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LOT CAM ON

T6i xin chdn thanh cdm on thdy Nguyén Cam ngudi d& tén tinh hudng
dan va giup dd trong subt quéd trinh Iam Iudn vén. Téi xin chdn thanh c3m
on Ban gidn hiéu, Phong té chic cdn b va té Todn cua trudng Cao Bdng Su
Pham Long An da tao diéu kién thuan Igi cho téi theo hoc I6p cao hoc. Toi
xin chdn thanh cdm on céc ban hoc vién trong I6p cao hoc khéa 15 d& hb
trg cho téi trong subt khda hoc.

Tac gia luan van

Phan Thanh Béng



MO PAU

1.LY DO CHON PE TAI

Trong thuc té da phan cac bai toan duoc dua vé bai toan tim nghiém ctia mot phuong
trinh hoac hé phuong trinh. Viéc tim nghiém chinh xac ctia phuong trinh 1a mgt nhiém vy vo
cung khé khan va c6 khi khong thé thuc hién duoc, nhung ta c6 thé tim 101 giai Xép X1 cua cac
phuong trinh nay dén d6 chinh xac can thiét dé dap ung dugc nhu cau thyc té. Tir nhitng nhu
cau thyuc t& d6, luan van “ Xap xi nghiém cta phuong trinh toan tir va phuong phap Newton”
nghién ctru viéc xay dung 10i giai xap xi ctia mot s phuong trinh va hé phuong trinh.
2.MUC PICH

Bang cac kién thirc co ban ciia giai tich ham va dai s6 tuyén tinh, luan vin dua ra 10i giai
xap xi ctia mot s6 bai toan véi nhitng diéu kién cuy thé.
3.POI TUQNG VA PHAM VI NGHIEN CUU

Noi dung ctia luan vian la gi6i thiéu va ap dung phuong phap Newton dé xdy dung 1oi
gidi xap xi nghiém cta phuong trinh f(x)=0, trong d6 f la 4nh xa di tir E vao E, véi
E=R_ hoic E la cac khong gian tuyén tinh dinh chudn v6 han chiéu. Véi nhitng diéu kién
thich hop thi day lap: x**' =x"" - 7ka(xk );xk+1 =x, — (%) f(x); X =x"+ 7/k¢(xk)
M=t~y H (xk)Vf(xk), v61 x, tuy y trong E, cac day 1dp nay hoi tu vé nghiém cua
phuong trinh. Luan van gdm ba chuong:

Chuong 1 danh cho viéc giéi thiéu phuong phap Newton va mot sd kién thirc can thiét dé
trinh bay cho cac chuong sau.

Chuong 2 véi ndi dung ap dung phuong phap Newton dé trinh bay cach xay dung 10 giai
Xap xi clia nghiém ciia mot phuong trinh hodc mot hé phwong trinh trong khong gian hitu han
chiéu.

Chuong 3 danh cho viéc trinh bay mo rong cac két qua trong chuong 2
trén khong gian dinh chuén tong quat véi cac dinh 1y ciia Kantorovich.
4. PHUONG PHAP NGHIEN CUU

Trén co s& nghién ciru cac két qua trong gido trinh Constructive Real
Analysis cua gido su Allen A.Goldstein va céc gido trinh gidi tich ham khac luén van da xay

dung duoc 10i giai xap xi cia mot s6 phuong trinh va hé phuong trinh.



Chuong 1:
GIOI THIEU PHUONG PHAP NEWTON

1.1. PAT VAN PE
Chung ta xét viéc tim cin bac hai ctia s6 duong a bang phép tinh toan lip don gian, dugc

cho boéi cong thuc nhu sau: x :%[xn +£j. Cong thirc nay 1a két qua ctia phuong phap
X

n
Newton ma ta s€ gidi thi¢u & phan sau.

x, —~a
Ja

Néu x, xap xi Ja thi sai sb tuong doi cua xap xi nay dugc cho bdi cong thure

Pinh ly

i) Gia str a va x, 1a cac s6 duong
. (s ~ . | a
ii) Ta x4c dinh day {x,}boi x,,, = 5 X, +—

n
X

n

x, —a
Ja

2
a) 5, :1[15"5 j n=0,12,.
+

n

iii) Dat &, = . Thi

)8, >0 n=0,12,.
9) V8>O:x—”(xn —x,,)<e=>|5|<&,VneN
a

Chung minh
a) Do (iii) x, =v/a (&, +1), ding (ii) ta dugc:

| a 15’
X, 5(\/5(5,1 +1)+m}‘/;{1+5(1+5,1)}

Ciing do (iii): Va(1+6,,)=+a 1+M :J;(xnﬂj:xm
Ja
167

Néntaco: 0, =—
2149,

Vay a) dugc ching minh



x —a
Ja

=0, +1>0(vix,>0,a>0)

2
:>51=l %, >0
2\ 1+0,
52

Suyra 6,>0,Vn bang phuong phap quy nap (vi 0, = %1 ”5 )
+ n

= x, :\/5(50 +1)

b) Tir iii) = &, =

c) Turi1) ta co:

1 PN x, a X —a
X l:_x _— X —X 1: —_—
2" 2x, 2 2x, 2x,
1x’—a

= n(xn xn+l):_ :

a 2 a

co K X
Do gia thiét trong c) ta c6: ;"(xn—xn+l)<8

2

x’—a
= <2e<2e+¢
a

Do d6 x,° < a(l +2&+ 52) = xf<a(1+¢9)2 = X, <\/£(1+5) nén
x —a
Ja
1.2. PHAP LAP VA PIEM BAT PONG (iteration and fixed points)

Dinh nghia 1.2.1

=6, =|6,|<e véin=1,2,3,...;(dob)nén &, =|5,|)

Cho I = [a;b]va‘l f 13 ham s lién tuc trén I 1y gia tri trong I. Ta goi x €/ 1a diém bét dong cua
fnéu f(x)=x

Bo dé 1.2.1

Moi ham lién tuc f di tir I vao chinh nd luén c6 mot diém bat dong

Chung minh

Néu a eI khong la diém bat dong thi f(a)>a(vi f(a)=a)

Néu b eI khong la diem batdong thi f(b)<b (vi f(b)<b)

bat h(x)zf(x)—x, ta co: h(a)zf(a)—a>0,h(b)=f(b)—b<0

ma h lién tuc nén c6 z eI thoa h(z) =0 hay f(z) =z

Dinh nghia 1.2.2



Mot 4nh xa di tir [ vao chinh n6 goi 1a &nh xa co néu ton tai 0 < g <1 sao cho véi moi cdp diém

x,yel thi ‘f(x)—f(y)‘ﬁq‘x—y‘
Pinh ly 1.2.1
Cho f1a 4nh xa co trén I. Pat x,,, = f(x,) voi x, el thifco diém bat dong duy nhat z théa:

n+l

x, -3

diy x, >z va an—z‘Sq ;
Chung minh

Do tinh chat cua anh xa co nén f1a ham lién tuc tir I vao chinh né
Theo bo dé 1.2.1 thi f co diém bat dong, ta goi la z

Ta co:

X0 =3=|f(x)-f(2) <q

x,—2| Ta thiét 1ap duoc

x, -4 <q|f ()~ f(2)|2]x, <. <q™

cong thuc: |x,,, — z‘ <q"'|x,—z|, v6i n=0

o

honnitado 0 <q<1nén limx, =z

Chung minh sy duy nhét

Gia str ham s6 da cho c6 hai diém bat dong khac nhau 1a z, va z,

Taco: 0< ‘zl —zz‘ = ‘f(zl)—f(zz)‘ < q‘zl - zz‘ < ‘zl - zz‘ (mau thudn)

Do dé6 z,=z,.

Bo dé 1.2.2

Cho ham sb f c6 dao ham lién tuc trén I va f 14 4nh xa di tir I vao chinh no.

Néu ‘f’(x)‘ <1 trén I thi f'1a 4nh xa co.

Chung minh

Ap dung dinh ly gia tri trung binh cho cip x, y tiy y thuoc I ta co:
()= r ()=

f'(x)|<1 nén £ 1a anh xa co.

f'(é‘)”x —y| véi & 1as0 ndm gittax vay

Do max
xel

Gia str h 1a ham don di¢u trén [, h c6 dao ham duong lién tuc, gid st h c6 nghiém z thude
phan trong (interior) cia I thi h(a)<0<h(b). Ta dinh nghia ham: F(x)=x—Ah(x) néu F 1a

anh xa di tor I vao chinh n6 ta phai co aSF(x)Sb, Vxel. Néu A>0 thi



F(a)>a va F(b)<b, do d6 v6i A1>0,du nho thi a<F(x)<b, Vxel, hon nita boi vi

F'(x)zl—/lh'(x) va h'(x)>0 nén voi A >0, du nho thi

F'(x)‘ <1
Pinh Iy 1.2.2

Gia st heC'[a,b], h(a).h(b)<0 va ton tai hai s x, ¥ sao cho O<,u£h'(x)£l, Vxel
v

bat day: x ,, =x, — yh(xn) volr x, tuy y thugc I thi x, >z (v61 z la nghiém cua h) va

+1

X =2 <(l=py)" |x, -4

Chung minh

Dit F(x)=x—yh(x), chi y ring z la diém bat dong cua F khi va chi khi /(z)=0
do O< py <yh'(x)<1=0<1-yh'(x)<1-pu<1,véimoi xel

nén 0< F'(x)<1-puy <1, ¥x €[a;b]; F 1a ham don di¢u tang trén [a;b]

Do h(a)h(b)<0 vah don diéu ting trén [a;b] nén h(a)<0 va h(b)>0

tir day ta co: F(a)>a va F(b)<b (viy>0)

do F don diéu ting nén a < F(x)<b, Vx €[a;b]. Hon nita ‘F'(x)‘ <1-puy<1 4&p dung dinh Iy

X, =2 < (1= )" x, =4

1.2.1 vabd dé 1.2.2 tadugc: x, >z va
Chu ¥ rang nghiém z trong dinh 1y 14 duy nhat bai vi F ¢ duy nhit diém bat dong. Néu h 1a anh
xa don di€u gidm thi —h 1a 4nh xa don di€u ting va c6 nghiém giéng nhu nghi¢m cua h.

Xét vi du

Cho ham : h(x)=x"—a, a>0, gidsit  €(a’;b) thi h(a)<0, h(b)>0,va

0<2a< h'(x) <2b,Vx e [a;b]

Theo dinh 1y 1.2.2 & trén,

day x ., = {xn _Z_Ib(x"z - 0{)} tién vé o v6i x, tuy y thudc [a, b]

v, al.
,~a

va ta co:

X, = \/E‘ < (1 — ﬁj"-ﬂ

b
1.3. PHUONG PHAP NEWTON



1

()

Gia st h thoa gid thiét ctia dinh 1y 1.2.2, dat A(x)=

, F(x):x—/l(x)h(x), hon nira gia

sit he C*[a;b]taco F'(x)= h'(x)h(x)

]

Phép lap x,,, =F(x,)=x, - h'(x" )

duoc goi 1a phuwong phap Newton.

Theo dinh ly 1.2.1 va bo dé 1.2.2, ta c6 sy hoi tu cia ddy {x,} voéi diéu kién
‘F'(x)‘ <q<1,Vxe[a;b] va F la anh xa di tir [a;b] vao chinh né.
Goi z 1 diém bat dong cua F va viét
X, —z= F(x,H ) - F(z) = F'(én)(xm1 - z) tac la
[2"(&)h(s,)
xn—z‘: > xnl—z‘
[n'(&,)]

¢ day &, 1a so nam gitra x, | vaz

Cho {xn} —> z, khai trién h quanh nghiém cta n6 ta nhan duoc:

h(£,)=h(z)=|n(¢,)

=[n (N, =2l < (m, )%, =4

=[h(¢,)

X, 1]

< ‘h '(nn )

¢ day n, nam giira & vaz. Dbat: B =

}h (g”)h (77") va dat B=supB,

(w(E)T |

h'(z)
h'(z)

thi ‘xn — z‘

x,, —2[ . Quan st ta thiy khi n — oo thi B, —>‘

Xét vi du sau day

Néu 4p dung phuong phép Newton vao ham sb: h(x)=x" —a ,h'(x)=2x

h(x,) X —a 1[” aj

thi ta dugc cong thuc: x ,, =x, — =x, ————=—|x
s " h'(x,) 2x, 2

Véi a cho trude ta chon doan [a;b] sao cho ham F cua phuong phdp Newton 1a anh xa co.

Cach chon a, b nhu sau:

2

, . a +a
Véi 0<a’ <a<b*,b> 5
a

va 3a® > a, chang han chon a :%,b >3a



2 2
thi ta co: V(')rixe[a;b] :aSF(x):x—h(x):x—x —a_X ta

<b dé c6 duoc diéu nay
h'(x) 2x 2x

ta can chirng minh gia tri max va min cua F trén [a;b] thudc vao [a;b].

Ta c6 F'@):%@—%j vaF'(x)=2%>0,

3
X X

nén F'(x/;)zo va F(x/;):\/;e[a;b].

do d6 : maxF phai xay ra tai diém x =a hodc x =b

bdi vi F' chi triét tiéu tai duy nhat diém thudc [a; b]

(a2 + a)
2a

ta con c6 minF(x) :F<\/;):\/Ee[a;b].

2
+
nhung F(a)= <b VéF(b):<2—lfc)<b(Via<b2)nénmaxF<b.

Vay a <minF(x)<max F(x)<b

N a
Tur gia thi€t 3a”> >  ta suy ra dwoc —— >3
a

nén: —1<1(1—%j31(1—%js%l—%j#,
2 a 2 X 2 b 2
do do ‘F'(x)‘ <1 trén [a, b]

Vay F 14 &nh xa co trén [a ; b]

Chu ¥ rang néu chung ta chon x, boi

x,=a+1>a, thivéi a:\/% va b=max{3a, o +1} thi x, €[a; b]
1.4. ANH XA TUA CO (subcontractor)

Dinh nghia

Mot 4nh xa tua co 1a mot 4nh xa di tir khoang hitu han T vao chinh né thoa:

D) Véi xyel =|f(x)- f(y)|<[x—)

if) Néu x# £ (x) thi [ £(f (x)) = f (x) <]/ (x) -

Dinh 1y 1.4.1

Gi st f 14 mot 4nh xa tya co. Chon x, tiy ¥ trong I, dat x,,, = £(x,) thi {x,}co gi6i han 1

diém bat dong cua f



Dinh 1y nay s& duoc chimg minh trong phan dinh 1y diém bt dong cua anh xa tira co ctia khong
gian mé tric tong quat trong 1.5
Bo dé 1.4.1
Gid st feC'[a;b]; 0<f'(x)<1 va  f'(x)#1 tai mdt s6 x thude [a;b]thi
1
b-a

0<

Iahf'(t)dt <1

Chung minh
Do /" lién tyc trén [a ,b|nén 3ze[a;b]: f'(2) = mir]lf'(x)

[a:b
Te  gida  thiét  3xe[a,b]:0<f'(x)<l ta c6:  0<f'(z)=g<l Do
f'lién tuc trén [a;b] nén ton tai khoang mo

Ncl:VxeN:f'(x)<(l%q)
bat 4(N) 1a do do cla N thi:
[ 1) de=[ £ (e)de+ [ f(e)de< y(N)HTq+(b—a)— u(N)=

I\N

:IU(N)[HTC]— }+(b—a)<b—a (vi 1;q—1<0)

Vay: 0<——[ " f'(1)dr <1.

b—a’a

H¢ qua

Gia st heC'[a;b]; h(a)h(b)<0,0< u<h'(x)<— va voi mdi khoang con I' cua [a,b], tdn

X | =

tai x thudc I' sao cho h'(x)#0

ditx,, =x, —yh(x,) v6i x, thy ¥ trong [a, b] thi ddy {x,} hoi tu vé nghiém ciia h.

Chitng minh

V6i F(x)=x-yh(x) thi Vxe[ablta c6 0<F'(x)=1-yh'(x)<] vi ta ciing c6
a<F(x)<b dodo: |F(x)-F(y)|<|x-y|.Vx,y e[a:b]

i [F(x) = F ()| <[F(£)]lx =yl ]x = 3]

Chon x, e,

néu x, la nghiém cia h ( hay la diém bat dong ctia F) thi day {x,} hoi tu vé x, (da chimg minh
trong dinh Iy 1.2.2)



néu F(xo);t x, thido bd dé 1.4.1 trén ta co:
v, = x| =|F(F(x,)) - F(x,)|=|F(x) - F(x,)

! I;‘F'(t)dt

X, — X

<|x1—x0|:‘F(xn)—x

:|xl _’xo

o

Vay F thoa diéu kién cua anh xa tua co, ap dung dinh 1y 1.4.1 trén ta suy ra day {xn} hoi tu vé z,
v6i z 1a diém bat dong cua F ma diém bat dong cua F chinh 1a nghiém cta h. Vay {xn} hoi tu vé

Zva h(z) =0.

1.5. KHONG GIAN ME TRIC
1.5.1. Cac dinh nghia

Dinh nghia 1.5.1

Mot khong gian mé tric 1a mot cap g@)m mot tap hop M va mdt ham s6 thuc khong am d,

d: MxM — R, ham d thoa ba diéu kién sau:

3) d(x;y)zO néu va chinéu x=y

iiyd(x;y)=d(y;x),Vx,ye M

iii)d(x;y)+d(y:z)>d(x:z),Yx,y,2e M

Mot khong gian mé tric dugc dinh nghia nhu trén dugc ky hi¢u 1a (M,d).
Dinh nghia 1.5.2

Mot anh xa F di tir khong gian mé tric M vao chinh n6 dugc goi 1a mot anh xa co trén M néu

c6 mdt s6 q < 1 sao cho véimoicdp x,yeM thi d(Fx,Fy)<qd(x,y)
Pé tién cho viéc trinh bay sau nay ta viét:
F(F(x))=F’x,F(F(F(x)))=F'x,..

1.5.2. Pinh Iy diém bat dong ciia 4nh xa co



Cho (M, d) 1a khéng gian mé tric day da, va F 13 anh xa co trén M. Chon x, la phan tir tiy ¥

cua M. Thi day {F” } hoi tu vé z, véi z 1a diém bat dong duy nhat cia F.
Chung minh
Dit F"x, = x,, v6i hai s6 tw nhién m, n va m > n thi

d(x,.x,)= a’(F”xo,meo ) < qd(F”_lxo,Fm_lxo ) <.<

Sq”d(xo,Fm_”xU):q”d(xo,xm_n)
Ta co: d(xo,xs)Sd(xo,x1)+d(xl,x2)+..+d(xsfl,xs)
hay d(xo,xx)sid(xifl,xi)
i=1
do do ¢ d zn X | x

i=1

Mat khac chung ta c6: Vi>1 thi

d(x_,x)= d(F’ 'x Fx) qa’(F’.*zx

0°

F )< <q'd(x,,x)

0°

Do d6: d(x,,x, )<d(x,,x,,,)+d(X,. %, ) +..+d(x, ,x,)<

<q"d(x,,x)+q"d(x,,x)+..+q""d(x,,x,) (x,.x,) Zq’l

Vay {x,} 1a day Cauchy trong khong gian ddy di M nén {x,} >zeM

Bai vi F 1a 4nh xa co trén M nén n6 lién tyc trén M do d6: z=limx,,, =lim F(x, )= F(z)

Tinh duy nhat

Gi4 sur co hai diém bat dong z,,z, va z, # z, khi do:



0<d(z.2,)=d(F(3).F(z,))<qd(z.2,)<d(z.2,) (vO1y).
Vay dinh ly dugc chirng minh xongo
Hé¢ qua

F:M— M, (M, d) 1a khong gian mé tric day du. Néu ton tai sb tw nhién n sao cho F" 13 4nh

xa co trén M thi F ¢6 diém bat dong duy nhit.
Chung minh
Do F" la anh xa co trén M nén theo dinh Iy anh xa co F"co6 duy nhét diém bat dong, ta goi la z.

Tacd Fz=FF"z=F"Fz nén Fz la diém bat dong cia F" ma diém bat dong ctia F"l1a duy nhat

= Fz=z=> z 1a diém bat dong cta F

Gid strco z, #z thoa Fz, =z,

thi F"(z,)=z, nén z, 1a diém bat dong cta F"
do d6 z, =z. Tinh duy nhét di dugc chiing minh.
1.5.3. Pinh Iy diém bat dong ciia 4nh xa twa co
bat Q: M — M, M La khong gian mé tric thda:
i) d(Qx,Qy) < d(x,y)

i) Néu x#Qx thi d(Qx,0%x)<d(x,0x)

iii) Q c6 mién gi4 tri 1a tAp compact.

Khi d6 véi mdi x thude M, day {Q”x} héi tu vé diém bat dong cua Q
Chung minh

Do gia thiét i) nén ta c6 thé viét:

d(0"x,0""'x)=d(00"'x,00"x)<d(Q"'x,Q"x) < ..<d(x,0x)



Do do {d (Q”x,Q””x)} la day s6 thuc khong tang, bi chan dudi bdi 0 nén no6 cé gidi han.
Do iii) {Q” (x)} e O(M):compact=>ton tai ddy con {Q"kx} hoi tu vé phan tir y e Q(M)

Do {d(Q"x, Q"”x)} hoi ty, nén moi diy con {d(Q"k X, Q"k+1x>} va {d(Q"k+1x, Q"k+2x)} déu hoi
tu va c6 cung mot gioi han.

Ta cé: %i_r)gd(Q”"x,Q”k”x)zli_)rgd<Q”"x,QQ”"x):d(y,Qy)

do do: d(y,Qy) _ %i_)rgd(Q""”x,Q"“zx) _ }ll_l;?od<Qan x,Qank)C> _ d(Qy,sz)

(do Q lién tuc)

tir 1) ta suy ray = Qy

do {Q"kx} hoi tu v& y nén: véi £ >0 cho trude ta chon N > 0 thoa d(Q"x,y) < & thi
4(Q""x,y)=d(Q""x,0""y) <

<d(Q""'x,0""y)<..<d(Q"xy)< & (doi))

do d6 {Q"(x)}hoituvéy.

Vay dinh 1y da dugc chimg minh xong.



Chuong 2:
PHUONG PHAP NEWTON VA LOI GIAI XAP Xi CUA
PHUONG TRINH TRONG KHONG GIAN HUU HAN
CHIEU

Trong chuong nay chung ta nghién ctu viéc tng dung cia phuong phap Newton trong
viéc xay dung 10i giai x4p xi ctia nghiém ctia phuong trinh trong khong gian hitu han chiéu.
2.1. CAC PINH NGHiA

Mot tap con S cua khong gian métric R c6 tinh chat, mdi cap diém x, y thudc S thi doan
thang ndi giita hai diém x, y thudc S, S duoc goi 1a tap 16i. Noi cach khac tap S goi 1a tap 10i
néu x, y thuoc S thi Ax + uy cling thudc S v6i A, 1 13 hai s6 khong 4m va A+ u=1. Bao 16i
cta tp S 13 giao cua tt ca cac tap 10i chira S.

Motham sé f:Sc R, — R, véi S 1a tap 16i, thoa:
Vx,yeS: f(Ax+uy)<SAf(x)+uf(y);Au>0;u+A=1, thi f dugc goi 1& mot ham 16i
(convex function).

Cho F 1a anh xa di tr R vao chinh nd, ma cac thanh phan cua F thudc 16p C' (]Rn).
Jacobian cua 4nh xa F tai z thuoc R 1a ma tran J vo61 cac thanh phén la:

OF(2) |, _ . . ‘ ,

{a—x]}(l <i<ml<j Sn) va dugc ky hi¢u 1a J(z). Do do6 J(z)x 1a ky hi¢u cua tich ctia ma
tran J(z) va véc to n chiéu x.
Dinh ly gia tri trung binh

Cho ham feC' (S ) v6i S 1a tap 16i cua R, véi phan trong khong rdng, ta co:
f(z)—f(y):[Vf(f),z—y];Vz,yeS trong d6 & thudc doan thing ndi giira z va y, con

Vf(ﬁf):[%(é),%(ﬁ),...,g(ﬁ)] 1a véc to n chidu (goi 1a Gradient cia f tai &), va

n

[V/(9):2=2]= 32K )

Pé cho gon tir day trd di ta ky hiéu L(x,y) 12 doan thang mo nbi giira hai diém x, y.



2.2. CHUAN

Ta dd c6 ham khoang cach d(x,y) trén R, d*(x,y)= 3 (x; -, )2 :

i=1

Ham d x O {Zx } —||x|| [x x]2 duoc goi 1a mot chuin

Chuéan 13 mé tric thoa cac diéu kién sau day:

i) [ x]|=d(x,0)=0 néu va chi néux=0

ii) | x| +[|y]|= |x + y| (b4t dang thic tam giac)

iii) |ex| =|e||x|, Ve e R

Bit ky ham sb nao di tir R” vao R* thoa ba tinh chét 1), ii), iii) dugc goi 1a mot chuan.

Goi A 1a ma trdn cap m.n, va x 1a véc to n chiéu. Ma tran A dién ta mot anh xa tuyén tinh di tir
R, vao R, .

Ta dinh nghia chuén ||A| 1a s6 M bé nhat thoa bat dang thirc |Ax||< M |x| véi moi x, tat nhién
56 ||Al| ludn ton tai boi vi thp cac sb thue M duge chon bi chin dudi boi 0.

Do d6: |A||=inf{B:|Ax| < B|x|.vxeR,}

Ta c6 ket qua sau:

J4]- sup{”H 1 xio}—sup{quu I+ =1}

2.3. PINH LY GIA TRI TRUNG BiNH MO RONG
Cho F:R, - R, Slatap 16i trong R , gia st F c6 Jacobian tai mdi diém ciia S. Thi

HFz - FyH < sup{”](f)” Se L(z,y)} , VOl HxH2 = [x,x]

Chung minh
Ap dung dinh 1y gi4 tri trung binh di véi ham s6 thyc D" F,(y)u, (trong d6 u, 1a céc thanh
i=1

phan cta véc to cua véc to don vi u).

ta dugc: Zn:(E (¥)-F(2))u, = {V[ZH:FI. (ﬁ)jui,y —~ z} trong d6 £ € L[ y,z]va phy thudc vao u.

i=1

[VF )y —z]<

Do do: Z(E(y (2))u|=

i=1



1

< $Tvr(6)0-2] | -bie-o<bells -4
< sup{”](ﬁ)”,zj € L(y,z)}”y - ZH

Gia su F(y);tF(z) ta chon u = 7 ) thi

n

Y (F()-F(2)y,

i=1

= . F
|7(r) - F()|I=

Ta dugc diéu phai chimg minh.
2.4. CHAN PHO

Cho A la ma tran cép n.n, voi thanh phén 1a cac sb thuc, va A" 13 ma trin chuyén V1 cua
ma trin A, A" c6 dugc bﬁng cach d6i chd gitra dong va cdt ciia ma tran A. Ta goi A 1a ma tran
d6i xtmgnéu A=A".
Cho A 12 ma tran d6i xting, ta c6 dang toan phuwong ctia ma tran A 13 ham s6:
x—> [x,Ax] =x Ax = Zn:Zn:xiAijxj

i=l j=1

Céc s6 p= min{[x,Ax] :||x| = 1};/1 = max{[x,Ax] ||| = 1} dugc goi 1a cac chin theo phd cua A.
Do anh xa [.,A.] la 4nh xa lién tyc va tap S = {x Hx” = 1}12‘1 tdp compact nén ham [.,A.] s€ dat
max va min trén S. Néu >0 thi A duoc goi 1a xac dinh duong, néu 1 =0thi A goi 1 ban xac
dinh duong, néu x<0va A>0thi A goi la khong xac dinh. Xac dinh 4m va ban xac dinh 4m
dugc dinh nghia tuong tu.
Pinh ly
Gia st A 1a ma tran d6i xtrg. Khi d6
sup{ [ x, Ax]: x| =1} = sup{| Ax|:|x] =1} = |4
Chung minh
Ap dung bit dang thirc Schwarz ta co: ‘[x,Ax]‘ < HxHHAxH < HAH,Vx : Hx” <1
bit sup‘[x,Ax]‘ = sup{‘,u‘,W} =a,thi a< HAH
Ta chiing minh o > HAH

Ta co:



|l = [4lAv.Ax]] = [2[Ax ax] + 2 4%5.x]]
(do:[ Ax,Ax] = (Ax) (Ax)=(x"A")(Ax)=
=x (A*A)x =x (Azx) = [x,Azx] = [Azx x])

:i{yz [Ax,x]+[Ax,Ax]+[A2x,x] %[Azx Ax]

iZ[AZx,Ax]:}

/4

{72 [Ax,x] - [Ax, Ax] - Ax,x | +

vl s [armar s [l ax) ] [alax)ar ] -
([47e.7x)=[Ar.ar '] ~[A(y" ax) x|+ [ 4G~ 400472

= i{[A(;/x),;/x + A;/‘lx] + [A(;/‘le),yx + A}/_lx] -
[[A}/x,]/x — A;flx] — [A(;/*le),yx — A;/lxﬂ}

:i[[A(yxjty1Ax),yx+A}/IXJ—[AUX_}/IAX)’]/X_A]/lxﬂ

<qlaberrad safpe—rad )< 2l oo )

Sl SR T

O day yla s6 duong tuy y. Khi HAXH;tOthi ham s cudi cung dat min khi »° —M, nén

[
7* |+ =[lAx]
ttr dy ta c&:[Ax] < e[| Ax] | ] = JAd| < alx]| = a 2 4]
Vay 4| =«
Ma theo két qua & trén thi HAH = sup{HAxH,HxH = 1}
nén ta co: sup{‘[x,Ax]‘ : HxH = 1} = sup{HAxH : HxH = 1} = HAH
Bo dé 2.4.1
Gia st A 12 ma tran dbi xung, cac véc to don vi lam cyc dai, cuc tiéu 4nh xa [.,A.]le‘l cac véc to

riéng cua A.



Chung minh

Goifva ¢ 1a hai ham s thuc thuge 16p C' (R, )

Piéu kién can dé diém x e {x eR, :4(x)= O} sao cho ham f dat max hodc min tai d6 1a ton tai
sd 8 sao cho Vf(x) + éV¢(x) =0(1)

Dit f(x):[x,Ax],¢(x):1—HxH2 thi ta co:

_f z i) zAkJ J+le ik z K%

8xk pur g
(do A 1a ma tran ddi xtng)
do d6 Vf(x)=2Ax,V¢(x)=-2x
tir cong thirc (1) cho ta: Ax=5x voi x| =
boi vi ton tai cac véc to don vi ma tai d6 [ , A.] dat cc cuc tri nén kéo theo tOn tai cac véc to x
vas6 & thoa Ax =Jx, véi ||x|| =
Vay bo dé da duoc ching minho
Bo dé 2.4.2
Gia str A 13 ma tran dbi xtng, s +51a gia tri riéng ctia A (Ax =+5x ) néu va chi néu 5°1a gia
tri riéng cia A"A (A Az =6%7).
Chung minh
Gia st A"Az— 6%z =A% =5°1)z=0 v6i 5 >0 thi
(A-61)(A+61)z=0=(A+6I)(A-51I)z
C6 bdn kha ning xay ra:
(A+01)z=0;(A=-51)z=0;(A-SI)[(A+61)z]=0:(A+SI)[(A-05I)z]=0
Trong bat ky trudng hop nao thi & hodc —& ciing 1a gia trj riéng ctia A. Hon nita néu &7 = Othi
[2.A"Az|=0=[Az,Az]=0=> Az=0
Nguoc lai: Néu Ax=6x thi A"Ax=6A"x =5Ax=5"x.
B6 dé duoc ching minh xong.
Bo dé 2.4.3

bveilla

Cho A 1 ma tran ddi xtmg véi chin phd 1a 4. Thi Hl - 7/AH = max{ -
ma tran don vi.

Chung minh



Néu y>0va |x|=1 thi
7/,u£[x,7/Ax]£7ﬁ:>1—7/,uz[x,lx]—[x,7Ax]21—7ﬁ.

ma [x,Ix] - [x,yAx] = [x,(l —~ 7/A)x]

1- 7//1‘}
Vi: 1—yu,1-yA 1a cac chan phd ciia ma tran dbi xing I — yAnén theo dinh 1y trén Ta cé:
1= 7]
Néu y <0thi A, d6i thir tu cho nhau trong bat dang thirc trén, nghia 1a ta c6:
1-y4 Z[x,(l —7/A)x] >1—yu

Do dé ta cling co6: ||I — 7/A|| = max{|1 — 7/,u|,|1 — 7//1|}.

b

nén: 1—yu> [x,(l — 7/A)x] >1-yl= ‘[x, (I- 7/A)x]‘ < max{‘l —yu

b

|7 = 7] = max{]i -

Nhén xét: Néu y,4, >0 thi ham f(y)= max{‘l — ] |1 - 7//1‘} c6 gia tri nho nhat tai

U+ A
Chung minh
ac f(v)=[1-r. £, (x)=[1- 72
Khi ¢>0,taveé dd thi cta hai ham sb nay trén cung mot hé truc toa dj:
A
/i
| f
M
o = T g
A U
Khi d6 ham f dat min tai M, hoanh d cua M 1a nghiém ctia phuong trinh:
2
1-A=—-(1-y)ey=
VYt U
2.5. CUC TIEU HOA HAM SO
. . , \ . . N e, \ X 82f(u) L
Ta goi Hessian cia ham f tai u€R 1a ma trdn vé1 cac thanh phan % Vo1
x;0x ;

(I1<i<n,1<j<n)



Pinh Iy

Gia sir f 1a ham thuoc 16p C? (Rn ) sao cho phé cua Hessian cua f'1a bi chdn dudi boi 4> 0va bi
A 1 e . . A 2 - 1
chdn trén b1 A voi moi x thude R . Ta dinh nghia tap 7, = {5,(;) — 5} vol 0<o < 7

Xét day x*" = x* = Vf (x*) v6i y eI, vax°1a phin tir thy ¥ thude R,. Khi d6 day {x* | hoi
tu vé z sao cho f(z) < f(x) vé1 moi x thugc R .

Chung minh

Ta tim diém z sao cho Vf(z) =0.

of (v)
ox.

]

bit G(y)=y-WVf(y) thi G, (y)=y, -»

RG rang néu y =0, y 1a diém bat dong ctia G khi va chi khi y 1a nghiém cua phuong trinh:
Vf(y)=0

G () _  TIW)

Ox; Ox; Ox ;0x;

Dao ham cia ham G, (y) theo bién x ; duoc viét:

« R . a A . . N i A . .
Hién nhién =L =0 néu i #jva %:1 néui=j
Ox; Ox;

Taco J;(y)=1—-yH(y) véi J;(y)1a ma trdn Jacobain cta G tai y, I 1a ma tran don vi, H(y) la
ma tran Hessian cua f tai y.

Do do: |5 (»)] =|1 - 7H ()
1- 72|}

Véi y el thi [1- | <1- 64

,do bd dé 2.4.3 ta c6:

.
b

HjG (y)H < max{‘l —

1—7/,u|S1—5,u
That vay:
*7/615:>§£yS%—§:>/153/17/S2—x1§:—1+/15£—1+/17/£1—/15

=|1-Ay|<1-26

*voio<y< % -0< 2 S thi ta ciing c6 bat dang thirc thir hai (Iam twong tu).
U

Nén HJG (y)H <q<1v6i g=max{l-64;1-u} =1-8u;VyeR,

Theo dinh ly gié tri trung binh ta c6:



|Gy — G| < sup{HJG (5)” Ee L(y,z)}”y — 2| < gy — 2|, nén G 12 4nh xa co.
Theo dinh 1y diém bat dong cua 4nh xa co ta c6: Day x""' = G(x” )héi tu vé diém bat dong z

cua G, do do co Vf(z) =0

Theo khai trién Taylor, tdn tai e L(x,z):
P(0)=£(2)=[Vr(2)x =] 3 [x -z H(E)(x=2)]

1 2| x—2 X—2z 1 2
=—|lx -7 H(E). }Z—yx—z
== | ST

= f(x)=f(2)20=f(x)= f(2)

Dinh ly da dugc chirng minh xongo

H¢ qua

Cho F la anh xa di tir R vao chinh né, va c¢6 J, lién tuc, dbi xtmg, xac dinh duong va c6 pho
bi chan trén boi A va bi chin dudi boi 4. Thi F c6 nghiém duy nhdt z, va diy lap

x””:x”—y/F(x”)h(f)i tu vé z voi toc do ciia mot cp
A A e 2 1
sO0 nhan véi moi y € 5;1—5 ,0<5£z.

Chung minh
bat: G(y)=y-rF(y)

G, (y) _ oy, _ OF(y)
G. — o F 1 — P 1
=G,(y)=y—7E(y)= o o o

J

oI (y)=1-yJ:(y)

= e O =]r=77: )

Ma gia thiét cho J, (y) 1a ma tran déi xtmg x4c dinh dwong va bi chin pho trén va duéi boi
A, (nén 1>0)

Theo bd dé 2.4.3, ta co: |1 — 7, (v )| < max {|1 -y J1 - 4]}

Véi yel; :[5,%—5},0 < 5£%nhu: trong dinh 1y ta c6:

L= yA| <1= A1 -y <1-Su

Do dé: HJG (y)H£q<1 voi g =max{l-64,1-du}=1-u<l



Theo dinh 1y gié tri trung binh ta c6:

[6(y)-G(2)| < sup{le (€)]: € € L(r2)} |y -] < ally -4

nén G la anh xa co, theo dinh 1y 4nh xa co ta c6 G c6 diém bat dong duy nhit z va diy
K = G(xk> hoi tu vé z

ma do cach dit G nén diém bat dong z ciia G chinh 1a nghiém cua F va day x**' = G(xk )héi tu
v6i toc do 1a cap sb nhan vai cong bdi g =1— S (nhu trong dinh 1y diém bat dong trong khong
gian me tric).

I’J'ng dung

Cho A la ma tran cép m.n, rankA =n, do d6 m >n. Goi y 1a véc to m-thanh phan, x 13 véc to n-

thanh phan. Pat F HAx

Tacod: F*(x)=|Ax - yH =[Ax -y, Ax - y]= Z(ZAU] yjj

i=1 \_j=1

y A s ., 2
Ta chi can tim min cua F

—222( —,) A, va Gt ~23 4,4 =(24°A)
Vi) Ox,0x, e sk

i=1 j=1 i=1

ma (A*A) =A (A*) = A"A nén A'A 12 ma tran dbi ximg

mit khac | x,A"Ax | = (Ax) ( Z(ZAU ]j >0

i=1 \_j=1

néu x#0 thi Ax#0 (dorankA=n)=[x,A’Ax |>0= A* A xéc dinh dwong,

V6i M= [ZZAU } thi ta c6 | Ax] < M|

taco:vol xe £, HxH =1 thi:

(x4 Ax =[x, A" Ax | <" ax] <

3
3

<[z (a4 )Z];uxu [i"( )]l ’

j=1 i=l1 =1 i=1

ap dung dinh 1y trén: vo1 6 <y S%— 0,0< 53% thi day



X = xk — 7V<F2 (xk )) v6i X, tly ¥, hoi tu vé z thoa VF? (z)=0
Vay F dat min tai z.
Y nghia hinh hoc cita phin tmg dung: Cho trudc véc to m-chiéu y ta ludn tim duoc véc to n-
chiéu x dé cho khoang cach giita Ax va y la ngan nhat.
2.6. KY THUAT GRADIENT
2.6.1. Pit van dé
Dinh 1y trudc da dugc ching minh 1a mét truong hop dat biét cia mot
dinh 1y tong quéat. Cac gia thiét c6 dugc 1a qua manh va ching ta thuong khong co dugc no.
Nhung ching ta ¢ thé 1am tot hon khi cic gia dinh yéu hon nhu sau:

Day lip ma chung ta thao luan 1a x*' =x" - Wf(xk ) Boi vi Vf(x)1a huéng ma theo
hudéng nay ham f tdng nhanh trong 14n cén cta x, nén ching ta c6 khi y du nho va Vf (xk ) #=0
thi f(xk - Wf(xk )) < f(xk) . Ngoai trir khi chiing ta chon y dé f dat minimize, diéu nay sé tac
dong dén su giam cua f voi didu kién Vf (xk ) #0.Néu f (xk> giam lién tuc, chi c6 cac x* xudt
hién trong sudt qua trinh cta diy lap thudc vao tip S = {x eR, :f(x) < f(x” )} Tur cac goi y

nay ching ta chi can doi hoi chian theo phd ctia H trén S. That vdy, ta thdy rang néu

7, € {5,}% - 5} va |H(x)|<4,VxeS thi f(x") 1a ddy s6 gigm, néu £ bi chan dudi thi f(x*)

hoi tu dudi vé mot gi61 han va {Vf (x" )} héi tu vé 0, hon nita H(x) khong can xac dinh duong
trén S.

Bo dé

Cho f la mot ham sO x4c dinh trén mot lan can cua diém z trong R . Gid st Vf xac dinh tai z
va Vf(z)#0. Thikhi d6 ton tai z' thugc R, sao cho f(z')< f(x)

Chung minh

Dat u(y)=2-f(2). g(r)=1(u(7))

o ox dy

1

(0)- £ 700 4 ) ST TO ooy <o

-1 ax. d7/ i=1 ax,'

1



Do g kha vi tai 0 nén:

Vg>0,35>0:0<y<5:>M—g'(0)<5
v

Chon 5:—%g'(0),0<7<5 va dat Z'=z—Wf(Z)

Thi: f(z')=g(y)<ey+g(0)+yg'(0)=g(0) +gg'(0) <g(0)=r(2).

B6 dé di dugc chimg minh xong.

2.6.2. Phwong phap Gradient

Cho ham f x4c dinh trén R, dat S = {x eR, :f(x) < f(x” )} H(x) la ky hiéu Hessian cua f

tai x, f thuoc C* (S ) Do S 1a tap khong mé nén ta gid su cac dao ham riéng ton tai trén tap mo

chura S.
Pinh Iy
Gia st f bi chin dudi, chon x° tuy ¥ trong R, va gid st f thuoc C’ (S) Gia st ¢o

;/0>0:HH(x)H£i,VxeS. Chon &,y thoa 0O<o<yva o<y <2y, -0 va dat
7/()

= xt - 7/ka<)¢") thi:
i) {x') e S,{Vf(x" )} hoi tu vé 0 va { £(x )} hoi tu dudi v& mot gii han

ii) Gia sir S bi chan thi moi diém dinh (cluster point) z cua {xk}déu théa Vf(z)=0. Néu

Vf(x) c6 nghiém duy nhét trén S thi {x" } hoi tu vé z va f dat min tai z

> VyeR, ,xeS,GiasiS la tap 10i. Thi ¢6

iii) Gia st t6n tai x> 0sao cho [y,H(x)yJ > 4|y
duy nhét diém z dé f dat min tai z, va {x" } hoi tu vé z véi tde dd cua mot cép s6 nhan co cong
boi bé hon hodc bang 1 — ud

iv) Gia sir (iii) v6i #>0va S bi chin. Goi D 1a dudong kinh cua khdi cdu chira S. Thi

1) e o)< ()




Ching minh
) Pat x(7)=x - WVf(x) va A(x,y)=f(x) = f(x(7))
Gid sir xe S va Vf(x)#0, theo khai trién Taylor, véi x(y)eS:
M) =-[F(x(r)) - £()]
=—[x(y) -x.Vf (x ]——[x )= x.H (£(7)) [ x(7)-x]]
= [ ()57 ()]~ 5 [-97 () B () [=7.£97 ()]

) ) 2_7_ 2| VF(x Vf(x)
=V ) = Zvr ()] hw " 7))”Vf (’“)”]

s (9 (1-5e)

Vf (x) Vf(x)
voi Q( |:va x H H(§(7/)) vf :|’ (5(7/)€L(x,x(}/))

Bay gio ta chimg minh khi 6 <y <2y - thi x(;/) eS
Boi vi V£ (x)# 0nén theo bo d trong 2.6.1 trén ta c6 A(x,y) > 0 khi y di nho.

Dit 7 1a s6 duong ¥ bé nhét (néu c6) ma A(x,7)=0
* Néu }A/ tdn tai nghia la A(x,;/) =0 thi {1 —gQ(;)} =0

nén ta co: Q(;) =

=l

Hon nira x( )eSdo xeSva f(x)= f(x(;;)),suyra

5(;)6S vi 5(};)6L(x,x(;/)): la duong théng ndi x véi x(;A/), Vol xe€S, x(;A/)eS,

£(x)=£(x(7))



S 12

Ta con co: Q(]A/)S‘QG/) 14 vy 7

<|p(<(7)

Do d6 x(y)eS khi 6<y<2y, 6.

‘ 1 2

N \ . ) i 1
* Néu y khong ton tai, thi x(y) €S véimoi y >0 vata cling co: Q(y)<—

o

nén A(x,7) = 7[V£ (x) (1_ y j

2y,

Ham g(;/):y[ —%j, 0<6<y<2y, -6

o

. 4
g'(y)=1--
(n=1-7

g'(y)=0ey=y,

Bang bién thién ciia ham g( 7/) :

N Yo 2y, &

g(7) / \

Ham g( 7/) dat gi tri 16n nhét tai: y = 7,

S
2y,

Ham g(;/) dat gia tri nho nhét tai y =& va tai y = 2y, —0 Vb1 g . = 5[1 -

25[1—ij>0
2y,

ma Ay )= £(x) = (5 (7)) = £ () = £ (2" =V (2)) = £ (+*) = £ (5" Jmem {7 (x*)]

la day s6 gidm

j>0, do do:

(e )2 ()




Ta lai c6 f 13 ham sé bi chin dudi nén { £ )} bi chin dudi

K—>o©

N f(xk) —> L
Suy ra ton tai L sao cho:
f(x*)=L.Vk

Khi do: V(x*, 5, )= f(x*) = £(x*") > 0 khi k >0
= Vf(x*) >0 khi k >0,
i) Goi {xk" } la day con cuia {x*|,x" —=“—z (viz1a cluster point cia {x*})
feC*(S)= Vf lién tuc tai z
= Vf (x| —225Vf () =0
Néu {x*} khong hoi tu vé z, thi c6 mot diy con vo han {x"f } cia {x*} thoa:
{xkj }ﬂ)z' *2
14p ludn tuong ty nhu trén thi ta c6: Vf(z')=0(trai v6i gia thiét Vf c6 nghiém duy nhat)

Do S bi chén va S dong nén S 14 tap compact, ma f lién tuc trén S nén f dat gia tri nhd nhét trén
S, ta goi z’ 1a diém ma f dat gia tri nho nhat, suy ra Vf(z') =0, suy ra z=_z'(do tinh duy nhat

nghiém)

Vay lim x* =z va f dat cuc tiéu tai z

k—o0

iii) Tur gia thiét: [y,H(x)y] > ,tuH2 = {H%,H(x)ﬁ} >u,y#20,yeR,

Nén ¢>0 12‘1chénph6 cla H(x), xesS

bit: G(y)=y-Wf(y), y b dinh thudc [5,2y, - 5]



Theo chiing minh 1) thi G 14 4nh xa di tr S vao chinh né

of . 0G. ‘ o f
Taco: G 9 Ti(y)=2i _
aCO ( ) yl yax (y) va (y) 6X~ ]/axiaxj (y)’

& day: (;i Okhlz;«t],g —1khii=j

)Cj )Cj

Do do: J; (y) =I- 7H(y) , H(y)la‘l Hessian cua f'taiy, J,; (y) la Jacobain cua G taiy.

Do feC? (S) nén H(y) 1a ma tran di xtmg,

1 1
H(y)|= H(y =1} <— — 14 chan pho H
H H sup{‘[x x]‘ ||x|| } ” nén ” a chan pho trén cia H(y)

Theo bd dé 2.4.3 ta ¢o: HJG (y)H :HI — 7H(y)H = max{ 1-L |-

Ta c: v6i y €[5;2y, — 5] thi

OV r O 10 1 L2

7/(1 7/(1 }/(l }/(l }/(l }/(l

-2

}/(l

1-Z

}/(l

va 0<y<2y - 5—%—5<;—5:>,U5<,U7/<2 y77)

Yo
=>-1+pud<-1+uy<1—ud
:>‘1—,uy/‘<1—,u5
Nén: HJG (y)H <l-du<LVyeS.
Ap dung dinh 1y gia trj trung binh mé rong cho ham G ta dugc:

)l -

HGy - GzH < sup{HJG( , VOl g=1—puo <1




Nén G la énh xa co trén S, do d6 G ¢6 diém bat dong z thude S va day x""' = G(x" )hoi tu vé

z=Vf(z)=0

Ap dung khai trién cta Taylor:

3¢ eL(x.z): f(x)-f(z)=][Vf(z).x—2]+ %[x ~ZH(&)(x-2)]

1 2| Xx—2 xX—2z
— x— — v I
2Hx 7 {HX_ZH,H(@‘)HX ZH} |x - zH 1>0,VxeS, €S (do S 10i)

= f(x)2 ()

Vay f dat minimum tai z thudc S.

* Ta chirng minh day {x"} cling hoi tu vé z khi » thay d6i trén [5; 2y, - 5]

Ap dung dinh ly gia tri trung binh, ton tai ma tran E vé6i cac thanh phén tién vé 0 sao cho:

VE(x")=VF(x")-Vf(z)=H(z)(x" —2)+ E(x" - 2)

Ta co:

MU M-

TP A T

s IBZIOIGEDEAIGES

< H[l - ynH(z)](x" - z)” +7, HE(x" - Z)H
<|r-rH@x" -+ 7 El]x" -4
<[(1=7,)+ 7, [E|]]»" -4

=

K" —z” <(1 —;/n,u)”x" —z” <(1 —5,u)||x" —z” (do y, bi chan, E 1a ma trdn c¢6 cac thanh

phan tién vé 0)

Vay x" hoi tu vé z voi toc do cia mot cap sO nhan co cong boi g=1-ou <1
ay q H



iv) Do {x"} =S, f(z) =min f (x) nén f(x*)2 f(2)

Ap dung khai trién Taylor ta c6:

7()= () =[Vr (5 )szma T [e=at H(E) (2= 2]

véi £ e L(z.x")

= £(2) = (&) + [ ()2 Jo 2 [emat 1 () (=)
Do #20=| z=x*, H(¢)(z=x")]20

néntac6: 0 f(x*) = £(2) < [VF ()" = 2| <[ VF (x*).5 = 2]
Ap dung bat dang thirc Schwarz ta co:

[ ()" =] sor (a1t =

Do S bi chin va D la dudng kinh ciia khéi cdu chita S nén ||x* — 2| < D

Vay:

.DDinh 1y da duge

Osf(xk)—f(z)SHVf(xk) .D<:>f(xk)Zf(z)zf(xk)—HVf(xk)

ching minh xong.

R \ C e a1k X 1
* Ghi chi: Trong truong hop S bi chan, gid s biét dugc sy ton tai cia chdn — nhung ta

Yo
khong biét duoc gia tri s6 ctia nd 1a bao nhiéu, thi két qua sau co thé duoc dung: véi moi gia tri
vz A . A(x’j_/) \ - 5
m e (0;1) thi c6 ton tai ¥ >0 sao cho: m = _||Vf ” va A(x,y)ZZ”Vf,{”;@m(l—m), &
V1IVJk

day: Vf, = Vf (x*)



Chung minh

(do két qua trong chimg minh dinh 1y trén)

Q(7)}_ A(x.7)

ow )=
k

Taco g(O): l,g(;/)z 0

Do g lién tye trén [0;7]nén g([0,7])=[0:1]

voi me(0;1) = 37_/e<0;;/):g<7/) =m

) =paenlf 271w 1- 2| (a0 0ff)<

o o

=>y22y, (l - m)
Do d6 A(x,y)2[V£ [ 27,m(1-m)

. 1 e 4 , \ ) 1A 2 LA x
Nhén xét: khi m = 5 la t61 wu. Nhung bat cr m nao thoa 0 <o <m<1-0 thi két qua trén van

thoa man.
SO X S £ . A A < 13 ~ A4 A
D¢ st dung két qua nay trong thuc té, ta xét mot doan cu thé chang han: Z,Z (¢ day xét
1 A 1 3
521) ta chi can tim gid tri y sao cho 2 Sg(]/) SZ.

2.7. PHUONG PHAP STEEPEST DESCENT

Liéu chung ta c6 thé khong can gia thiét: tinh bi chan trén theo chuan cua Hessian va diéu kién

lién tyc Lipschitz cua Vf .

Gia str ham f thugc 16p C'(S), thém vao diéu kién V/ lién tuc déu trén S, tat nhién néu Vf

lién tuc trén S va S 1a tip compact thi Vf s& lién tuc déu trén S.



Ta  dinh nghTa:A(x,Q/) = f(x) —f(x — Wf(x)), (7/ > O); g(x,}/) =— va
S={xeE:f(x)< f(x,)}, chon &, 0<5s%

DPinh ly 2.7.1

Gia su Vf tdn tai, bi chian va lién tuc trén S. chon 7, <1 sao cho §£g(xk,7/k)£1—5,
g(xk,l) <0 ; hodc chon y, =1 khi g(xk,l) >§.Pat x =x" - 7/ka()¢"), khi do:

i) Néu f bi chin du6i va V/ lién tuc déu trén S thi Vf (x*)—=2>0 va f(x*)hoi tu dui vé
L.

ii) Néu S bi chan va goi z 1a cluster point cua {xk }thi Vf (z) =0. Néu tap hop cac cluster point
cua {xk }12‘1 hiru han thi {xk } s& hoi tu vé mot trong chung. Néu V£ ¢6 nghiém duy nhat thi f dat

min tai do.

iii) Néu £ 16i va S 1a tap 16i thi L=inf{f(x):xeR,}. Néu S la tap 16i va bi chan thi moi

cluster point cua {xk }déu lam f dat min tai do.
Chung minh

i) Cho ¥ du nho, theo khai trién Taylor ton tai & € L(x,x - ny(x)) :
0<A(xy)=f(x)=f (x=Nf (%)) =[VF (£)- N () ] = 7 [VF (£) VF ()]
=7 G + [ (€)= V7 (x).97 (x)]

(V7 (&)-V/ (x),9/(x)]
Ivf ()

Do do: g(x,y)=1+

do V/ lién tyc tai x va |& — x| < Hx —(x- ;/Vf(x))H =y|Vf (x)| (*) nén g(x,0)=1

Néu g(x,1)< 5, bdivi x—Nf(x)eS néu g(x,7)=0 va y >0 thi béi tinh



lién tuc cua ham g theo bién thtr hai ta dugc ham g s€ nhan moi gia tri gitta 1 va o, do do

dy>0:6<g(x,y)<1-6
Pat Vf(x*)=Vf*, gid st Vf* 20 va x* e S thi
A(x 7 ) =g (7 VT 2 r6]vr | >0 nen f(x) < £ (x*) va 5 es
Mit khac theo gia thiét f bi chin dudi trén S
nén f(x*)—=25 L, f(x* )2 L,Vk
Ta ching minh Vf* —2% 50

co o 20 1A At A . A . ) T PN oy A R
gia su HVf g H khong hdi tu vé 0 thi suy ra ton tai ddy con cua {xk } (gia st 1a chinh nd) va mot so

&> 0 sao cho HVf"H > ¢, Vk

diéu nay kéo theo { 7/k} bi chin dudi bai sé duong, vi néu khong thi c6 diy con cua { 7/k} (gid st

1a chinh né) sao cho y, —=2—0

Do V/* bi chiin trén S nén tir (*) ta c6 [x* — &*|—=22-0

Do Vf lién tuc déu trén S nén [Vf(ﬁk)—Vf<xk),Vf<xk)]&>O va suy ra

g(xk,;/k)A)l. Diéu nay mau thuan véi g(xk»7/k)<1—5 v6i moi k
Do d6 ton tai q > 0 Y4 Zq:A(xk,yk)Zq§8

At ) =S ()= £ (= 71 (x4)) 2 g
o (x) =S ()2 0%

Piéu nay mau thun véi sy hoi tu cia f(x*).

Vay ta phai co Vf* hoi tu vé 0.



ii) Goi z Ia cluster point cua {x* | thi theo i) ta c6 Vf(z) =0
*Gol A= {Zl;ZZ;Z3;";Zn} 1a tap tat ca cac cluster point cua {xk} .

Do‘

X - ka =7, HVf(xk )H — 0va S bi chdn nén {xk} hoi tu vé z, nao do trong A.

Néu Vf c6 nghiém duy nhat z va S bi chin, do s6 nghiém cta Vf khong it hon s cluster points

cua {xk} nén {xk} — z, f dat min tai z (twong tu dinh 1y trong 2.6.2)
iii) Trudc tién ta chimg minh bat ding thuc: f(y) > f(x) + [Vf(x),y - x}

Ta co: f(x+t(y—tx))—f(x) < f(y)-f(x), véi te(0,1]

(do flaham 16i nén f((1—t)x+1y)<(1—1) f(x)+ 1 (y))
ap dung khai trién Taylor:

f(x+t(y—x))—f(x):t[Vf(x+at(y—x)),y—x], voi a €(0;1)

qua gi6i han khi r—0'(do V/ lién tyc) ta dwoc: |[Vf(x),y—x]|<f(»)-f(x) hay

F(3)27 () + [/ (). =],
Ta ching minh L:inf{f(x):xe]Rn}

Giasir L=inf{f(x),xeR,}= 3zeS:f(z)<L

:>O>f(z)—f(xk)Z[Vf(xk),z—xk]

Gia su S bi chan ta goi u 1a cluster point ctia {xk } thi c6 day con cua {xk} hoi tu vé u, dé don

gian ta ghi ddy con ay 1a {xk} , ta co:

{[Vf(xk),z —xk]}&)O (do Vf(xk)%Vf(u):O)



do 6 0>lim| £(z)= f(x*)|=f(z) - L21im| Vf(x*),z = x* |=0(v8 1Y)
Vay L=inf{f(x),xeR,}
Do S 1a tap dong va {x* }hoi tu vé unén u e S = fdat min tai u.
Néu S khong bi chan
R R S EARIAT Ry
=[x Jerl o

do d6 néu ka H khong bi chin thi c6 mét ddy con cua {xk }( gia str chinh nd ) sao cho:
k k BL vakuz k k k Vi vakuz
—[x ,Vf ]>T :>[Vf ,Z—X J>[Vf ,Z]—T

kV kz
:>O>f(z)—f<xk)2|:ka,z—xk]>|:ka,2}_7/HzfH

Do Vf* = 0(do i)

T

va y, la day bi chdn nén day {[Vf" ,z} 5

}héi tu vé 0 nén tir bat dang thic trén ta suy

ra diéu mAu thuan.
Vay dinh 1y dugc chimg minh xongno
H¢ qua

Q 14 4nh xa gradient cia ham s6 thyc ¢ xac dinh trén R,.

2
Gid str ¢(x) < q@ , g <1.Néu Q lién tyc thi n6 c6 diém bat dong.

Chung minh



Dinh nghia f(x) = @ - ¢(x)

2 2
= f(x) > M — qM = ||)c||2 1=q = f(x) bi chan duoi
2 2 2
Ta co: Vf(x) =X- Q(x), do Q lién tuc nén Vf lién tuc
Ldy x, tuy y thuc R, thithp S={xeR,: f(x)< f(x,)} 1a tap bi chin

2f(x,)
l-¢

do: Vx e S theo trén ta co ||x||2 I—Tq <f(x)<f(x,)=> ||x||2 <

Ta co: z 1a diém bat dong ctia Q khi va chi khi né 1a nghiém cua Vf
Theo dinh 1y trén thi Vf c6 nghiém nén Q c¢6 diém bat dong.
Pinh Iy 2.7.2

Gia st Vf lién tuc trén bao 16i cia S va S bi chan.

Chon y, >0 dé f(xk - Wf(xk ))dat gia tri nho nhét, va dat x**' = x* - }/ka(xk)

Thi {Vf(xk )} —» 0 va mdi diém dinh (cluster point ) ciia {xk} 1a nghiém cua Vf

Chung minh

Goi z 1a cluster point cua {x*!, khéng mat tinh tong quat néu ta gia st ddy con cua {x* !l hoi tu
p g gq g y

vé z 1a chinh no.

Ta c6 f(x™)= f(xk—;/ka(xk))s £(+*) o f(xk—;/Vf(xk)) dat min tai y,)

= ! f(x*)}1a day giam
[ (x* )1a day g

feC ¥ 5z= {f(xk)} = £(z) (hi tu gidm)



Béy gio ta chung minh Vf(z)=0.
Gia st tréi lai, goi 7, >0: f(z - Vf(z)) dat min tai 7,

Nén 37>0: f(z)=f(z-7,Vf(z))+7

V&imdi x*, ap dung khai trién Taylor ta ¢co:
, ap dung

£ =79 ()= £ 2= 7 Vr (@) + 5 = 2, (W (2) - v (+4)
= F(z= V() +| V(&) =25 7, (VF (2) - V1 ()]

voi & e L(z=7,f (2).2* =7,V (x))

do: {x*} > 2= Vf (") > VF (2= 7,7 (2))

va {xk ~2+7,(V£(2) —Vf(xk))} 50

vi khi k dit 16n thi & thugc bao 16i cita S nén ta c6:

f(xk —70vf<xk))Sf(2—70Vf(z))+g:f(z)_g
Nhung f(2) < f (" = 9F ()£ £ (5 =7, 97 (x")) < £ (2) =5 o 19)

(do f(xk — Wf(xk )) dat min tai y,)

Vay Vf(z) =0. Dinh Iy dugc chirng minh xongo

Pinh ly 2.7.3

Gid sir Vflién tyc trén tip bi chdn S va chon y, 1a zero nho nhét cta %(f(xk _ Wf(xk )))

trén ntra dudng thang {xk — Wf(xk ) Y= 0} thi:



Vi z 1a cluster point ctia {xk }thi Vf(z)=0.Néu tap hop c4c cluster point ciia {xk } 13 hitu han

thi {xk } s& hoi tu v& mot trong chung.
Néu Vf c6 nghiém duy nhat thi f dat min tai do.
Chung minh

it A(x.y) = £ (x) = £ (x = (x)) = 7| vF (2] g (=

Git sit VF (x) %0, tacé: yg(xy)=—2C27) o
e
dA(x,]/) _ 8A(x,)/) %4_ 8A(x,;/) %4_ . 8A(x,;/) ox,
dy ox, Oy ox, Oy ox, Oy
_ SN ()] (-] ()
ox, ox, i ox,, ox,

=[VF (x=f (x)).V/ (x)]

Goi ;A/ 1 nghiém dwong nho nhét cua:

[V (x=~f(x)).Vf(x)]
vr ()

d%(%’(w)) =

A

i Fa(x.7)- [V (= () V()]

[vr (=)

(= I

Gia sit {Vf(xk )}khéng hoi tu vé 0

Mdi x =x*, xem ham dudi dau tich phan 12 ham ctia y, ham dud6i dau tich phan 1a 1 khi y =0

A

VébﬁngOkhij/:]/kzy/



Ta  chon 7, sao cho ham liy tich  phéan 1 (x, 7) > % (voi

[V (%)= Vf (x).f (x)]
V7 (x)

) khi y <y, cach chon dugc thyc hién nhu sau:

I(x.7)=
Rat ra ddy con cla {xk}(gié str 1a chinh né) hoi tu vé& z. Goi K 1a tap hop x4c dinh béi

K= {z,xl,xz,..,xk ,..} thi K 1a tdp compact con cua S

Ta c6: Vf(x) lién tuc déu trén K nén 3¢>0,r>0:Vx e K,g< ||Vf(x)|| <r

do tinh lién tuc déu cta Vf trén S nén

vGi =7, 36>0, khi y|Vf (x)] <8, Vx<K

o (e ) o) <)

chon y, :é thikhi y<y, = 7/||Vf(x)|| <o
r

Do d6: néu y<y,va xeK taco: ”Vf(x—yvf(x)) Vf(x)||< ||Vf2(x)||

1

||Vf ||| Vf (x = Vf (x)) = VI (x)|

_ rf(fo(x)) VF (x) }1
@l vr ()

(V7 (x)=9f (x).f (x)]
[V ()

1
Suy ra —1>—% nén I(x,7)>5



Vo <V
Dodo:<. .\ 71 1

re(7)> |Sdr=57,
0

Nén A(xk,yk):}/kg(x,}/k)HVf(xk )H2 2%(*)

Diéu nay mau thudn vdi tinh chin dudi cia f trén K. Phan con lai chimg minh twong ty 2.7.1
Dinh 1y da dugc ching minh xong.

2.8. MO RONG

Pinh ly

Gia st feC> (S) S 1a tap 18i chwa S, f bi chin dudi. Gia sit véi €S va xeR, thi
,u||x||2 < [x,H(f)x] < /1||x||2 vol 1 >0.

bat x*' =x* —y H'Vf*, & day y, dugc chon sao cho véi 5<%, 0<5<g(y)<1-96,
(chon y, =1 néu dugc)

Thi ta c¢6 cac khang dinh sau:

i) Véi x, tiy ¥, day {xk } hoi tu vé z, v6i x 1a diém ma f dat min tai do.

ii) Ton tai s6 N sao cho khi k > N thi y, =1

iif) Su hoi tu cia {x*} dén z 1a superlinear, nghia 1a ching hoi tu véi téc d6 nhanh hon tdc dd
cua bat ctr cap s6 nhan nao.

O day :

\Y :Vf<xk); Hk_l :H_1<xk);A(x,y/):f(x)—f(x—j/H_l(x)Vf(x)) va

o A(x,}/)
g(x.7) 7[Vf(x),H_l(X)Vf(x)]



Chung minh
i) Trude tién ta chung minh A(x,y)> ;/[Vf(x),H_l (x)Vf(x)]{l — —}

Tir gia thiét ,u||x||2 <|[xH(&)x]< /1||x||2, x#0

:ys[”i—”,H((:)”i—”}3/1:>ys||H((§)||s/1:>y3supWs/1,yeRn
= p|y <[ (£)y] < Al (1)
Tir [H(&)y|2 uly] ta co: néu H(&)y=0=y=0
— ker H(&)=1{0} = H(&) ¢6 nghich ddo
Tir (1) = u|H ™ (&) < x| < 4|7 (£)4]
y 1
@M e (o)<
AW k2 17

J117 (¢)x] 2]

Ul x4 L K
>—<|—7/H ()i |S—="—"-Z<|x,H (& <
3 hxn ”nxﬂ pRtr i LG

Ap dung khai trién Taylor:

A(xk,j/):f(xk)—f(xk —7/H,€_1ka)

2
[rHVF =D H (6 () HE
v6i &(y)e L(x* x* = yH'VF*), vt 20
Ap dung bat dang thirc Schwarz ta co:

o<[Hwrt () J< e |l ()



= (st )2 [t v ]S er ()

[ka’Hk—lvfk] §
/8 .
A

(do

A(x*y) =y Vst f{lvy‘][l %1H vf H||va P ”}
o[ urt o 1= 2 ()
Zy[vfhfg?ka](r—gﬁzj (2)

Bay gio¢ ta chirng minh S 14 tap bi chan

Ap dung khai trién Taylor, v6i u, x thudc S (u # x) thi ta co:

f(x)—f(u):[Vf(u),x—u]+%[x—u,H(C)(x—u)],CeL(x,u)
f(x)= 1) _|

B xX—u B

g P i KO8 e 11 e B OISR D)
)= f() [ x—u | gy

na e  KAC e | L 0

véi x thude S, do fbi chin dudi nén ton tai s6 B sao cho f(x)=B

f(x)=f)_f(x,)-B

gid st [x —u> &> 0 khi d6 <
x| £
7 f(x,)-B 2
:>5||x ul < . = |x u”SE[f(x )—B]



Vay S bi chén.

Suy ra ton tai ;A/ 1a sb duong bé nhét sao cho g(x, ;A/) =0, diéu nay chimg t6 y, duoc chon thoa

yéu cau (trong tw nhu phan ghi chi trong muc 2.6.2).

(2)=g(x".7,)2 {1 yk;:}o

7, > 2{1- ggz’“ e > 2j§12
—

A(xk,jfk): ykg(xk,j/k)[ka,H_l(xk)ka]

25;11

= Vf(xk ) —0
(do { £ )} la day giam va bi chan duéi nén n6 hoi ty = A(x*,,) > 0)

Goi z 1a cluster point cua {xk } thi Vf(z) =

(3):>f(x)—f(z)2,u”x _22’” >0= f(x)2f(z), VxeS$

Vay f dat min tai z va z 1a duy nhat, do d6 {xk} - Z.
ii) Ta co: H(é(;/)):H(x)+H(§(7))—H(x)

Tu déng thure

A(xk,j/):f(xk)—f<xk —yH,ZIka)

2

=[N | T (6 () E

= olnr)=1- y[ B () (x)(H(E(r)) ~ H () H (x)VF (%)




| v ) a0 () - )

MU ey w
A

= g(xk,l)—— Sﬁ” (5(1))—H(xk)H

Taco

[t (£0) -1 (x| <1 () - H (EG)+ [ (£ 0n)) - ()
Do H lién tuc trén S, S dong va bi chdn nén H lién tuc déu trén S, ta co:

khi k — o0 %e(é‘,l—é‘)

ﬁH@UU%4ﬂﬁmao
() -1 (£(r))| >0

:>g(xk,1)—)% khi k>0 =3IN>0:k>N thi y, =1.
i) Gia st n >N
Lap luan twong tu nhu trong chtig minh iii) caa dinh 1y phan 2.6.2), ta co:
V' =Vf () + (H, + E)(x* - 2)
véi E, 1a ma trdn ma céc thanh phan ctia né tién vé 0 khi k — oo

= = xf —z—Hk_l(Hk +Ek)(xk —Z)Z—Hk_lEk(xk —Z)

=

N B e
MU

Do ||E, || = 0 khi k — o0, nén {x* | hoi tu véi tde do superlinear.
k P

Vay dinh ly da dugc chimg minh.

2.9. NGHIEM CUA HE PHUONG TRINH



Xét hé phuong trinh R, (x)=0 ,1<i<n, v6i R;1a cic ham kha vi trén R,

bat g(x)= ZH:RIZ (x)= ||R(x)||2

i=1
Gia sir Vg(z)=0 va Jacobian J ciia R tai z khong suy bién

T Vg(z)=0= f;R,. (z)VR,(z)=0

=
Do {VR,,1<i<n} doc lap tuyén tinh nénR,(z)=0(véi 0<i<n)
Bo dé 2.9.1

Cho A 1a ma tran vuong (n dong n cdt) c6 hang n.

ta co: 0< A" <[ Auf. Vu:[u]=1

Chiing minh

1= = |47 (A(w))] <A~ au] = s 2]~

Do A 14 nghich dio ciia A nén A7 > 0.

B6 dé 2.9.2

Cho énhxa R:R, >R, Dit f(x)=|R(x)|. Goi zla nghi¢m ctia f va {y*}1a ddy ma gi¢i han
ciia 6 Ia z. Gid stt Vf (y* )£ 0, £(y* )0,

dat T = {yk, k= 1,2,3,....}

Gia sir J* x4c dinh va lién tuc trén T, J* (z) tdn tai. Thi tdn tai sé duong q sao cho

||Vf(x)|| >q,VxeT

Chung minh



Taco: f2(x)=3 R*(x), f(x)VF(x)=3 R (x)VR (x)

i=1 i=1

SR(x)VR(x) . ()R ()
L

Nén Vf(x)=+ ,VxeT

[R(x)] ()]

Pit g(x)=|Vf (x)|. thi gla ham lién tuc tai x thudc T (do J” va R lién tuc)
bit ¢g(z)= inf{HJ ”(Ijzf)(HX)H, X€ T}
Tacé:

el T @R @ (=T @R
N B TTE I B B T 9
@D - o1 2

P O

Do J* lién tuc tai z:>(Vg>O,35(z):xe5(z):>HJ*(x)—J*(z)H<5), voi 8(z) la qua cu

tam z ban kinh &
Nén

T (2)R(x)
[R(x)

M

@)= G s @2 () - @)

g(x)-g(z)=

= g nura lién tuc dudi tai z

bit 7 (z)|=B theo bd @& 2.9.1 trén ta ¢ :

J (Z)R(x) ZHJ*—I (Z) -

IR(x)]




=g(z)2B">0

Ham g c6 tinh chat: dwong, nira lién tuc dudi trén 7'=T U {z} , T” 1a tdp compact
= g datmin trén T"=3¢>0:g(x)>¢q,VxeT"

= néu x =z thi g(x)2g= HVf(x)H >q.

Dinh ly

Cho R:R, —>R ,voi R, eCZ(S), 0<i<n, gia st S bi chin.

Néu f(z)=0, gia st J* (z) tdn tai. Néu f(x)#0, gia st Vf(z)=0. Cho 5%0,%), chon
7, sao cho 5£g<xk,7/k)£1— o

it x* =" + ]/k¢(xk). Néu f(xk> =0 dat x*" =x" thi

i) Mdi z 1a cluster point ctia {xk } l1a nghiém cua R

ii) f(xk) hoi tu giam vé 0 véi tdc do cia mot clp sb nhan.

iif) Néu J khong suy bién trén S thi m3i nghi¢m cia R bi ¢6 lap va {x*} hoi tu véi tdc 46 cia

mot cap sO nhan.

O day: {S:ern :f(x)Sf(xo)}a f(x):HR(x)H

$:S >R, véi tinh chit [ Vf (x),¢(x)]|=—f(x) va H¢(x)”£—x), ne(0:1)
X

A(x.y)=f2(x) = 2 (x+79(x)): g(x7)=

Chung minh

i) va ii)



Néu f(xk ) #0,k=0,1,2,... ta ludn co thé chon duogc ¢k = ¢(xk) chéng han:

Chon ¢(x)= )V <2x ) i $ thoa cac didu kién :
()]

[w<xk>,¢ﬂ[w<xk>,f<xk> o) ]fw)

H¢ H H H f(xk)

uw \F ()]

Gia sit f(x*)£0, k=12,..

do {xk} c §,8bi chan = trich ra dugc mdt day con hoi tu cua {xk } (khong mét tinh téng quat

néu ta gia str day con hoi tu la chinh no).

Ap dung khai trién Taylor ta dugc:

A(x" 7)—f2(x")—f2(x" w19') == (¢ )= ()]

Voi & eL(xk,xk +7/¢k)

Do R €C*(S), S 1a tap bi chin nén R, VR, théa diéu kién Lipschitz. Ta kiém tra Vf~ ciing

thoa diéu kién Lipschitz

ta c6: V/? (x) =2 (x)Vf (x) = 2§Ri(x)VR x



= VF (x) = VF (v) =23 [ R (x)VR (x) = K (3) V&, (+)]
= 977 ()97 (0] <20 ()9 ()-8 () VR ()
”Ri (x)VR (x)-R (y)VR, (y)” s ”Ri (X)[VRl. (x)-VR (y)]“ +
+ ”VRi (y)[Ri (x)-R (y)]” —Vf thoa

R (VR () - VR ()] [VR (| (x) - B ()]
<MN x|+ KL|x ~ 3| = (MN + KL)x ]

diéu kién Lipschitz

Do d6 ton tai s6 dwong G sao cho: |Vf*(x) - Vf*(y)|<Glx - y]. Vx.y €S
Ta thiy ring néu &* e § thi [&* —x*| < |x* + " - x*| =y ||

Tré lai véi viée tinh toan A(x*, )

A(x' 7)==y 2F (X )VF ()8 |- 2| VP (5) -V (24).8* |
27 ()7 ()9 ] rGlo e ]

2207 (x) -l

227f2(x")—72G%
7V ()]
227f2(xk)‘72an2(; | :Mz(xk)(l_ 27:qu

Véiqla sd thoa 0< g <|Vf(x)| (dobé dé2.9.2)
Goi 7 1a s duong nhé nhét sao cho A(xk ,;/) =0

Ta co thé viét:



V7 () -7 ()4
2f7(x*)

A(xb,y) =277 (x")| 1=

A(x".7)

2;/f2(xk)

Do g(xk,;/) = , (tuong ty nhu phén ghi cht trong muyc 2.6.2), thi y, dugc chon thoa
yéu cdu gia thiét, do 1a: g(x*,0) =1, g(xk, }) -0.

Chon me(68,1-6), sao cho g(xk,n)zm

nén A(xk,}/k):27kmf2(xk>227kf2(xk){1_ 277/;232}

A )2 0TI o () 0O o)

Khi {x'} > z=A(x" 7, ) 2 0= {2 (x* )} 5 0= £(x*) > 0= £(2) =0
Vay mdi z 1a cluster point ctia diy {xk } thi z 1a nghiém cua R.

* Ta lai co:
) =72 () =s(x 7 ) 2 (5)
:>f( k+l) xk)\/1—27/kg(xk,7k):>f<xk+l):f<xn)ﬁ<l_27ig<xi’7/i))2mé

P ala) | asi-o)
e T

(1-9)n’q ::a2<1

1_27/kg(xk’7/k)

nén f(xk+1 ) <fa

Vay { f (xk )} hoi tu vé6i tbe d6 caa mot cr?ip s6 nhan.



i11) Goi z 1a cluster point ctia {xk}
Trude tién ta chimg minh: néu J » khong suy bién trén S thi Q(x) (12 Hessian ctia f? tai x) 1a
xac dinh duong véi moi x thude l1an can cua z.

. O°R, “ OR (x) OR (x
Dit A(x 22 Gxéx R (x), B(x)=2)>] 8)6( ) 8)6( )
k j k

Thi Q(x)=A(x)+B(x) va [ B(x)uu]=2[J (x)u|

Do Hessian cta R, lién tuc trén S= A(x) lién tuc va A(z)=0

Do J khong suy bién, goi y la minimize |7 (.)| " trén S, dt [/ (y)|” = x> 0.
Chon lan cén N(z) ctia z sao cho véi moi xe N(z) = [A(x)| < u

V&1 moi véc to don vi u, ta co:

[Q(x)u,u] = [A(x)u,u] + [B(x)u,u]

> g+ 27 ()l 2+ 20 ()| 2 >0
(do |[A(x)u,u]| < ||A(x)|| <u= [A(x)u,u] >z vabo d&2.9.1)

Vay Q(x) xac dinh duong.

Do Vf*(z)=0

Vay nghiém z 1a c6 1ap.

Do Hessian ctia f2 1a x4c dinh dwong va c6 chuan 16n hon x> 0nén ap dung dinh 1y trong

phén 2.6.2 ta dugc day {xk } hoi tu vé z véi tbe d6 ctia mot cép s6 nhan.



Vay dinh Iy dugc chimg minho

Sw lwa chon huwdng

Gia st rang tai x*, J7'(x")ton tai va
3 b 3

J! (xk )HS%HV]‘(}C" )H thi ¢* dugc chon sao cho:

J (xk )¢k = —R(xk ) (goi 1a phuong thirc Newtonian)

R
Néu J khong suy bién trén S, tdn tai hing s6 M,N sao cho ”J - (x)” <M va
||Vf(x)|| <N,VxeS.Giaslt n duge chon sao cho 77 < MLN thi

(), )
N~ n|f(x)

bang phuong thirc Newtonian.

||¢(x)|| < Mf(x) < ” Do d6 néu J khong suy bién trén S, ¢ ludn ludn duge chon
Hé¢ qua
Gia sir cac gia thiét cta dinh 1y trén van con ding. Gia sir J khong suy bién

trén S va ¢ dugc chon théa phuong thirc Newtonian, nghia la ¢* =—J,'R, .



Chon y, =1 néu g(xk,1)>1—5; chon y, sao cho 5£g(xk,7/k)£1—§, Vol y, :l(néu duoc).

Thi:

i) Ton tai s6 duong N sao cho néu k > N thi 7, =1

1) {xk } héi tu voi tbe do superlinear t6i nghiém cua R.
Chung minh

i) Theo dinh Iy trén ta ¢6 {x*} —z, R(z)=0. Gia st f(x*)>0,k=123,...

Goi Q la Hessian cua £~ tai x va dat Q(x" ) =Q..

4.0,4"] [4".0.9, ]

Ta ching minh lim —==1im@, =1vo1i 6, =

Nhu trong dinh Iy trude ta co: Q, = A(x") + B(x")

}g{,}[”’Qn”] = }ligg[u,A(x" )u} + lim[u,B(x" )u} = 2}}3.}”]"””2 g, =J(x,)

n—»o0

Do {x"} hoi tu v ¢ lién tue=> ¢(x"):=¢" hoi tu
=lim[4".0,¢" |=21im|l¢"[

AN

, . . n

Do d6: lim@, =lim~———=lim————=1
nso " posw f n—o

n

Ap dung khai trién Taylor:

A y)= 2 (x0) = £ (x4 ) == 2 () r (). |- 2 0(67) 970
=—2yf(x,,)[Vf(x"),¢"]—%Z[Q,,qﬁ",qﬁ"]—é[(g(z:")—gn)w,ﬂ

Véi & eL(x",x" + 7/¢"). Néu y da nho sao cho &" € S thi



] 72\\9(6">—QnH]

A(x",y )= f2 2y — 7?0,
) { T

Theo b6 d&2.9.2, 3¢ > 0:|Vf (x)| 2 g =|¢"| < £(x")
nq

Jote)-e _
o ()

Do g(xn,y)>(),é&neS,dajt 0 =1+a B.o +pB =24

b n 2‘"
Thi g(x ,7/):1—%—%.

Do {/In}—>0:>{EIN>0:Vn>N:>5<g(x”,1)<1—5}
Do d6 véi n>Nthi y, =1

Do d6 1) dugc chimg minh.

Chung minh ii)

Néun=Nthi f* - f2, zzfnz(%—%j:fj(l—in),f,il =,f7 v6i {4,} >0

Ta thdy khi 0< 4, <1 thi [x" — 4 < 25 (x")(nhu trong dinh 1y)
y7i
=l -d< 2
y7i
[, s Ff;”xl S Xy I PR Wy
[ /U 0 /U o /U i tJso

ol — < P TTVAL <27, — 0 khi n =
H iz H

Vay {x" } hoi tu vé nghiém ctia R véi toc dd superlinear.



2.10. UNG DUNG

Cho f1a ham s6 bi chan xac dinh trén tap T. Gia sir ta biét gia tri cta f tai m diém thudc T
la f( ) i=1,..,m. Goi g,g,,..,,1a n ham sd bi chan trén T, ching dwgc cho gia tri tai cac

t,i=1,..,m

Chung ta quan tdm téi viéc x4p xi cac gia tri ciia f bai to hop tuyén tinh cta cic gid tri cua
g.i=1,..,n. Goi A 1a ma trin véi cac thanh phan A, =g (). =1,m; j=Ln va goib la véc to

v6i m thanh phan b, :f(ti),izl,_m

Ta co: ixjgj(ti) ZAx —bii=1m

=

Ta ky hiéu chuén trén R, 1a |||| . Ta dinh nghia mét x4p xi t6t cta f boi to hop

tuyén tinh coa g (j 1, ) v6i chuan || || la ham Zx g l—l m néu x 1a
j=1

min cua ham ||Ax - b||

1

Tdn tai duy nhat x dé ham ||Ax - b|| dat gia tri nho nhét, trong d6 A 1a m.n ma tran c6 rankA =n

Trén R xét chuan méi dugce dinh nghia nhu sau: ||x|| {

Pinh Iy

(m>n)
Chung minh
bat L = {x eR, : » < K} , ta chung minh tap L nay la tap bi chan.

p

||
p

Lay {xk} el ka&)oo, chon x’ 1a min cia ham



Axo
Pat u° = ””x” “thi x>0, do do: |Ax—b| 2[Ax| —[b] >4,
p

ta suy ra dugc néu {”xk ”p} — oo thi {”Axk - b”p} — oo (mau thuén), vay L bi chan

x|| - ||b||p tir bat dang thirc nay

Do ||||p 1a chuén va ham x — ||Ax - b”p 1a ham lién tuc, L 1a tap compact nén n6 dat min trén L.
Ta ching minh ||Ax — b”p dat min tai diém duy nhét thudc R,

Goim la gia tri nho nhat cua |Ax — b

s giasired x,yeL:|Ax—b| =[Ay-b| =m thi

xX+y 1 1 1 1
A -b| =|=(Ax—-b)+—=(Ay—-b)| <—||Ax—b| +—|Ay—b| =m
:‘Ax ; Y b =m, do d6 bat dang thirc trén phai trd thanh dang thirc, nghia 14 phai co:

p

Ax—b:k(Ay—b):k:il
Néu k=1=x=y

xX+y

Néu k=-1=A ~b=0=m=0, do A khong suy bién nén phuong trinh Ax—b=0 ¢

nghiém duy nhat= x =y

Vay [Ax~b|  dat min tai duy nhat mot diém thuoc R,



Chuong 3:

CAC PINH LY KANTOROVICH

Trong chuong nay chung t6i nghién ctru viéc mé rong phuong phap Newton da néu trong

chuong I, bdi cac dinh 1y ctia Kantorovich.

Trong cac dinh 1y sau st dung chung cac gia thiét va ky hiéu sau: f1a anh xa phi tuyén tir

khong gian Banach E vao khong gian Banach F, f '(x,.)le‘l ky hiéu cua dao ham theo nghia
Frechet, f'(x,h) dwoc ky hiéu f'(x)h, toan tir nguoc [f'(x)]_l duoc ky hiéu f/,(x).

Mot s6 két qua dwoc dung:

B6 dé Banach: cho A 13 toan tir tuyén tinh tir khong gian Banach E vao chinh no, gia st ||A|| <1

<(1-Jal)”

thi |(1 - 4)”

Két qua: Ton tai phiém ham tuyén tinh f xac dinh trén khong gian tuyén tinh dinh chuan E, sao

chovéi yeE thi f(y)=|y| va [f]=1
Dinh 1y 3.1

Cho x, thudc E, tai x, ton tai f'_l(xo)

Dat 7, :Hf'—l(xn)f(er) > S:{XEE:”’X_XOHSZUU}’ 'BU :Hf'—l(’xn)

Néu ton tai s6 K sao cho Hf'(x) _ f-(y)H < K|x-y|

,Vx,yeS va

1 .
BnK=h < 5 thi f c6 nghiém trong S va day lap x,,, =x, — [, (x, ) f(x,)

hoi tu v& nghiém x* cita f, hon nita |x, — x¥| <2 (24, ) '7,

Chung minh



* Trudc tién ta kiém tra day {xk } dugc dinh nghia chtra trong S

R{ rang lax, € Snén ||f'(x0)—f'(x1)||S§||xa — x|

ma x, —x, = f,(x,) f(x,) =[x - x,]|=n, nén |[f'(x,) - f'(x, )||s§m
) / ' L ﬂaﬂaK _ﬂ l
va ”f_l(xo)(f (x,)-f (xl))”S S5 £4

Ap dung b6 d& Banach thi H:=1-f"_(x,)[ f'(x,) = f'(x,) ] 12 toan tir tuyén tinh bi chan tir E

vao E va H c¢6 dao thoa:

=l sl (l= (1% ] g <0-n)" 5=

bat F (x)=x—f",(x,)f(x), tinh dao ham ham F, ta nhan dugc
F'U (xn)zo
ma f'—l(’xn)f(xl):xl _F;(xl) va x; =X, _f'—l(xn)f(’xn):F;)(xn)

= () F (%) =E (x,) ~ F ()
= (5) £ ()~ F(5,)(x, ~x,) =2

Ap dung két qua trén d6i v6i phan tir z ta duoc:

dg€E'(E =B(E.R)): g(z)=]4.|¢|=1



' kha vi frechet trén S= F khd vi Frechet trén S

Theo cong thirc Taylor ta co:

g(F, (xn)—Fn(xl)):(an)'(;)(xn ~x,), voi x=0x, +(1-0)x,,0€(0;1)

= (2)=[ld = ((¢5,) (%) - (85 (x,)) (x, = x)
x)=F(x,))(x, - %))

x)-F'(x,)

x, — x|

o

2 2

2) 2 "2'1-h
h h’
Tu,ong tlI, dét h] :,BIUIK: IBo 1 0770 K:l 0 - £2h02 Sl
1-h 2 1-h, 2(1_}10) 2
Téng quét ta xay dung duoc cac ddy sé nhu sau:
B, hy 117, hy
e e et
_hn—l 2(1_hn—1) 2(1_hn—1)

Va £ (x)=x £/ (3,) /(%)

Gia st rang mdi n=1,2,....,N cac bat dang thirc sau la dung:

I£5 () F < ms |£5 ()< B, va b, = B K S%Vé gia st x, €S



Takiémtra x. €S

N+1

Do x, eSva h, < ( = T) , theo chirng minh trén ta co:

l\)l»—

<1y=s, <y (n=1N)

Tir 7 <2, (v

1—h, 2
=Xy =X Nl X ||+||x - |
B Ny e F T, Zn UZ—< n,
i=0
=>x,, €8

N+1

Lap lai chirng minh nhu & trén, ta c6: h,

My S ;771\/ thi ta két thiic phan 1y luan quy nap.

Uéc luong tuong tu nhu trén ta dugc:

p—1

S <o et

J=0

Do {nn} —->0= {xn} la day cauchy, do E 1a khong gian Banach
= {x,} > x* trong E.
* Ta chirng minh f(x *) =0

Ta co:

K
+
2

<[f'(x,)

= /(%)

£ (x

day bi chan
Mit khac f'(x, )(x,, —x,)=f(x,)

={f(x,)} >0= f(x*)=0

+1 —_, Py :(l_hN)_l:BN va

x,)|+Kn,

={/f'(x,)}1a



* Udc lugng toc do cua gidi han

Ta co:

2
1( h, 1 2"

MZE(LJ%jszﬁ; @szﬁsﬂﬁ;gl%saﬁm)
1 1

nn _Ehn—l (1_hn—l) nn—l

S hn—lnn—l S n—1 (hn—Znn—Z ) S hn—l (hn—Z (hn—377n—3 ))

1
<...<—(2h
2( 0)

2n—l 211—2 1

~r Y 2k \n =—(2n )
2( L) (2h,)n, 2n( ,) T,

Nent ., | <2, =[x |<2" (25 ',

Vay dinh Iy dugc chirng minh xongo
Nhan xét

Két qua dinh 1y 3.1 vAn dung khi thay qua cau S boi qua cau S' c6 ban kinh nhoé hon,

1-+1-2h
h

S'={xeE:|x—x,|<n,N(h)}, N(h)=

Chung minh

Ta chitng minh h¢ thuc 7, =n,N(h,)—n,,,N(h,,,)

1-2h
- (1 h;2
1-1-2h 1 hn T
Taco: n,,N(h,,, )= YT
aco: 1, ( n+l) us hn+1 2(1_hn) l hj
2(1-h,)




1-J1-2h,

:Unh—_ﬂn :UnN(hn)_Un

n

= 77n = nnN<hn ) - 77n+1N<hn+l )
Ta kiém tra day {x,} thudc qua cau tim x, ban kinh 7, N (h,)

nhu trong dinh 1y 3.1 ta co:

x() _xn

<n,+n +m,+.+n,,=n,N(h)-nN(h)<nN(n,)
={x,}eS"

DPinh ly 3.2
Gia sir ¢ cac gia thiét trong dinh 1y 3.1, nhung qué cau S duoc thay bdi qua

1++1-2h
h

cau S'c6 ban kinh 7,L(h,) (v6i L(h) ) nho hon bén kinh cia qua clu S,
S'={xe|x, - x|<n,L(h,)}

Thi phuong trinh £ (x)=0c6 nghiém duy nhét trong qua cau nay

Chung minh

Tinh toan nhu trong chirng minh cia nhan xét 2, ta c6 h¢ thuc:

77n = nnL(hn ) - 77n+1L(hn+l )

M_on ¥ 2(1+J1-2h —h
do do: Lz(hn){1+ }11 2h"j = <+ = - ">:h3[L(hn)—1]

n

_2 77,,+77n+1L(hn+1)_1 :%L(h )
77" hnnn n+1

:LZ(hn):%L(hm)
}177}1

Goi x 1a nghi¢m cua f trong S’,



do xes§' :||;—x0||<770L(h0)
= 306(0;1)2”; —x0|| =0n,L(h,)
Nhu trong dinh 1y 3.1 ta ¢: F, (x)=x

= [r - =] (x)-£(x)

=7 (%)= F,(x,) - F (x,)(x - x,)
(vi £ (x,)=0)
Ap dung b6 dé Banach:
ton tai g < B2 g(c) = Je| =1 2= £, () ~ £, (x,) - £/ (x,)(x - v,
Ap dung cong thirc Taylor:

8(F(x)=£(x,)=(eF, ) (%)(x~x,), x=0x, + (1-0)x,0¢(0:1)

= 8(2) <] (1) o f e

I Pl DL o
- 2
SRR AL G A R

2

Ta co: ”} - X, ” =0L(h,)n, trong khi do ||; — X, ” <&’L(h)n,

Do quy nap ta co: ”} = xn” < ean(hn)ﬂn (%)



Tur dinh nghia cia L(h) taco: L(h, )y, <

Nén tor (**)= {xn} —>X

Theo két qua cia dinh Iy 3.1 ta co{x,} - x* = x¥=x
Vay f ¢6 nghiém duy nhat trong S’.

Dinh 1y dugc chirng minh xong.

Bo dé

Cho x*,x,,x,, N (h), F (x) duoc dinh nghia nhu trong dinh 1y 3.1 va trong nhan xét ¢ trén, gia
st c6 cac gia thiét coa dinh ly 3.1, véi S= {x ek: Hx - on <n,N(h, )} Néu

er:Hx—x*HSHx1 —x*H va Hx—xOHSN(hO)nO thi x'=F, (x) thoa

o o] <L)
2

x—x*H va Hx'— on < N(ho)n

Chung minh

* ’ . A < ’ hoN(ho)
Ta chirng minh bat dang thuc Hx'— X *H <——=

x—xﬂ

F (x) -F (x *)H (do x* 1a nghiém cua f)

o

Ta co: Hx'— X *H =

F,,/ ()_c)HHx —x*

Ssup{ ,)_c:x+0(x*—x),06(0;1)}
4

(dinh ly gi4 tri trung binh)

:sup{ F (;)—FO/(xO) ‘x—x*”} (do F/(x,)=0)

s, () () - )4
K x, =}

<= *HS‘;P{




Do: [x—x, | =|(1-0)x +6x*~(1-0)x, - 0x|

<(1-0)|x-x,

+ 6’||x *—x,

x* —xOH} < N(ho )770

< max{”x - X,

b

=]
2

=[x < 8, 2N (), [ = x4 =N (1)

* Ta chirng minh bat dang thirc Hx'— x,|<N(h,)n,

Ta co: Hx'— on < Hx'— X1H + Hxl - X

o

Fo(x)—Fo(xo)—Fo/(xo)(x—xo) +1,

nhu trong chimg minh cta dinh 1y 3.1 ta co:

2

o o

1 1
< BK +n, 35,601([1\/(}10)770]2 +n,

tuong tu nhu trong chirng minh dinh 1y 3.2 ta c6:

N*(h))= }%(N(ho ) - 1) (nhu trong ching minh 3.2 )

pK _ 1

1
“BKN*(h )P =n N(h)- d
=4, (h,)n; =n,N(h,)—n, (Oho .

=[x | <N (R,
Pinh Iy 3.3

Gia sir ¢ cdc gia thiét cia bd d& trén va dinh nghia day lap: x|, = F, (x,)
thi {xi/q} — x * voi tde d6 cua mot cép s6 nhan.

Chung minh

Dit x:= x, thi x théa diéu kién cua bd dé trén, do d6



£ ()= () = thoa - < 1)

o o

X—X *|| va Hx'— on < N(ho)n

Do h,N(h,)<1= x' théa diéu kién cua b6 dé
Dit x| =x,, x’' = x, = x thoa diéu kién cia bd dé, ctr thé cho x.,...
Taco: F,(x,)=F, (xl/ ) = x, thoa
2
h,N(h, 1Y
N B[S M B ENENTR R R

Hxé - on < N(ho)no

tiép tuc qua trinh ta duoc:

hN(h)Y 1Y
soa=x s 2 b -3 I

re LA A A A A A e A A 1
= {x,/q} — x * v&i toc do ciia mdt cap sO nhan vdi cong bodi g = 5

Vay dinh 1y dugc chung minh xong.



KET LUAN

Bang viéc tim hiéu phuong phap Newton chiing toi di trinh bay cach xdy dung 10i giai

xap xi cia mot phuong trinh ( trong chuong 2 ¢6 tim hiéu nghiém ctia mot hé phuong trinh).

Trong chuong 2 van dé duoc giai quyét trén khong gian hitu han chiéu va trong chuong 3
d3 mo rong trén khong gian Banach véi viée trinh bay cac dinh 1y Kantorovich. O day ngoai
viéc trinh bay cach xay dung 101 giai xap xi ching t6i con tim hiéu viéc danh gi sai sé gitta 10

giai xap xi va lo1 giai chinh x4c cua phuong trinh.
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