+KcK, AKcK v1>0
iii) Kn(-K)={6}.

2/ Néu K 13 non thi tht tu trong E sinh bdi K dugc dinh bdi:

X<y y-xeK.

3/ Non K duge goi 1a ¢6 thé (solid) néu nd cé chira diém trong, tirc
Iél% £ va y—xeK thitaviét x=y.

4/ Non K c E dugce goi 1a minihedral néu sup{x,y} ton tai véi moi cip
{x,y} bichantrén (ticla Iwe E:x<w,y <w).

5/ N6n K c E dugc goi 1a strong minihedral néu supD ton tai véi moi
tap bichan DcE.
Ménh dé 1.1.1

Gia st “<” 1a thtr tu sinh bo1 nén K. Khi do:
1/ X<y =>x+z2<y+z, AX<Ay VzeE,VA1>0.
2/ x < yn(ne¥*),Li£pcxn =xlimy, =y =x<y.
3/ Néu {x,} 1a day tang, hoi tu vé x thi x, <x Vne¥ .
Chirng minh:

1/ Suy ra tir tinh chat ii) cta dinh nghia nén.

2/ Tacod x, <y, =>Vy,—X €K
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= lim(y, —x,)=y-X.

Do K Ia tap dong nén (y—x) e K hay x<vy.

3/ Cho m — + trong x, < x ., ta dugc diéu phai ching minh.

n+m??

1.2 N6n chuén

Pinh nghia 1.2.1
Noén K goi 14 non chuan néu:
AN >0:0<x<y =|x|<Ny|.

Ménh dé 1.2.1
Gia sir “<” 1a tht tu sinh béi non chuan K. Khi d6:

1/ Néu u<v thi doan (u,v):={xeE:u<x<v} bichin theo chuan.
2/ Néu x, <y, <z,(ne¥") va limx, =alimz, =a thi limy, =a.

nN—oo n—o0 N—o0

3/ Néu day {x,} don diéu, co day con hi tu vé athi limx =a.

Chirng minh:
1/ vxe(uv)=0<x-us<v-u
=[x—ul<Nju-v|
= X< Jull+ Nu=v].
2/ Tacd x,<y,<z,(ne¥’) =0<y,-x <z,-X,
= |y, =X, < N[z, = x,| = 0.
Talaico y, =X, +(y,—x,) = limy, :rl1im(xn+(yn—xn)):a
3/ Ta coi day {x,} ting va limx, =a

Vi x, <x, (ncddinh, k dil6n)nén x, <a Vne¥’.
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Cho ¢>0, chon k, dé

Xp — aH < ﬁ (N 14 hang s6 n6i trong dinh nghia nén

chuin).

vnzn ,0<a-x <a-x = [a-x|< NHa—x%

<e. Vay limx, =a.

n—oo

1.3 No6n chinh qui

Dinh nghia 1.3.1

Noén K goi 1a nén chinh qui néu moi day tang, bi chan trén thi hoi ty.
Ménh dé 1.3.1

Nén chinh qui 14 non chuén.
Chirng minh:

Gia st K 1a non chinh qui nhung khong 13 nén chuan. Khi do

Vne¥ 3, Y, 10 <X, <y,.[% > n?||y.]|-

n _yn

Pat = Vo=
T T Ik

X \ 1
P thi 0<u, <v, Ju,|=2v,| <.

Vi i”vn” < oo nén ton tai v = ivn
=1 =1

Day s, =u, +U, +...+U, tdng, bi chin trén bdi v nén hoi ty

Suy ra limu, =lim(s, —s,,)=6 VO Iy vi |u | =1.

N—oo n—o0

1.4 N6n sinh

Dinh nghia 1.4.1

Noén K goi 13 nén sinh néu E=K-K hay vxeE3JuveK:x=u-v.
Ménh dé 1.4.1

Néu K 1a nén sinh thi ton tai s6 M >0 sao cho

vxeE JuveK:x=u-v|ul<M|x]|v|<M]x]|.
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Chirng minh:
I. bat C=K mE(H,l)— K mE(H,l), ta ching minh 3r >0:C > B(6.r).

That vay: E=|JnC (Do K Ia non sinh)

n=1
= 3n,,3G mé: n,C >G (Do dinh ly Baire)
Vi C 16i, d6i xting nén:
1

EDEE—EESEDLG——G (mo, chira 0)
2 2 2n, 2n,

=C>B(6,r)

II. Ta chirng minh %B cC (B ::E(Q,l)). Lay ae%B.

n

a-> X

+ Ta s& xdy dung day {x,} thoa: x, € %C,
k=1

< 2n+l '

Th@tvéy,ViLBciC nén VyGLB,V8>OE|X€iCZ||y—X||<8.
2n 2n 2n 2n
. r 1 r
Taco aEEB :>E|X1€EC||a—X1||<?
r 1 r
a—X1€?B :>E|X2 EFC:||a—X1—X2”<?,...
. 1 n 1
+ Vi x, EFC nén 3Ju,,v, e K:x, :un—vn,||un||,||vn||<?.

Pt u=Yu,v=Y, tacé a=u-v,|ul,|v|<1. Vay acC.
1 1

II. V&imoi x#6, ta co:

r x r r X

——e—B =>——=u-V vo1 u',VeK, [U<1|V|<L1
2x| 2= 2|

, VO1 M ::E

= X=U—-V,U,Ve K,||u||,||v||£M.||x :
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Vay ménh dé duoc chirng minh.
1.5 Non lién hgp

Dinh nghia 1.5.1
Néu K 1a nén, thi ta dinh nghia non li€n hgp cua néon K 1a
K'={feE": f(x)20vxeK]}.
Ta co:
1/ K" ¢6 hai tinh chét sau:
i) K™ 1a tap dong
i) K+K'cK™, AK'c K" V12>0.
2/ K'n(-K")={6.} & K-K=E.
Chirng minh:
+ (<) Xét feK n(-K")

Véimoi xeE, taco: x=lim(u,-v,), u,,v, eK

= f(x)=lim(f(u,)- f(v,)) nén f(x)=0.
Tuong ty f(-x)>0.Do do f(x)=0.
+ (=) Gia st ton tai x, € K- K. Khi d6
3 €E™: (%)< f(y)Vy e K-K (Do dinh Iy tach tap 15i)
Taco f(x)< f(tx) VxeK,Vt>0.
Chot—o tacd f(x)>0vxeK hay feK".

Tuongty —f eK™. Do d6 f =6 (mau thuin)
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Chuong 2. PIEM BAT PONG CUA ANH XA PON PIEU
2.1 Piém bat dong ciia 4nh xa ting.

Cho K 1a n6n trong khong gian Banach thuc E va “<” 1a thir tu sinh boi
nén K . Cho D 1a tap con cua E.

Dinh nghia 2.1.1

Mot anh xa A:D — E duoc goi 14 ting néu x, < x, (X, %, € D) thi
Ax, < AX,, A dugc goi la ting nghiém ngit néu x, <x, (x,X, € D) thi
Ax, < AX, Va A duoc goi la ting manh néu x, <x, (x,X, € D) thi Ax = Ax,
trong truong hop I% .

Tuong ty, A dugc goi 1a giam néu x, <x, (x,X, € D) thi Ax, > Ax,, A
dugc goi la giam nghiém ngit néu x, <X, (X%, € D) thi Ax, > Ax, va A duoc
goi 1a giam manh néu x, <x, (x,X, € D) thi Ax, ? Ax, trong trudng hop
I% =D.

Pinh nghia 2.1.2

Mot &nh xa A: D — E dugc goi 1a hoan toan lién tuc néu no lién tuc va
compact. Chll y compact theo nghia tap con A(S) la compact tuong ddi véi
moi tdp con bichin ScD.

A duoc goi 1a mot k-tap hop-co (k >0) (k-set-contraction) néu no lién
tuc, bi chan va y(A(S)) <k.y(S), voi modi tap bi chin S = D, trong d6 7(S)

dugc xem la dg do cua tdp khong compact S .
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Mot anh xa A dugce goi la co6 dong (condensing) néu no lién tuc, bi

chan va y(A(S))<y(S), véi mdi tap bi chan S<= D, 7(S)>0.
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Pinh ly 2.1.1
Cho u,,v, € E,u, <V, Va A:[u,,V,]— E 1a mot 4nh xa tang sao cho:
U, < Aug, Av, <V, (2.1.1)
Gi1d sir mdt trong hai diéu kién sau duogc thoa:
(H,) K 12 nén chudn va A la c¢o dong;
(H,) Klanon chinh quy va A la nta lién tuc.
Khi d6, A c6 mot diém bat dong cuc dai x* va mot diém bat dong cuc tiéu X,

trong [u,,V, |, hon nira

X" =limv_, x. =limu, (2.1.2)
Trong d6 v, = Av,, va u,=Au,, (n=123,..),va
Uy SU, <. S, .Sy LSy Sy, (2.1.3)

Chirng minh:
Do A la 4nh xa tang, theo (2.1.1) thi (2.1.3) dugc thoa.
Bay gio, ta ching minh day {u,} hoi tu vé X, eE va AX =X, .
+ Khi (H,) dugc thoa, tdp S ={u,,u;,U,,...; bichdnva S=A(S)u{u,},
do do y(S)=(A(S)). Do A cddongnéntacé y(S)=0, S la tip compact

Ny

trong d6i. Do d6 c6 diy con {u } cta day {u,}sao cho x, — x,. R6 rang
u, <x <v, (n=123,..)
Khi m>n,,tacé 6<x,-u, <x —u, vado do theo tinh chat ctia nén chuan

K, ta co , v6i N 1a hang s6 trong dinh nghia non chuan

X, —Uy[<N

X, = Uy,

K. Vay limu, =x,.

m—oo

Cho n— o trong u, = Au, ,, ta dugc Ax, =X,. Do do A lién tuc .
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+ Khi (H,) duogc thoa, ddy {u,} hoitu vé X, € E theo tinh chit cua nén chinh
qui K. Tor A nua lién tuc, u, = Au__, hdi tu yéu vé Ax, vado do Ax =X .
Mot cach tuong tu ta c6 thé chimg minh day {v,} hoity vé X' eE va
Ax" =x"
Cho xe[uy,V,] V& Ax=x. Tir A la 4nh xa ting va u, < x <V, din dén
Au, < Ax < Av,, nghia 1a u, < x<v,. Ly luan tuong tu ta dugc u, <x<Vv,, ...,
Va tong quat, ta co u, <x<v_, (n=12,3,..). Cho n— o ta dugc
X, <X<X . Vay dinh Iy dugc chirng minh.
Hé qua 2.1.1
Cho diéu kién cua dinh 1y 2.1.1 dugc thoa. Gia st réng A chi c6 mot

diem bat dong x e [u,V,]. Khi d6, véi mdi x, €[uy,V, ], ddy x, = Ax, ,

(n=1,2,3,..) hoi tu vé x, nghia 1a

X —iH—)O,(n — ).
Chirng minh:

Tu u, <X, <V, va A la anh xa tang, ta cé u, <x, <v., n=(123,...).
Theo gia thiét ta phdi c6 x, =X =x. Do d6 tlr x, = Ax,, (n=1,2,3,...) hdi tu
vé X Va (2.1.2), tinh chuan ctia nén K, va ménh dé 1.2.1 thi x_ — x.
Pinh Iy 2.1.2

Cho u,,v, € E,u, <V, Va A:[u,,V,]— E 1a mot 4nh xa tang sao cho:

U, < Aug, Av, <V, (2.1.1)

Gia st K 1a non strongly minihedral. Khi ¢, A c6 mot diém bat dong cuc dai
X va mot diém bat dong cuc tiéu x. trong [Ug. Ve ]-
Chirng minh:

bit D={xeE:u, <x<v,Ax>x}. R0 rang u, € D va v, 1a mdt cdn

trén ciia D . Do tinh strong minihedrality ciia K nén x" =supD ton tai.
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Bay gid, ta ching minh x* 1a diém bat dong cuc dai ctia A trong [u,, v, ]. That
vay, U, X< X <V, voimoi xe D va do do
Uy < Au, < AX < AXT < Ay, <V,

Tu Ax>x,tacld x< Ax” vdi moi x e D. Tur dinh nghia cén trén bé nhét thi
X" < AX.
Mit khac tir X" < AX” tac6 Ax" < A(AX"). Tasuy ra AX' e D. Do do AX" <X’
Vay AX"=x". Néu x 1a diém bat dong nao d6 cua A trong [Ug.V, ] thi xeD
va x < x". Tinh cyc dai ctia x* dugc ching minh xong.
Tuong ty, ta chung minh dugc X, =inf D, la diém bat dong cuc tiéu cua A
trong Uy, Vo], v6i D, ={x e E:u, <x<v,, AX< X}
Vay dinh ly dugc chiing minh.
Nhan xét

Trong dinh 1y 2.1.2 ta khong gia thiét A 14 lién tuc, nghia 1a khong thé
khang dinh cac gii han trong (2.1.2) ton tai.
Pinh Iy 2.1.3

Cho u,,v, € E,u, <V, Va A:[u,,V,]— E 1a mot 4nh xa tang sao cho:

U, < Aug, Av, <V, (2.1.1)

Gia sir A([Uy,V,]) 1a thp compact twong d6icia E.Khido A c6 it nhat mot
diem bat dong trong [u,, v, ].
Chirng minh:

Dit F = {x e A([ug, Vv, ]): Ax > x}. Taco A(Au,)> Au,, diéu nay dan dén
Au, € F vado d6 F #@. Tir E dugc sap thir ty riéng boi nén K, F 14 tap con
duoc sdp tht tu riéng. Gia sir G 1a tip con dugce sip thi ty toan phin cta F.

Do A([uo,vo]) 14 tap compact tuong ddi va G c F A([uo,vo]) thi G la tap
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compact turong ddinén G la tap tach dugc, nghia la tn tai tap con dém duoc
V ={¥,,¥,, Vs .} € G, tri mét trong G. Do G 14 tap con dugc sip tht ty toan
phan ctia F dan dén ton tai z, =Sup{y,, ¥y, Yaror Yo} s (1=12,3,...) VA 2, €G.
Khi d6, theo tinh compact twong dbi ctia G thi ton tai ddy con {zni } cua day
{z,} saocho z, » 7" <E.

Tu z,<7,<..<z,<..Tacd y,<z,<z",(n=123,..) (2.1.4)

va z’ e@cfcmc [Ug, Vo] . Tir (2.1.4) ta duoc z2<7" véimoi z€G,

va vivay z< Az< Az" v6imoi zeG, didunay suy ra Az" e F. Do vay Az" la
mdt can trén cta G trong F. Do d6, theo bd dé& Zorn thi F chira phan tir cuc dai
X"
Tir AX' X" tasuy ra A(Ax")z Ax". Do d6 ta co AX" e F . Theo tinh cyc dai
cia X", tacO Ax" =x". Vay dinh ly dugc chirng minh.
H¢ qua 2.1.2

Cho u,,v, € E,u, <V, Va A:[u,,V,]— E 1a mot 4nh xa tang sao cho:

U, < Auy, Av, <V, (2.1.1)

Gia st K 12 nén chuan, A 1a compact. Khi d6 A c6 it nhat mot diém bat dong
trong [u,, v, ]
Chirng minh:

Do K 1a nén chuan, [u,,V, ] bi chin. Do do tap A([u,,V, ]) 1a compact
trong d6i (Do A 1a compact). Theo dinh 1y 2.1.3 ta c6 diéu phai chirmg minh.
Pinh ly 2.1.4

Cho u,,v, € E,u, <V, Va A:[u,,V,]— E 1a mot 4nh xa tang sao cho:

U, < Auy, Av, <V, (2.1.1)
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Gia sir K 1a minihedral va A([u,,V, ]) 14 tdp compact twong d6i cua E . Khi d6
A c6 mot diém bat dong cuc dai x* va mot diém bat dong cuc tiéu x. trong
[Ug. Ve ]-

Chirng minh:

Dit F = {x e A([uy,V, ]): Ax > x}. Theo b6 dé Zorn va cach ching minh
trong dinh 1y 2.1.3 thi F ¢6 diém bat dong cuc dai x" va AX" =x".

Ta con phai chirng minh x* 1a diém bat dong cuc dai cua A trong
[uy,V, ] That vay, gia sir x 1a diém bét dong nao d6 cta A trong [u,V, ], theo
tinh minihedrality cua K, v = Sup{i, x*} tdn tai. Do v>x va v> X" ta co
Av> Ax=x Va Av> AX =x". Do dé v< Av, suyra Av< A(Av) va AveF.
Theo tinh cuc dai cia x* tacd Av=x" nén x> x. Vay x* 1a diém bat dong
cuc dai ciia A trong [ug,V,].

Bang cach tuong tu, ta c6 thé chirng minh

F = {x e A([ug,V, ]): Ax < x}

chura phﬁn tr cuc tiéu x, thoa Ax, = x_ va la diém bat dong cuc tiéu ciia A
trong [u,, v, ]
Hé qua 2.1.3

Cho uy,v, € E,u, <V, Va A:[u,,V,] > E 1a mot anh xa tang sao cho:

U, < Aug, Av, <V, (2.1.1)

Gia st K 13 nén chuan va minihedral, A 13 compact. Khi d6 A c¢6 mot diém
bat dong cuc dai x* va mot diém bat dong cuc tiéu x. trong [Ug. Vo ]-

Nhin xét
Céc dinh 1y 2.1.3; 2.1.4 va cac hé qua 2.1.2; 2.1.3 khong yéu cau anh xa
A lién tuc, do d6 chiing c6 ban chat khac dinh 1y 2.1.1.
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2.2 Piém bat dong ciia anh xa giam.

Pinh 1y 2.2.1
Gia s
i/ K 13 nén chuan va A:K — K 13 anh xa giam va c6 dong;
i/ A9>0 va A’0>¢,A9, trong d6 &, >0, 0 1a phan tir khong cua E;

iii/ V&i mdi x> aAd (a=a(x)>0) va 0<t<1, ton tai 7 =75 (xt)>0 sao cho
A(tx) <[t(1+ 77)]71 AX (2.2.1)

Khi d6, A c6 dung mot diém bat dong duwong x* > 0. Hon nita, xdy dung diy

X, = AX,, (N=1,2,3,...) v&i mdi gié tri dau x, € K ta co:

X, = X'||[>0 (n— o) (2.2.2)

Chirng minh:

it u, =0, u,=Au,_,, (n=12,3,..) (2.2.3)
va do 4nh xa A giam, ta dé dang chi ra rang

f=U,<U, <...SU, <. S, <. SU, Su = A (2.2.4)

Upy = AUy, Uy = AUy, o, (N1=12,3,.) (2.2.5)
va

Uy, = AU, o, Uy, = AUy, (N1=12,3,.) (2.2.6)

Tur A’:K — K 1a anh xa ting, c6 dong va u, < A’u,, A’u, <u,, ap dung dinh

ly 2.1.1 tasuy ra

2

Upy = Z,, Uy > 2", (N> 0), A’z =2, AZ"=17" V6i z°,z, tuong ing

1a cac diém bat dong cuc dai va cuc tiéu ctia A? trong [ug,u, ]

Lay gioi han trong (2.2.6), ta c6 z, = Az*, 7" = Az (2.2.7)

Hién nhién

<A< AO=u,<u, <z, <7"<u, ,(n=123..) (2.2.8)
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Do do
7, 2g,M0=¢U,>¢,2" .
Pt t, =sup{t>0/z, >tz'}, vi vy 0< g, <t, <+o0 VA 7, 2t,7".
Hon nira, ta c6 t, <1,do z, <z".
Ta con phai chimg minh t, =1. Gia swr trai lai, 0 <t, <1 thi theo i1/, ton tai

1, >0 sao cho

" =Az, < A(toz*) <[t,(1+ 770)]_1 Az =[t,(1+ 77)]71 z,, do vay

2" >t,(1+7,)2". Diéu ndy trai voi cach xac dinh t,.

Vay t,=1va z,>z" vadodd z, =7 (2.2.9)
Tir (2.2.7) va (2.2.9), ta thdy Az" =z°, tic 13 z° 1a diém bat dong duong cua
anh xa A.

Cubi cung, ta ching minh (2.2.2) thoa véi mdi diém bat dong duong z°
clia A vamdi x, K. Diéu nay chinh 1a tinh duy nhét cua diém bat dong
duong cua A.

Tl x, 26, tacd 6< Ax, < Ad, tic 13, u, < x, <u,, ta thiy u, <x, <u,. Tiép tuc
qua trinh nay, ta dugc

Upy < Xop SUppys Upy < X0y U,y (N1=1,2,3,00)) (2.2.10)
Bﬁng cach tuong tu, ta dugc

Uy, <X <U,,, (1=12,3,..) (2.2.11)

T u,, — 2", U, , — 2" (z'=2,) va K la nén chuan thi theo (2.2.10) va ménh
-7,

de 1.2.1 dandén x,, > z" va X,,,

Do @6 |[x, — 2"

—0 (n—>oo).

Mit khac ldy gi6i han trong (2.2.11), ta duwoc X = z* va do vay

X, — x” — 0 (n— ). Vay dinh Iy dugc ching minh.
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Dinh Iy 2.2.2
Gi4 sur
i/ K 13 n6n chuan, c6 thé (sold) vd A:K — K 13 anh xa giam manh va c6
dong;
i/ A9>0 va A0>¢,Ad, 5, >0, 0 1a phan tir khong ctia E;
iii/ Voi mdi x> aAf (o =a(x)>0) va 0<t<1,taco

A(tx) <t™ Ax (2.2.12)

Khi d6, A c6 dung mot diém bat dong duwong x* > 0. Hon nita, xdy dung diy

X, = Ax,, (n=12,3,...) v&i mdi gia tri dau x, e K ta co:

n

X, — X

0 (n—> o) (2.2.2)

Chirng minh (Xem: Dajun Guo, V.Lakshmikantham, Nonlinear problems in

abstract cones, Academic Press 1988, page 51)
2.3 Cip diém bat dong ciia Anh xa don diéu hdn tap.

Dinh nghia 2.3.1

Cho DcE vaanhxa A:DxD—>E

A dugc goi 1a anh xa don diéu hdn tap néu A(x,y) 1a ting theo x va
gidm theo y, tic 13, néu x, <X,, (X,%, € D) thi A(x,y)<A(X,,y) véi moi
yeD,vay <y, (y,y,eD) thi A(x,y,)>A(x,y,) véimoi xeD.

DPiém (x*, y*) e Dx D dugc goi la mot cap diém tua bat dong cua A néu
A(X,y")=x va A(y . x)=y".

x* € D dugc goi la diém bat dong cua A néu A(x*, x*) =x".

Pinh 1y 2.3.1
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Cho u,,v, € E, Uy <V, Va A:[uy, Vo ]x[Ug,Ve] = E 1a mdt anh xa don diéu
hodn tap sao cho

Uy < AUy, Vg ), A(Vg,Ug ) <V, (2.3.1)
Gia su rﬁng mot trong hai diéu kién sau duoc thoa:

(H,) K 12 nén chuén va A la hoan toan lién tuc;

(H,) Klanon chinh quy va A la nta lién tuc.
Khi d6, A c6 cip diém tya bat dong (X", y") €[u,, Vo] x[U,,v,] ma 1a cuc tiéu va
cuc dai theo nghia X" <x<y* va X" <y <y’ véi moi diém tya bat dong
(X, Y) €[y, Vs ] x[tg, Vo] ctia A. Hon nita, ta c6

X" =limv_, y"=limu, (2.3.2)

o> s
Trong d6 v, = A(v,;,U,,) Va u, = A(u,,v,,) (n=12.3,...), thoa

Uy Su, <..2u, <<V, <.y <Y, (2.3.3)
Chirng minh:

Tu (2.3.1)tacod u, <u, <v, <v,. Gidstr u,, <u, <v, <V, ;.

Tu A la don diéu hdn tap,

u, =AU,V ) < AU, v, ) <

V, = A(V, .Uy ) 2 AV, U ) 2
va

u

n+l = +1°

AUy, v, ) < AV U ) S A(V,,U, ) =V,
Do d6 theo quy nap (2.3.3) thoa.

+ Khi (H,) duoc thoa, dit S ={u,,u,,....} 1a tap compact tuong ddi do tinh
hoan toan lién tuc cia A, va do do, ap dung dinh 1y 2.1.1, ta c0

U, = X" & [ug, V]
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+ Khi (H,) dugc thoa, u, — x* € E dugc suy ra truc tiép tir K 13 nén chinh
quy. Mot cach twong tu ta chimg minh dugc day {v,} hoi tu vé y™ € [u,,V, ].
Tu A la nia lién tuc trong ca hai truong hop (H,) va (H,),

u, = A(u_,,v. ) hoitu yéu vé A(x*, y*) va

V, = A(V, 1, U, ) hituyéuve Ay, x")
Do d6

A(X,y")=x va Ay x)=y’, ticla (x",y") Ia cip diém tua bat dong
cua A.

Cudi cung, ta chirng minh tinh cuc tiéu va cuc dai cua (x*, y*) . G1a st
(X, Y) €[Ug, Vo] x[Us, Vo] 1 cdp di€m tua bat dong clia A.

Tur uy <x<v, va u,<y<v,,

[
S
>
—
[
2
<
o
N—
IA
>
—
c
o
< |
N—
IA
>
—
B
N —
Il
<
IA
>
—
C:<
< |
N —
IA
prg
—~~
<
<
[
o
N
I

Vi
va

U, = AU,V ) < A(uo,i) < A(V,?) —y< A(vo,i) < A(Vy,Up) =V, -
Mot cach tuong tu, u, <X<V,, U, <y <V, Vi tong quat

u, <y<v, (n=123..) (2.3.4)

Lay gioi han trong (2.3.4), ta duogc X" < X<y VA X" <y<y".

Vay dinh ly dugc chiing minh.
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Chuong 3. AP DUNG PHUONG PHAP NGHIEN CUU SU
TON TAI PIEM BAT PONG TRONG KHONG GIAN CcO
THU TU VAO PHUONG TRINH VI PHAN PHI TUYEN

3.1 Bét phwong trinh vi phén.

Pé phat trién 1y thuyét bat phwong trinh vi phan lién quan dén nén K
trong khéng gian Banach E, ching ta lam quen khai niém tua don diéu
Dinh nghia 3.1.1

Ham f :E - E duoc goi 1a tya don diéu khong giam néu

X<y VA ¢x =gy voi pe Ky = g(f(x))<g(f(y))

Néu E= "va K= " (nén chuan) thi bat phuong trinh cam sinh béi

non K 1a theo ting thanh phén va tua don diéu ciia f bién ddi thanh
x<yva x =y,1<i<n = f(x)< f(y)
Pinh ly 3.1.1

Cho K 13 nén c6 phan trong K° khac rdng. Gia st
i) uveC'[j ,,E].feC[j,xEE]va f(tx) la ham tya don diéu khong
gidm véimdi tej | ;

i) u(t)-f(tu(t))<v(t)-f(tv(t)).te(ty).
Khi do, voi u(ty) <v(ty) thi u(t) <v(t),t=>t,.
Chirng minh:
Gia str khang dinh cta dinh 1y 1a sai. Khi d0, ton tai t, > t, sao cho
v(t,)—u(t,)edK va v(t)-u(t)e K’ te[t,,t). Do f (t,x) la ham

tira don diéu khong giam véi mdi te | , nén ton tai ¢ e K, voisao cho

(v(t)-u(t))=0 va ¢( f(t,v(t))-f(t.u(t)))=0
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pat m(t) = (v(t) ~u (1)
Ta thiy rang m(t)>0 v&i t, <t <t va m(t,)=0.
Do d6, m'(t,)<0.
Tai t=t, taco: u(t,)<v(t) va g(u(t))=4(v(t)).
Dung tinh tya don diéu cua f va ii), ta dugc
() =$(v'(t)-u'(t)) > ¢( f (t.v(t))- f(t.u(t)))>0 (mau thuin)
Vay dinh ly da dugc ching minh.
Dung két qua trén, ta co thé chirng minh sy tdn tai ciia nghi€ém l6n nhét cla
X'=f(t.x), x(t)=x (3.1.1)
lién quan dén non K.
Pinh Iy 3.1.2
Cho K 14 nén ¢6 phan trong K° khac rdng. Gia str
i) feC[Ry,E]va f(tx) tuya don diéu khong giam theo x véi moi
te(t,t,+a], trong do R, ={(t,x):te[t,,t, +a],[x— X[ <b};
ii) f lién tuc déu trén R, ( do vay ta co thé gia sir a,b sao cho
[f(t.x)|<M trén R));
i) ge C[[to,t0 +a]xi ] ] v6i g(t,0)=0 va nghiém duy nhat ctia phuong
trinh vi phén scalar
u'=g(tu), u(t)=0 (3.1.2)
14 nghiém tdm thudng;

iv) a(A)—a({x—hf (t,X)IXEA})Shg(t,a(A)) , h>0te[t,t, +a],
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trong do A 13 tdp con bi chdn cua B[x,,b] va ala d6 do cua tap khong

compact. Khi do, ton tai nghiém 16n nhit cta (3.1.1) lién quan dén non K trén

[to,t, +77] Vé’inzmin(a, b j
M+1

Chirng minh:
Lay y, € K® véi |y, |=1.

Xéthé x = f(t,xn)+%y0, xn(to):xo+%y0 (3.1.3)
Vé6i mdi sé nguyén duong n, ta co:
1 1
Hf(t,xn)+ﬁy0 <|[f(t.x,) +o<M L,

Ap dung dinh 1y 2.7.2 trong Lakskmikantham va Leela [1] v6i V (t, A) = a(A)
ta thu duoc su ton tai nghiém x_ (t) cua (3.1.3)

Tinh lién tuc ddng bac cua ho {xn (t)} suy ra dé dang.

Chu y rang a({xn (to)}) = a[{xo +%y0}j =0, boi vi x, +% Yo = Xo-

Ta c6 thé két luan, nhu trong dinh 1y 2.7.2, rang tap {Xn (t)} la compact tuong
d6i véi mdi t [ty t, +7].

Tiép theo, ta ap dung dinh 1y Ascoli nhan duoc diy con cua {xn (t)} ma hoi tu
déu vé ham lién tuc r(t) trén [t,,t, +7]. Khidé r(t) 1a nghiém cua (3.1.1)

trén [t,,t, +7]. Lay x(t) la nghiém tuy y cua (3.1.1) trén [t,,t, +7].
Khi do, x'(t)- f (t,x(t))=0 <%y0 =X (t)— f(t,x,(t))
va x(t,) =%, <X +%y0 =X, (t,)- Ap dung dinh 1y 3.1.1, ta nhan dugc

x(t)<x,(t), te[ty,t,+n] vado vay x(t)<limx (t)=r(t), te[t,t,+7].

n—ow



Trang 28

Kéo theo r(t) la nghiém 16n nhat cta (3.1.1).
Vay dinh 1y da duoc chirng minh.
Pinh Iy 3.1.3
Cho K 13 nén c6 phan trong K° khac rong. Gia sir:
i) feC[Ry,E]va f(tx) twadon diéu khong giam theo x v&i moi
te(t,t,+a], trong do R, ={(t,x):te[t,,t, +a],[x— x| <b}.
ii) f lién tuc déu trén R, ( do vy ta co thé gia sir a,b sao cho
[f(t.x)|<M trén R)).
i) ge C[[to,tO +a]xij i ] v6i g(t,0)=0 va nghiém duy nhat clia phuong
trinh vi phén scalar
u'=g(tu), u(t)=0 (3.1.2)
14 nghiém tadm thudng.
iv) a(A)—a({x— hf (t,x):x e A}) <hg(t,a(A)), h>0,telt,t,+a],
trong d6 A 1a tp con bi chan ciia B[x,,b] va ala do do cua tap khong
compact. Ly meC'[[t,.,t,+7].E] va m'(t)< f(t,m(t)),te[t,t, +7].
Néu m(t,) < %, thi m(t)<r(t),te[ty,t, +7], trong d6 r(t) 1a nghiém 16n nhat
cua (3.1.1).
Chirng minh:
Lay x,(t) la mot nghi¢m cua (3.1.3) trong dinh 1y 3.1.2

Chay x(t))=x, < x0+%y0 =X, (t,) va

m'(t) - f (t,m(t))30<%yo =% ()= T (6., (1)) V6 te [t b +7]-

Theo dinh 1y 3.1.1, m(t)<x,(t) voi mdi n va te[tyt,+n].
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Do vay, m(t)<limx, (t)=r(t), te[t,t, +7].

Vay dinh ly da dugc ching minh.
Hé qua 3.1.1
Cho gia thiét cua dinh 1y 3.1.2 dugc théa va cho f (t,0)=0.
Khi d6, nghiém 16n nhét r(t) cua (3.1.1) thoa r(ty)=x, € K véi te[t,,t, +7].
Chirng minh: Ta suy ra tir dinh 1y 3.1.3 bdng cach chon m(t)=0.
Pinh Iy 3.1.4
Gia su:
i) feC[[t,t,+a]xE,E] vaton tai hing s6 M va b>0 thoa |f (t,x)|<M trén
R, va Ma<b, trongdo R, ={(t,x):t, <t <t,+a,[x—x]<b}.
i) f,eC[[t,,t,+a]xE,E] voi n>1vaday {f} hoitudéuve f trén R,.
iii) Vi mdi n>1, x,(t) 1a nghiém cia X' = f,(t,x),x, (t;) = ¥, ton tai trén
[t.t, +a] thoa limx, (t)=x(t) khi limy, =x,.
Khi do, day {Xn (t)} hoi tu déu vé x(t) I1a nghiém cta (3.1.1).
Chirng minh:

Vi f hoitudéuvé f,nénvéi =1 tontai N >0 sao cho

f,(t.x)— f(t,x)|<1 V(t,x)eR, v& n>N. Do vdy

f,(Lx)|<1+M

&
1+ M

V(t,x)eR, va n>N. Véi £>0, dit 6 = Néu t,s €ty t, +a] véi

t—s|< & thi

fn<r,Xn(r))drH <ft-s|(1+M)<e.

X (t)—xn(s)”gi'

Vivay ho {x,(t)}” lién tuc dong bac. Két hop vdi {x, (t)} hoi tu diém ve
x(t), ta dé dang thiy ring x(t) lién tuc trén [t,,t, +a]. Do vy, x(t) lién tuc

déu trén [t,,t, +a] va kéo theo x, (t) hoi tu déu vé x(t) trén [t,,t, +a].
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Khi d6 x(t) la nghiém cua (3.1.1).
Vay dinh ly da dugc ching minh.

Bay gio chung ta hiy xem, véi mdi n>1, van dé gid tri dau (3.1.3), goi
la x' = f(t,xn)+1y0, X, (ty) =X +1y0, trong d6 y, e K® vai |y, =1.
n n

Cho thuan tién chung ta liét ké bén dudi mot vai gia thiét can thiét.
H,) f(t,x) la ham tya don diéu khong giam theo x voi mdi t e[ty t, +a];
H,) Véimdi n>1, nghiém cua (3.1.3) ton tai trén [t,,t, +a];

.) Nghiém cua (3.1.1) ton tai trén [t,,t, +a];

(H,)
(H:)
(Hs)
(H,) Klanoén déu trén E, nghia la, moi dy bi chin don diéu déu c6 gi6i
han;
(H;) Ton tai day con {xnk (t)} cia day {x,(t)} ma hoi ty vé ham r(t).
Dinh 1y sau dua ra hai diéu kién bao dam sy ton tai cia nghi¢m 16n nhét cua
(3.1.1) va ciing nhu mot két qua so sanh.
Pinh ly 3.1.5

Gia sir rang K 12 nén c¢6 phan trong K° khac rong va
i) feC[[t,t,+a]xE,E ] vaton tai hing s6 M va b>0 thoa | f (t,x)|<M trén
R, va Ma<b, trong d6 Ry ={(t,x):t, <t<t,+a,[x— x| <b};
ii) Hodc (a):(H,), (H,), (H;), (H,) xay ra hodc (b): (H,), (H,) va (Hy)
xay ra.

Khi d6 ton tai nghiém 16n nhét ciia (3.1.1) trén [t,,t, +a].
Hon nita néu (a) hodc (b) xay ra, yeC[[t,.t;+a],E] va y'(t)< f(t.y(1)),

y(ty) <%,
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thi y(t)<r(tt,x) trén [t,,t,+a], trong d6 r(t,t,x,) 1a nghiém 16n nhét ctia

(3.1.1).
Chirng minh:

1 1
(1) Cho ()= F (63, (1) + Yo V& X (1) = F (6%, (0)+ — Yo

o 1 - 1 N
Khi do, x; (t)> f(t,x, (t))ery0 va X, (t) < f(t,xm(t))+my0 vOi

X, (t,)> %1 (t,). Theo dinh 1y 3.1.1va f (t, x)+%y0 la ham tya don diéu

n+1
khong giam theo x, x, (t)>x,,(t) V te[t,t,+a].

Gia sir x(t) 1a nghiém cua (3.1.1) trén [t,,t, +a].

Khi do, x| (t)=f(t,x, (t))+%y0 > f(t,x,(t)) va

1
X, (ty) =X, Yo > %= X(t).
Nhu phan trude, ta dan dén x, (t)> x(t) trén [t,,t, +a], n>1.
X, (t) 1a dy giam, bi chin dudi nén hoi tu ( vi K déu )
RO rang f(t,xn)+%y0 hoi tu déu vé f (t,x) trén [t t, +a]

Theo dinh 1y 3.1.4, x, (t) hoi tu déu vé nghiém r(t) cta (3.1.1).

Nhung r(t) = limx, (t)> lim x(t)=x(t)

Kéo theo r(t,t,,%,) 1a nghiém 16n nhat cua ( 3.1.1) trén [t,,t, +a].

(11). Day con {xnk (t)} hoi tu vé mot nghi¢m cua (3.1.1) do dinh Iy 3.1.4.
Ta suy ra nghiém nay 13 nghiém 16n nhét ( suy ra truc tiép nhu trong chtng

minh phan I).

(11). Xét nghiém X, (t)=xn(t,t0,xo+%yo) cua (3.1.1).
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Khi do x,(t)> f(t,x,(t)) va y'(t)< f (t,y(t)) voi
X, (ty) =X, +%y0 >X2>Y(t,). Theo dinh Iy 3.1.1, y(t) < x,(t).

Do vay hoic 14 ddy trong (1) hodc la day con trong (11), ta thu dugc két qua.
3.2 Tép hop bit bién dong.

Gia st K® =@ ( K° 1a phan trong cta nén K) quyét dinh tinh dung din
ctia cac két qua & phan 3.1, noi riéng 1a dinh 1y 3.1.1 vé bat phuong trinh vi
phan. Vi c6 nhitng nén ma phan trong 14 rdng, chang han ndn bao gom cac
ham khéng a&m trong khéng gian L, nén that tha vi &é chimg minh dinh ly
3.1.1 trén nhitng nén cé phan trong bang rong. Vi chtimg minh ctia mot két
quéa nhu thé lién quan mat thiét toi két qua trén bat bién dong, nén chung ta
bat ddu bang viéc ban luan vé bat bién dong ctia nhiing tap dong.

Cho FcE latapdongva f eC[j , xE,E].
Xét phuong trinh vi phan x'= f (t,x), x(t,)=x, € F (3.2.1)
+ Tap F duoc goi 1a bat bién dong (flow invariant) d6i voi f néu mdi nghiém
x(t) cta (3.2.1) trén [t;,o0) théa x(t)e F voi ty <t<oo.
+ Mot tap Ac E dugce goi la distance set néumdi xe E co tuong rng mot
diem y e A sao cho d(x,A)=[x-y]|.
+Motham g eC[j , xj ,,i ,] duoc goi la ham duy nhit (uniqueness
function) néu nhiing diéu sau dugc thoa:
Néu meC[i ,.i .] théa m(t,)<0 va D'm(t)<g(t,m(t))
khi m(t)>0 thi m(t)<0 voi t)<t<o.
Béy gio chiing ta chtig minh két qua sau trén bat bién dong cua F.

Pinhly 3.2.1
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Cho F c E la tap dong va distance set. Gia su:
i) m%d(xmf (t,x),F)=0,tej ,, xedF;
i) || (t.x)- f(t,y)|<a(t|x-Yy|), xeE-F, yedF, trongdé g la ham duy
nhat. Khi d6 F 1a bat bién dong d6i véi f .
Chirng minh:
Lay x(t) la nghiém cua (3.2.1). Gid st x(t)e F véi t, <t <t,+a (& day
t, +a<oo) la 16n nhat, nghia la x(t) roi tap F tai t, =t, +a trong 1an dau.
Lay x(t)eF, t, e(t,+a,) va ldy y, € 6F sao cho d(x(t,),F)=]x(t)-y,|.
Véi te[ty,o), dat m(t)=d(x(t),F) va v(t):”x(t)—yO”.
Véi h>0 dinho, ta c6 (lay x=x(t,))
m(t,+h)<|x(t,+h) =y, —hf (t, y,)]+d (v +hf (t,¥,).F)
<[x+hf (t,x) =y, —hf (t,,y, )|
+[x(t, +h)—x=hf (t,x)[+d(y, +hf (t,y,).F)
<[x= Yol +hg (t x= yo}+0(h).
Vi m(t,)=v(t) >0, ta thu dugc D'm(t,)<g(t,m(t,)).
Kéo theo, m(t)<0, t,<t<w (Vi g 1a ham duy nhat va m(t,)=0)
Mau thuan véi d (x(tl), F) =m(t,) > 0. Vay dinh ly da dugc ching minh.

Nhan xét 3.2.1

Dinh 1y 3.2.1 van dting khi F =K, K la nén. Mic du K khong duoc
gia thiét 1a c6 phan trong khac réng, nhung dinh 1y 3.2.1 doi hoi K phai la
mot distance set. Tuy nhién, gia thiét nay yéu hon boi vi nén trong khong gian
L” 1 distance set ma c6 phan trong 1a rdng. Ciing chi ¥ rang moi tap 16i dong

trong khdng gian Banach d6i xtmg (reflexive) 1a mot distance set.
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Piéu kién trong dinh 1y 3.2.1 rang F la distance set cé thé bo qua néu diéu
kién bi chan (i) giit tinh déu dia phuong, tirc 13, v6i mdi (t,?) € (ty,0)x oF ton
tai &= 5(t,X) >0 520 cho lim=d (x-+hf (t,x), F) =0 déu v [x—X| <& va

X eoF .

Trong trudng hop ndy, ta c6 the chon ddy nhé nhat {x,} trong F sao cho

Ix(t)-x,
T d6 ta co6 hé qua sau:

Hé¢ qua 3.2.1

tién vé d(x(t,),F) khi n—oo.

Cho gia thiét trong dinh 1y 3.2.1 duoc thoa trir diéu kién F khong 1a
distance set va diéu kién bi chdn (i) giir tinh déu dia phuong.
Khi d6 F 1a bat bién dong ddi véi f .

Chung ta s& thay ké tiép mot két qua tha vi ma cho thay sy tuong
duong cua tinh chit tya don diéu va bi chin.
Néu f e C[D,E], D la tap con cua E thi

(a) tinh chat twa don diéu khong giam cta f lién quan dén non K c6
nghia 1 v&ibatky y,ze D, y<z va ¢(z-y)=0 v6i g K,

taco ¢(f(z)-f(y))=0;

(b) diéu kién bi chdn tuong tmg c6 dang

Iim%d(z—y+h(f(z)—f(y)),K)zo, y,zeD, z-yeK.

h—0*
bit x=z-y, g(x)=f(x+y)-f(y)vachiy xeDnK,
(a) va (b) co thé dién dat tuong g nhu sau:

(R) xeKND, ¢x=0véi geK; = 4(g(x))>0;
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(R,) Iim%d(x+hg(x),K):o, xeKND

Nt
Két qua sau ching to (R) va (P,) trong dwong ma kéo theo tinh chét tya
don diéu va diéu kién bi chan la tuong duong.
Dinh Iy 3.2.2

Cho geC[D,E], D latdp con cta E.Khi dé nhitng tinh chat (P) va
(P,) tuong duong.
Chirng minh:

+ Trudc tién, ta chimg minh (P,)=(R).
Lay xeK va ¢x=0 v6i g K;. Do (P,) nén v6i mdi h>0 ton tai z, € K sao

cho |x+hg(x)-z,|=0(h) va do vay ¢(x+hg(x)-z,)=0(h)

Vi ¢(g(x)):%¢(x+hg(x))=%(x+hg(x)—zn)+%¢(zh) :0(1)+%¢(zh) va

#(z,)> 0, nén ta thu duoc bat dang thirc mong muédn la ¢(g (X)) >0 bang
cach ldy giéi han khi h — 0",

+ Dé chimg minh (P)= (P,), ching ta gia st (P,) khong xay ra.
Nghia la,

d(x+h,g(x),K)=hs (3.2.2)
Trong d6 5>0 va h, -0 khi n— .
bit Az{y eE :||y—(x+ hg(x))||< hd, h >O} .
Ta s& ching minh A mo, 16i va AnK =@ .
+ RO rang A la mo.
+ Pé ching minh A 16i, ta 1dy x,X, € A VA y = ax, + X, trong 46 a, >0
vol a+ f=1.

Tir bt dang thuc |x, —x—hg(x)|<hs, i=12,taco
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|y —x=(ah, + ) g (x)| < (e, + B, )5 .
Do viy ye A va A la tap 10i.
+ Chiing minh AnK =9
Giasit ye AnK, ||y—x—hg(x)||<h5, h>0
Ta ¢4 thé viét y=x+hz, trong d6 |z-g(x)|< 5.
Cb dinh h saocho 0<h <h,xétdiém y =x+hz.Piém y e K baivino
nam trén dudong ndi x va y va K 19i.

y, €A Vi

Y, —x—hg(x)|<h,d (mu thudn v6i 3.2.2).

Ta vira chirng minh duoc tdp A 13 tap md, 10i va ANK =& . Theo dinh Iy
1.1.11 trong Lakshmikantham va Leela [1], ta c6 mdt siéu phing tach duge K
va A, tiic 13, ton tai ¢ € K'sao cho ¢(K)>a, ¢(A)<a

Vi x c6 thé duoc xap xi bdi nhitng diém tir A, ta co gx=a va vi Axe K véi
4>0,dan dén la=¢(la)>a Vi>0.

Diéu nay din dén a=0 va ¢ K, . Diém x+g (x) thudc vao A, ta nhan dugc

#(9(x))=¢(x+g(x))<0 (mau thuan véi (R)).
Vay dinh ly da dugc ching minh.
Bay gio ta chirg minh mot két qua vé bat phuong trinh vi phan ma
khong can diéu kién K° = &
Dinh ly 3.2.3
Cho K landntrong E. Gia su:
i) uveC'[i , E], feC[i .xEE]va f(tx)la ham twa don diéu khong

giam theo x lién quan dén nén K, véimdi t e i o

i) u(t)-f(tu(t))<v'(t)-f(tv(t)), te(t,o);
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iii) ||f (t,x) - f (t,y)”s g(t|x-y|), xeE-K, yedK, trongdo g la ham duy
nhat;
iv) K la distance set.
Khi d6, voi u(ty) <v(ty) thi u(t)<v(t), t>t,.
Chitng minh: Y chinh Ia thu hep dinh Iy nay thanh dinh 1y 3.2.1.
Ta cht ¥ rang m(t)=v(t)=u(t) thoa

m'(t)=H (t,m(t)), te(t,»), m(t,)>0,
trong do

H(t,w)=f (tu(t)+w)-f(tu(t))+a(t)

q(t)=v'(t)- f(tv(t))-u'(t)+ f (tu(t))=0
Bay gio du dé chimg minh nén K 14 bat bién dong ddi v6i H vi bit bién
dong ciia K kéo theo m(t)e K, t>t, ma twong dwong v&i két luan ciia dinh
ly. D& dang thay ring H (t,w) thoa iii). LAy we K VA gw=0 véi ¢ € K;. Khi
do (H (t.w))=g(a(t))+4( f(tu(t)+w)-f(tu(t)))=0
vi ¢(q(t))=0 va f la ham tya don diéu khong giam.
Suy ra H thoa (P), theo dinh ly 3.2.2, suy ra H thoa (P,), theo dinh 1y
321, m(t)eK, t>t,.

Vay dinh ly da dugc ching minh.
3.3 Phuwong phap nghiém trén va nghiém dwéi.

Xeét phuong trinh vi phan
u'=f(t,u), u(0)=u, (3.3.1)
Trong d6 f eC[JxE,E], J=[0,T] va E la khong gian Banach thuc.

Lay v,we C'[J,E] sao cho v'< f (t,v), W > f (t,w) trén J (3.3.2)
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Khi @6 v,w duoc goi 1a nghém dudi va nghiém trén cua (3.3.1) lién quan dén
nén K trong E xac dinh mot cach tu nhién. Truong hop dac biétkhi E=j "
va K =j _, nguoita chirng minh duoc két qua sau:

Pinh ly 3.3.1

Cho v,we C'[J,i "] 1a nghiém dudi va nghiém trén ciia (3.3.1) sao cho
v(t)<w(t) trén J vacho f eC[Q,i “] . Trong d6
Q= {(t,u) edxj "v(t)<u<w(t)te J} .Néu f 1a ham tya don diéu khong
giam theo u thi ton tai nghiém u cta (3.3.1) sao cho v(t)<u(t)<w(t) trén J
voi v(0)<u(0)<w(0).

Thuec ra két luan ctia dinh 1y 3.3.1 vin dung ma khong can yéu cau f
14 ham tya don diéu khong giam. Tuy nhién, trong trudng hop nay, ta can lam
manh khai niém nghi¢m trén va nghi€ém dudi cua (3.3.1) nhu sau:
Véi mdi i,

Vi < f(t,o) Vo thoa v(t)<o <w(t) va v,(t)=o;

O;

W > f(t,0) Vo théa v(t)<o <w(t) va w(t) (3.3.3)
Dinh 1y 3.3.2

Cho V,WeCl[J,i ”} voi v(t) <w(t) trén J, thoa (3.3.2).
Cho f e C[Q, i ”]. Khi d6 ton tai nghiém u cua (3.3.1) sao cho
v(t)<u(t)<w(t) trén J véi v(0)<u(0)<w(0).

Vi gia thiét ctia dinh 1y 3.3.1 kéo theo gia thiét cua dinh 1y 3.3.2 ma du
dé chirng minh dinh 1y 3.3.2.
Chirng minh:

Xeét P:Jxj"— " dinh nghia boi

P (t,u) = max{v, (t), min[ u,,w (t) ]} v6i mdi i.
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Khi do f (t, P(t,u)) xac dinh mot mé rong lién tuc ctia f dén Jxi " ma bi
chan, vi f bichintrén Q. Vivay u'= f(t,P(t,u)) co mot nghiém u trén J
voi u(0) =u,.

Ta ching minh v(t) <u(t)<w(t) va vi vay la nghiém cua (3.3.1).
+V6i e>0vae=(1..1), xét w,(t)=w(t)+e(l+t)e va
v, (t)=v(t)—e(1+t)e. Taco v, (0)<u, <w,(0).
+ Giastrt, e J thoa v, (t)<u(t)<w,(t) trén [0,t). Nhung u, (t,)=w,;(t,).
Khi d6 ta c6 v(t,)<P(t,u(t))<w(t) va P(t,u(t))=w,(t).
Do d6 wj(t,) = f;(t,P(t,u(t,)))=uj(t), suy ra uj(t) <w;(t) méau thudn vdi
u;(t)<w,(t) voit<t. Vivay v, (t)<u(t)<w,(t) trén J.
Cho ¢ — 0 dan dén v(t)<u(t)<w(t). Vay dinh ly da dugc chimg minh.
K¢ tiép ta sir dung ¥ tudong bat phuwong trinh vi phan dé dua ra cach ching
minh khac cta dinh 1y 3.3.2 ma rat dugc quan tam.

Vi cach chirng minh nay ta can thoa man diéu kién Lipschitz c6 dang sau:
£ (tx) - f(ty)[< LiiZ:]xi -y
Chirng minh:
Trudc tién ta gia s rang v,w trong (3.3.3) thoa bat dang thic ngit va
v(0) <u(0)<w(0) va can ching minh két luan cho bat dang thirc ngit.
Néu két lugn 1a sai thi ton tai t, >0 va i, 1<i<n sao cho v(t)<u(t)<w(t)
va hodc v, () =u; (t,) hodc u,(t,)=w(t,). Khi do
fi(tou(t))=ui(t) <vi(t) < fi (thoy Vi (4)n 0y ) = fi (LU (L)
hodc  f(t,u(t))=u(t)=w(t)> f(t.op... W (t),...c,) = f,(t,u(t)).

Dan dén diéu mau thuan.
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Pé chirng minh két qua d6i véi bat dang thirc khong ngat, ta xét
W, (t) = w, (t)+ g™ v () = v, () - 2™, trong d6 £ >0 du nho.

Hon nita, 1dy P (tu) = max[ (t),min(u )] vGi moi i

Khi d6 16 ring néu o thoa VPt) <o < \7\/(t) VA &, =W, (t) thi din dén

o=P(t,0) théa v(t) <o <w(t) va o, =w(t).
Do d6, str dung diéu kién Lipschitz ta dugc
Wi(t) =W/ (t)+&(n+1) Le™ > £ (t,0)+ £(n+1) L™

> 1 (18) e 5 1 (1,5)

o

Véimoi o thoa \/Et) <o< \7\/(t) VA & =W (t). Trong do ta da dung

I
& - P (to)| < e véi mdiii.

o

Tuong tu ta ¢o Y < f (t,g) Vo thoa \O/Et)égé\?v(t) va o, :\Z(t).

Vi \O/EO) <Uu, < \TV(O) , ta c¢6 thé két luan tir Iy luan phia trudc rang

VPt) <u(t) <w(t), t>0.

Vi ¢ 1a tiy ¥ nén két qua kéo theo khi cho ¢ — 0.

Vay dinh ly da dugc ching minh.

Ta thiy chimg minh dinh ly 3.3.1 va 3.3.2 tiiy thudc chu yéu vao diéu kién bd
sung cho f, ticla f(t,P(t,u)) trong do

P(t,u)= max{v(t), min(u,w(t))} :
RO rang diéu kién bd sung co y nghia khi K = "
Néu K 13 nén tuy ¥, bat dang thirc (3.3.3) khong can thay d6i. Noi cach khéc,
bat dang thirc ny c6 thé dua vao trong nhitng hang tir ciia ham tuyén tinh tir

K, lageK”.
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#(V'—1(t,c))<0 Vo thoa v(t)<o <w(t) va ¢(v(t)-o)=0
p(wW—-f(t,0))20 Vo théa v(t)<o<w(t) va ¢(w(t)-c)=0 (3.3.4)
Phién ban nay ctia bat dang thirc (3.3.3) cho phép ta xét nén K khéc non
chuan. Cau hoi dit ra 1a liéu dinh 1y 3.3.1 va 3.3.2 con dung khong khi K la
non tuy vy.

1
Xét vi du trong i °. Cho K=|:UER3:(U12+U22>2 Su3:|

Lay v=(0,0,0), w=(2,0,2), f,=f,=0 va
U, néuuie[01]
fo=12-Up, néuw e[1,2]
0, cac truong hop khéc
Nghiém cta (3.3.1) véi u, =(1,0,1) la u(t)=(1t,1) ma khong con nim trong
cung [v,w]. Chay f Ia Lipschitz.
Pé kiém tra bat dang thic (3.3.3), ta thdy bay gio chiing c¢6 dang
0<g(f(z)) v6i0<z<w, K" va ¢(z)=0
024(f(z)) véi0<z<w, geK’ va ¢(z)=g(w) (3.3.5)
Vi Kn(w-K)=[Aw:0<A<1] néntatcd z v6i 0<z<w c6 dang z=Aw.
Véi z=0va z=w, (3.3.5) ding néuta dé y f(0)= f(w)=0. Bay gi® ta chon
z=Aw, 0<A<1. Véi z nhu vdy, ta c6 hodc ¢(z)=0 hodc ¢(z)=g¢(w).
Trong c4 hai trudng hop déu din dén ¢(w) =0 va (3.3.5) suy ra tir
#(f(Aw))=0v6i 0< <1, peK’, ¢(w)=0 (3.3.6)
do d6 ta dugc didu phai chirmg minh.
Lay ¢=(¢, ¢ 4,) e K va g(w)=0. Vi w=(2,0,2),
nén ta liy ¢ +¢, =0 (3.3.7)
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Véi ¢, >0, ta thu dugc ¢, > W va tu (3.3.7) ta nhan duoc ¢, =0.
Do vy (3.3.6) dung vi f,(Aw)= f,(Aw)=0.
Do vy ta thiy dinh 1y 3.3.2. khong ding ngay ca trong i * néu K 1a ndn tly
y. Trong phan ké tiép ta s& ching minh dinh 1y 3.3.1 va 3.3.2 d6i v6i non tuy
v st dung ky thuat 13p don diéu (monotone iterative).
3.4 Ky thuat lap don di¢u (Monotone iterative technique)

Véibatky vy, w, € C[J,E] thoa v, (t) <w,(t) trén J =[0,T], ta dinh
nghia doan non [vy,w,]=[ueC[J,E]:v, <us<w, ].

Xeét phuong trinh vi phan

u'= f(t,u), u(0)=u, (3.4.1)

Trong d6 f e C[J xE,E]. Chung ta liét ké cac gia thiét sau cho thuén tién.
(A) Véibat ky tap bi chdn B trong E
a( f(Jx B)) <La(B), voi L >0 nao do, trong d6 o ky hiéu d6 do
Kuratowski cua tdp khong compact.
(A) Vo, W, eCH[J,E] v6i v, (t) <w,(t) trén J thoa

Vo < F(tvg), Wy > f(t,w,) trén J.
(A) f(tu)—f(t,v)>=-M(u-v) khiu>v vau,velv,w,], véi M >0 nao
do.
Chingtachdy la f twa don diéu khi (A,) xay ra.
Pé trinh bay ky thuat lap don diéu, ta can xét phuong trinh vi phin tuyén tinh

u'+Mu=o(t), u(0)=u, (3.4.2)
Trong d6 o (t)= f (t,7(t))+Mn(t) va neC[J,E] thoa v,(t) <n(t) <w,(t)
trén J .

R0 rang (3.4.2) c6 mot nghiém duy nhit trén J .
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V&imodi 7 eC[J,E] thoa v, (t)<n(t)<w,(t) trén J,
ta dinh nghia anh xa A 1a A;y =u, trong d6 u la nghiém duy nhét cua (3.4.2)
turong tng voi 7. Két qua sau lién quan dén anh xa A c6 gia tri.
Bo dé3.4.1
Gia st cac gia thict (A ), (A,) va (A,) déu dugce thoa. Khi d6
1) v, < Ay, va w, > Aw,;
ii) A don di€u trén [v,,w,], ma néu 5,7, €[V, W,] v6i 17, <7, thi
A, < A, .
Chirng minh:
i) Gia sit Av, =v,. bat p(t ¢[v (t)] dé ma p(0)>0, trong d6
¢ e K. Khido
p' =g f(t,Vy)-M(v,—v,)— f(t,v,)|=-Mp (do (A,))
Vithé p(t)> p(0)e™ >0 trén J.
Vi ¢ e K™ latuy y nén kéo theo v, >v, trén J. Chung to v, < Av,.
Tuong ty ta chirng minh dugc w, > Aw,.
ii) LAy 7,,n, e C[J,E] thda 7, <7, trén J va gia st ring Ay, =u,,
An, =u,.
Ta dat p(t ¢[u )] déma p(0)>0, trong d6 pe K",
Suy ra (theo (A;))
p'= [ (t7) =M (U, —1p,) = f (t.77) + M (uy—1p,) ]
2¢[—M(772—771)—M( —17,)+ M ( ’71]__
Do d6 p(t)=p(0)e™ >0 trén J , suy ra Ap, < Ay,. (dpcm)

Do bo d¢ 2.4.1, ta c6 thé x4c dinh ddy {v,}, {w,} nhu sau:
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v, =Av ,vaw =Aw ,
D@ thay rang {v,}, {w,} 1a nhiing ddy don diéu théa v, <w, va
V,, W, €[Vy,W,]. Ta s& chitng minh ton tai nhitng day con cua {v,}, {w,} ma
hoi tu déu trén J .
Bo dé 3.4.2

Vi gia thiét ciia bo d€ 3.4.1, néunén K 1a nén chuan thi day {v,},
{Wn} bi chin déu, lién tuc c’léng bac va compact tuong ddi trén J .
Chirng minh:

Vinon K 1a chudn nén dan dén {v,}, {w,} bi chin déu (do {v,}, {w,}
e [Vo, W, ). Diéu nay kéo theo tinh lién tuc dong bac ctia nhitng day nay va f
anh xa tap bi chan thanh tap bi chan ( theo (A)).
Bay gio tadat  B(t)={v, (1)} déma B'(t)={v,(t)}”  va m(t)=a(B(t)).

Khi do6 ta co

. 0{ {vn - (th)EO] < afsomi{ 01,

Vivaytacéd Dm(t)<Ilim a(UB'(X)J, trong d6 J, =[t-h,t]cJ.

h—0*
In

Hién nhién O{U B’(s)j < o{u{ f (t,vn_l(t))}:zlJ +2M o{U{Vn (t)}:_oJ

3, i In B

w[{oyooffouvee

(L+2M)a[JLhJB(s)].

Tinh lién tyc dong bac ciia v, (t) dan dén D'm(t)<(L+2M)m(t), ted
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Vi m(0) = ({v, (0)} ) = &(uy 5 (0)) = 0 nén m(t) =0 trén J

Suy ra {vn (t)} compact twong d6i véi mdi teJ.

Tuong tu {w, (t)} compact twong doi véi mdi te J.(dpem)

Bay gio ta 4p dung dinh Iy Ascoli cho cac day {v,}, {w,} chua day con {Vnk } :
{w, | hoitudéutrén J. Vicac ddy {v,}, {w,} don di¢unén day {v,}, {w,}
hoi tu déu va don diéu vé cac ham lién tuc, tire 1, limv(t)= p(t) va

limw(t)=r(t) trén J

Dé dang suy ra tir (3.4.2) ring p(t) VA r(t) 1a cac nghiém cta (3.4.1) trén J.
Cubi clng ching ta chi ra rdng p(t), r(t) 1a cac nghiém nho nhat va

16n nhat cta (3.4.1). Lay u(t) 1a nghiém bét ky cua (3.4.1) trén J sao cho

Ue[Vy,W,]. Gid str v, <u<w, trén J.

Dit p(t)=¢[u(t)-v,.,(t)] d& p(0)>0, trong d6 ¢ K"

Khi d6 theo (A;) va gia thiét v, <u, taco

p'=g| f(tu)-f(tv,)+M (v, —v,)|2[-M(u=v,)+M(v,,-V,)]|=-Mp

Diéu nay dindén v_, <u trén J.

Tuong tu ta chung minh dugc u<w, , trén J.

+1
Vi ue[v,,w,] nén bing cach quy nap ta c6 v, <u<w, trén J véi moi n.

Do vy bang cach 14y gi6i han khi n — oo ta duge p(t)<u(t)<r(t) trén J.
Chiing to p(t), r(t) 1a cac nghiém nho nhat va 16n nhat ctia (3.4.1) trén J .

Ta vira chimg minh két qua sau ma tuong tng véi dinh 1y 3.3.1.
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Pinh li 3.4.1

ChoK lan6n chuan va gia stt (A), (A)) va (A,) déu dugc thoa. Khi
d6 ton tai cac day don diéu {v,}, {w,} ma hoi tu déu va don di¢u vé cac
nghiém nhd nhat va 1én nhat p(t), r(t) twong Gmg cta (3.4.1) trén [v,,w,].
Tic 13, néu ula nghiém bat ky cua (3.4.1) trén [v,, w, ] thi
Vo <V, <.V, <psusr<w, <. Sw <w, trén J .
Hé qua 3.4.1

Néu nghié¢m cta (3.4.1) la duy nhét thi nhitng gia thiét cta dinh Iy
3.3.1dantéi p(t)=u(t)=r(t) trén J.
Nhan xét 3.4.1

Néu f tua don diéu lién quan t61 K trong d6 K 1a non solid thi tdn
tai nghiém cuec tri duoc dua ra trong phan 3.1. N6i cach khac khi K khéng
solid va ham f 4nh xa JxK Ién E thi ciling ton tai cac nghiém cuyc tri nhu da
biét. Xem Deimling va Lakshmikantham [1].
Nhan xét 3.4.2

Giasitr E=j "va K= ", nén chuan. Cho f (t,u) 13 ham tya don diéu
khong giam theo u v&i mdi teJ,
tircla v<u va u, =v, = f,(t,v)< f,(t,u). Hon nita, v6i mdi i,i=12,...,n.

f (6 Uy

— f (6 Ve, VeV, ) = =M (U, -V, ), trong do

Vo) .
Vi (£) <V <up < w ().
Khi d6 két luan cta dinh 1y 3.4.1 van dang véi diéu kién (A,) dugc thoa.
Trong truong hop nay, tir hai bd dé trén f kéo theo

f(t,u)—f(t,v)=-M (u—-v) trong d6 v, <v<u<w, matuong ung vdi

(A,). Do vay khi gia sir diéu kién cudi dung thi tinh twa don diéu
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(quasimonotonocity) ciia f dugc gdp vao trong nd. Tat nhién ta khong can

(A) khi E=j ".
Tiép theo chiing ta s& xem mot két qua twong g véi dinh 1y 3.3.2.
Chung ta bat dau liét ké cac gia thiét sau:
(A) [[f(tuy)—f(tu,)|< Llu,—u,|.t e J,uy,u, & [vy, w,]
(A) Vo, W, € C'[J,E] v6i v, (t)<w,(t) trén J sao cho ton tai M >0 théa

8[vy—f(t.o)+M(v,-0)]<0,

g w,— f(t.o)+M (W, —)]|>0, voimoi o v, W] V& peK".
Nhin xét 3.4.3

Néu f lién tuc déu thi diéu kién (A ) khong can thiét. Vi khi d6
( f(JxB))= mJaXa( f(t, B))
Nhin xét 3.4.4

Néu thém diéu kién & théa min (A;) sao cho vai moi ¢ eK”,
#(vo(t)—c)=0 va ¢(w,(t)—c)=0 thidiéukién (A) thu hep thanh diéu
kién (3.3.4).

Bay gio gia su f théa (A,) thi dé dang chimgto A, = A.
Véi e C[J,E] bat ki sao cho v, (t) <7(t) <w,(t) trén J xac dinh anh xa
A: A =u, trong 6 u=u(t) la nghiém duy nhat cua (3.4.2) tuong tng véi 7.
Lién quan dén anh xa A ta c6 bd dé sau:
Bo dé 3.4.3

Gid st cac gia thiét (A ) va (A,) déu duogc thoa. Khi d6 A énh xa cung
[Vo, W, | 1€n chinh no.
Chang minh:

Lay neC[J,E] thoa 17 e[v,,w,] va u=Ay.
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Véi ge K™ tly ¥, dit p(t)=g[u(t)-v,(t)] dé ma p(0)=0
khi d6 véi moi o €[vy, W, |

p'> ¢[f (t,7)-M(u—n)-f(t,o)+M (v, —0)] (do (A))
Chon o =7,tacd p'>-Mp suy ra p(t)>p(0)e™ >0 trén J.
Diéu nay chimg to v, (t)<u(t) trén J.
Ly luan tuong tu ta ching minh dugc u(t)<w,(t) trén J
Do vay u = Ay e[V,,W,]. Vi 77 tily y nén ta co diéu phai ching minh.
Do b6 dé 3.4.3, ta c6 thé dinh nghia diy u, = Au_, v6i u, =v, hodc w, théa
u, €[V, W, ] trén J.
Do bd d& 3.4.2 va dinh 1y Ascoli ta c6 thé két luan vé sy ton tai diy con hoi
tu déu cta {u,} .
Gia str u, (t)-u,, (t) = 0 khi n— oo, khi d6 rd rang gi¢i han cta ddy con bat
ky 1a nghiém duy nhat ctia (3.4.1) trén J ( theo dinh nghia {u,}) : suy ra su
Iwa chon ddy con 1a khong quan trong va diy day du {un (t)} hoi ty déu vé
nghiém duy nhat u(t) trén J sao cho u(t)e[v,,w,] trén J. Do vay, du dé

u, (1)U, (1))

chung minh m(t)=0 trén J, trong @& m(t)=Ilimsup

n—oo

Bo dé 3.4.4

Cho K 1a nén chuan va cho gia thiét (A ), (A,) va (A) déu dugc thoa
.Khidé m(t)=0 trén J.
Chirng minh:

Vi f anh xa tip bi chan thanh tip bi chan nén ta cho || f (t, u)” <N voi

teJ vau e[VO,WO]. Khi d6 voi t,t, € J

U, (t) =y ()] < lun () = Uy ()] + 2N |t — 1,
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<m(t,)+2N|t, —t,|+& v6i n 16n, &£ >0 cho trudc.
Do d6 m(t)<m(t,)+2N|t,—t,|+e.
Vi t,,t, c6 thé dugc thay dbi cho nhau va & >0 tlly y nén ta thu dugc
Im(t,)-m(t,)| <2N|t,—t,| = m(t) lién tuc trén J .

Bay gio (A,) cho ta

t
U, (1) —u, (1)< I[Hf (s,u,(s))-f (s,un_l(s))H+ M

0

Ui (s) =, (s)] s

um(s)—un(s)”]ds.

u, ()= U, (s)|

+M

<

U, ()= U, (s)[+M

o'—.:—r

[(L+|v|)

Véi t ¢6 dinh, te(0,T], ton tai ddy cac s nguyén n, <n, <..., sao cho

Up, (1) = U, (1) > m(t) khi n=n, >0 va
m'(s)=_lim |u,(s)-u,,(s)| ton tai (vala gi6i han déu ) trén J .
n=ng —oo

t
Vi vay dan dén m(t)g(L+2M)Im(s)ds trén J (vim'(s)<m(s))

0
= m(t)<m(0)e"™M" tel.
Vi m(0)=0 néntaco m(t)=0 trén J ( dicu phai ching minh )
Nhu vay ta vira ching minh két qua sau.
Pinh 1y 3.4.2
Gia st nén K 1a nén chuan va cac diu kién (A), (A,) va (A) thoa.
Khi d6 ton tai nghiém duy nhét u(t) cia (3.4.1) trén J sao cho

Vo (t) <u(t) <wy(t) trén J voi diéu kién 1a v, (0) <u, < w, (0).
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Hé qua 3.4.2
Cho E=R"va (A,), (A) déu duoc théa. Khi d6 ton tai nghiém duy

nhat cta (3.4.1) trén J sao cho u(t) [V, w,] véi dicu kién v, (0) <u, < w, (0).
3.5 Phuwong phap twa nghiém trén, twa nghiém duwéi.

Trong phin nay, ta s& xét dang tong quat & day f trong (3.4.1) cd tinh
chat tya don diéu hon tap.

Pé xac dinh 16p xap xi clia cac nghiém trén va nghiém dudi phu hop
v4i yéu cau ctia chung ta, ta s& gia st rang f c6 mot phan tich dang

f(t,u)=f,(t,u)+ f(t,u)+f,(t,u) (3.5.1)

Trong d6 f,, f, f, eC[QE], Q=[(tu)eIxE:tel|vay,<u<w,
Dinh nghia 3.5.1

Cho v,,w, e C*[J,E]. Khi d6 v,,w, duoc goi 1a cap twa nghiém dudi va
tira nghiém trén cta (3.4.1) néu

V) < fo (V) + F(8) + T, (1w ), v(0) < ug, } (35.2)
w, > fo (6w, )+ f (6w )+ f,(t,v,),w(0) > u,.
Néu trong (3.5.2), dang thirc xay ra, thi V,, W, dugc goi la tya nghiém cua
(3.4.1). RO rang nguoi ta co6 thé xac dinh, dya trén dinh nghia 3.5.1, cdp tua
nghiém 16n nhat va tua nghiém nho nhat cua (3.4.2).
Chung ta cling can mot dang manh hon ctia cap tua nghiém trén va tua
nghiém dudi cua (3.4.1).
Dinh nghia 3.5.2
Cho v,,w, e C*[J,E] thoa v, (t) <w,(t) trén J. Khi dé v,,w, duoc goi
la cap tua nghiém dudi va tya nghiém trén manh cua (3.4.1) néu ton tai M >0

sao cho
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B Vo~ To(t.o) = (L) = £, (L W) + M (v - o) | <0, } (3.5.3)

oWy — o (t.o) = (twy)— f,(t,v)+ M (W, —o) |2 0.
Véimoi o sao cho vy (t)<o<w,(t), ted va geK’.
Pé thuan tién ta liét ké cac gia thiét sau:
(A) v6i tap bi chan batky B trong E, a(f(JxB))<La(B);
(A) F ()= (L) < Lu —u, . (L), (b, € Q;
(A,) f,(t,u) khong giam theo u va f,(t,u) khong ting theo u lién quan dén
non K;
(A) fo(tu)—fo(t,uy)=-M (u,—u,) voi (t,u,),(t,u,)eQ va u, <u;
(A) voi pe K™ batky, ted, ¢(f,(t,u)- f(t,u,))=0 néu ¢(u,—u,)=0.
Néu f théa (3.5.1), (A), (A,) va (A), tandirdng f la énh xa twa don diéu
hon tap.
Véi n,,n, € C[J,E] bat ky sao cho n,,1, € [V, W, ].
Xét phuong trinh vi phan tuyén tinh u'+Mu = o (t),u(0) = u, (3.5.4)
Trong d6 o (t)= f,(t.a(t))+ f, (Lo (1)) + £, (Lo, (1)) + M (t).
Véibatky n,7, e C[J,E] sao cho n,,7, € [V,, W, ], ta dinh nghia 4nh xa
A:[Vy,W,] > C[J,E], dinh boi : Afn,,7,]=u (3.5.5)
Trong d6 u=u(t) la nghiém duy nhét cta (3.5.4) trén J .
Bo dé 3.5.1
Cho v,,w, e C*[J,E] v&i v, (t) <w,(t) trén J . Gia st hoac (a) (3.5.2),
(A), (A) va (A,) déudugc thoa hodc (b) (3.5.3), (A) va (A,) déu duogc

thoa. Khi d6 A anh xa doan non [v,, w, ] thanh chinh n6.
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Trong trudng hop (@), A c¢6 thém tinh chét don diéu hon tap trén
[Vo,: W, |, tire 1a: A[m,,7m,]< A[m,,m,] Khi m, <n, va 1,17, €[V, W, ].
Chirng minh:
Lay n,,n, € C[J,E] thda n,,n, € [V,,W,] va u = Aln,,7,] trong d6
u=u(t) 1a nghiém duy nhat ctia (3.5.4) trén J .
Tadit p=¢(u-v,) véi g K" vachiay p(0)=0.
Néu (a) duogc thoa, ta co
p' =g f(t)+ f(tm)+ f,(tm) =M (u=m) - fo (tvy) = f,(tv,)— F, (W) |
> [ M (7, =V, ) + F (V) + £, (two ) =M (u—1,) =, (t.v5) = £, (t, W, ) ]
=—-Mp.
Néu (b) duoc thoa, ta co:
Véimoi o 580 cho v, (t) <o <w,(t),
p' =g fy(tm)+ f(t)+ f,(t,) =M (u=m) - fy(t.o) = F,(tV,)
—f,(t W) =M (v, — ) |
Chon o =7, ta co:
p’2¢[f0(t,771)+ fL(tvo)+ f,(twy) =M (u—m,)—f,(t.m,)
—f,(tvg) = f,(t.Vy) + M (Vo —17,) | = —Mp
Do do, trong ca hai truong hop, ta nhan dugc p(t)> p(0)e™ >0 trén J.
Vi ¢ e K™ 1a tly y nén chitng to v, <u trén J .
Ly luan tuong tu ta dugc u<w, trén J.
Vi the ta c6 A[v,, W, ] < [Vy, W, ]
Phan con lai 1a chirng minh A don di¢u hdn tap.

Lay n, <7, U = Alm,m,] VA U, = A, ]
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biat p=¢(u,—u,) vachiy p(0)>0, trongdo g K".
Khi do, sir dung (A,) ta thu dugc:

p'=g[ fo () + i (t,)+ £, (tn) =M (u, =) — o (t.,)

—f,(tm) - f,(t,) + M (u,—1,) |

> | -M (17, —1,)—M (U, =1,)+ M (u,—1,) | =—Mp.
Nhu phan truée, diéu ndy chimg to p(t)>0 trén J .
Do d6 Alm,n,]< Alm, m]. Vay bo dé da dugc chirmg minh.

Do bo dé 3.5.1, ta c6 thé x4c dinh c4c day {v,},{w,} nhu sau:

Vo = AV, W, 0 W, = Alw,,v, | va v, w, e vy, w].
Két qua sau lién quan dén cac day {v,},{w,} c6 nghia.
Chtrng minh cua chiing twong tu nhirng két qua tuong tng trong phan 3.4.
B6 dé 3.5.2

Cho K chuan va cac gia thiét cia bd dé 3.5.1 duoc thoa. Khi d6 cac
day {v,},{w,} bichin déu, lién tuc dong bac va compact twong ddi trén J .
B6 dé 3.5.3

Cho K nén chuan va céc gia thiét (b) cua bd dé 3.5.1 duge thoa. Néu
(A,) dugc thoa thi m(t)=0 trén J.
Trong d6 m(t)=limsup

w, () —w,, (t)].

Trong trudng hop (@), ngudi ta dé thay rang {v,},{w,} 1a cac day don diéu

V, (t) =V, (t)| hodc m(t)=limsup

n—o

saocho v,<v <..<v. <w, <..<w <w, trén J
Do d6, trong truong hop nay, cac day {v,},{w,} hoi tu déu va don diéu vé cic
ham lién tuc p va r, tac la:

limv, (t)=p(t) limw, (t)=r(t) trén J.

nN—o0 n—o0



Trang 54

Trong truong hop (b) xay ra, bo dé (3.5.2) va (3.5.3) va (A,) cho phép ta két
ludn cac day {v,},{w,} hoitu déu vé p(t),r(t) twong tng trén J .
Khi d6, dé& thay tir (3.5.4) ring p(t),r(t) 1a twa nghiém nho nhat va tua
nghiém 16n nhit cta (3.4.1) trén J trong mdi trudmg hop .
Bay gio chung ta phat biéu cac két qua chinh.
Pinhly 3.5.1

Cho K 1a nén chuan va vy, w, € C'[J,E] v6i v, (t) <w,(t) trén J . Néu
cac gia thiét (a) (3.5.2), (A), (A,) va (A,) déu dugc thoa thi ton tai cac day
{v,}.{w,} hoitu déu va don diéu vé cap twa nghiém nho nhat va tira nghiém
16n nhét (p.r) cua (3.4.1) trén J, nghia la, (u,,u,) la cap tua nghiém bat ky

sao cho v, <u,,u, <w, trén J khi do

IA

PpSULU, STESW <L Sw S w, trén J, voi dieu kién

Vo <V, <<V A

Vo (0) <u, <w, (0).
Néu thém (a), diu kién (A,) théa thi p(t)=r(t)=u(t) va v, <u<w, trén J.
Néu céc gia thiét (b), (3.5.3), (A), (A,) va (A,) déu dugc thda thi ton tai
nghiém duy nhat u(t) cta (3.4.1) trén J sao cho v, (t) <u(t) <w,(t) trén J
voi dicu kién v, (0) <u, < w, (0).
Chirng minh:

Theo céc bo d¢ trén va (A,) nén dan dén trong trudng hop (b),
p(t)=r(t)=u(t) va vy(t)<u(t)<w,(t) trén J.
Trong trudng hop (@) ta phai chimg minh (p,r) 1a cdp tya nghiém nho nhét
va 16n nhat cua (3.4.1) trén J . Bé két thuc, lay (uy,u,) 13 cdp tya nghiém bat
ky cua (3.4.1) sao cho uy,u, [v,, W, ] trén J .

Gia st v6i so nguyén k >0 nao do, tacod v, , <u,,u, <w, , trén J.
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Khi do, dat p=¢(u,—v, ) vachiay p(0)=0, ta nhan duoc

p'= ¢[ fo (tu)+ f(tu)+ £, (tu,)— fo(tviy)— f(tvi)— f (L we, )+ M (v, —VH)]
>—Mp.

Suy ra p(t)=0 vachimgtd v, <u, trén J.

Ly luan tuong tu ching to v, <u,,u, <w, trén J.

Vi v, <ug,u, <w, trén J do gia thiét nén kéo theo (bang cach quy nap)

p<U,U, <r trén J, chimg t6 (p,r) 14 cip twa nghiém nhd nhat va 16n nhét

cua (3.4.1) trén J.

Néu (A,) xay ra thi ta d& dang thiét 1ap p(t)=r(t)=u(t) va v, <u<w, trén

J . Vay dinh ly da dugc chirng minh.
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KET LUAN

Luan vin di trinh bay nim phuong phap dé nghién ctru sy ton tai
nghiém cua phuong trinh vi phan trong khong gian Banach c6 thu tu.

Mdi phuong phap déu co ung dung vao su ton tai nghiém tuong tng
v6i gia thiét cuia ham f .

Luan van cung cép mot sb phuong phap hi¢n dai khio sat su ton tai
nghiém cua phuong trinh vi phan triru twong trong khong gian c6 thir tu.

Qua luan van nay t6i hoc dugc phuong phap nghién ctru khoa hoc
(Doc, tim hiéu, truy cap tai liéu). Toi hy vong s& ¢ diéu kién nghién ctru tiép
deé tai.
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